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1. Functions, Limits, and Continuity

Equations and Graphs

Learning Objectives

A student will be able to:

* Find solutions of graphs of equations.

» Find key properties of graphs of equations including intercepts and symmetry.
* Find points of intersections of two equations.

* Interpret graphs as models.

Introduction

In this lesson we will review what you have learned in previous classes about mathematical equations of
relationships and corresponding graphical representations and how these enable us to address a range of
mathematical applications. We will review key properties of mathematical relationships that will allow us to
solve a variety of problems. We will examine examples of how equations and graphs can be used to model
real-life situations.

Let’s begin our discussion with some examples of algebraic equations:

2
Example 1: ¥ = T The equation has ordered pairs of numbers (Z,%) as solutions. Recall that a particular

pair of numbers is a solution if direct substitution of the Z and ¥ values into the original equation yields a
true equation statement. In this example, several solutions can be seen in the following table:

T y=z2—|—2$—1

W K = D

14

We can graphically represent the relationships in a rectangular coordinate system, taking the & as the

horizontal axis and the ¥ as the vertical axis. Once we plot the individual solutions, we can draw the curve
through the points to get a sketch of the graph of the relationship:
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2
We call this shape a parabola and every quadratic function, f(ﬁ] =az” +br+c,a#0 has a parabola-
shaped graph. Let’s recall how we analytically find the key points on the parabola. The vertex will be the

lowest point, (_1: _2] . In general, the vertex is located at the point {b,"Za,f{bﬂa]] . We then can
identify points crossing the Z and ¥ axes. These are called the intercepts of the equation. The ¥ -intercept
is found by setting £ = @ in the equation, and then solving for ¥ as follows:

2
y=0"+20)-1=—-1 1pe ¥ -intercept is located at (0, -1).

0

- ]
The T -intercept is found by setting ¥ = Y in the equation, and solving for T as follows: 0=2z"+2z -1

Using the quadratic formula, we find that = = -1+ V'E . The T -intercepts are located at {_1 - V"E: U]
and (_1 + V.a: []) .

Finally, recall that we defined the symmetry of a graph. We noted examples of vertical and horizontal line
symmetry as well as symmetry about particular points. For the current example, we note that the graph has

symmetry in the vertical line T = —1. The graph with all of its key characteristics is summarized below:

vertical line x = -1

X - intercept(-1-\2 , 0) X- l‘ntercepz(:1+\5, 0)

// Y - intercept(0, -1)
V-1, -2)




Let’s look at a couple of more examples.
Example 2:

Here are some other examples of equations with their corresponding graphs:

y=2r4+ 3

1 1 1 1 1
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Example 3:
We recall the first equation as linear so that its graph is a straight line. Can you determine the intercepts?

Solution:

T -intercept at (—3/2,0) ang ¥ -intercept at (0,3).

Example 4:

We recall from pre-calculus that the second equation is that of a circle with center (0: U] and radius + = 2.
Can you show analytically that the radius is 27

Solution:

Find the four intercepts, by setting £ = 0 and solving for ¥ , and then setting ¥ = 0 and solving for = .
Example 5:
The third equation is an example of a polynomial relationship. Can you find the intercepts analytically?

Solution:

We can find the T -intercepts analytically by setting ¥ = 0 and solving for Z. So, we have

79 9z =0
z(z? —9) =0
{z — 3z +3)=0

z=0,z=-3,z=3.

So the £ -intercepts are located at (_31 0]: (01[]): and (31'3]- Note that (0, U] is also the ¥ -intercept.
The ¥ -intercepts can be found by setting £ = 0 . So, we have



¢ 9z =y

(0)" —9(0) =y
y=0.

Sometimes we wish to look at pairs of equations and examine where they have common solutions. Consider
the linear and quadratic graphs of the previous examples. We can sketch them on the same axes:

yx~242% 1
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We can see that the graphs intersect at two points. It turns out that we can solve the problem of finding the
points of intersections analytically and also by using our graphing calculator. Let’s review each method.

Analytical Solution

Since the points of intersection are on each graph, we can use substitution, setting the general ¥ -coordinates
equal to each other, and solving for Z.

2z +3=xo’+2x—1
0=2"—4

z=2,z=-2

We substitute each value of T into one of the original equations and find the points of intersections at
(_2: _1) and (25 7]

Graphing Calculator Solution

Once we have entered the relationships on the Y= menu, we press 2nd [CALC] and choose #5 Intersection
from the menu. We then are prompted with a cursor by the calculator to indicate which two graphs
we want to work with. Respond to the next prompt by pressing the left or right arrows to move the
cursor near one of the points of intersection and press [ENTER]. Repeat these steps to find the location
of the second point.

We can use equations and graphs to model real-life situations. Consider the following problem.

Example 6: Linear Modeling



The cost to ride the commuter train in Chicago is $2 . Commuters have the option of buying a monthly

coupon book costing $5 that allows them to ride the train for $1.5 on each trip. Is this a good deal for
someone who commutes every day to and from work on the train?

Solution:

We can represent the cost of the two situations, using the linear equations and the graphs as follows:

Ci(z) =2z
Ce(z) =152+ 5

—24 3462 2120419 4 8-017 4 GH15 4401 3-012-1 101069 0-8.6-7.6-6 0-5 6-44-3.0-2 102.03.04.05.06.07.08.09.010.011.02.03 014.05.016.07.08.09. 20.02I. 22 (23 024, @5,

As before, we can find the point of intersection of the lines, or in this case, the break-even value in terms of
days, by solving the equation:

Cy(z) = Cyz)
2r=1bx+5
r = 10.

So, even though it costs more to begin with, after 10 days the cost of the coupon book pays off and from
that point on, the cost is less than for those riders who did not purchase the coupon book.
Example 7: Non-Linear Modeling

The cost of disability benefits in the Social Security program for the years 2000—-2005 can be modeled as
a quadratic function. The formula

Y = 052242144

indicates the number of people ¥, in millions, receiving Disability Benefits T years after 2000. In what year
did the greatest number of people receive benefits? How many people received benefits in that year?

Solution:



We can represent the graph of the relationship using our graphing calculator.

The vertex is the maximum point on the graph and is located at (2= 6]- Hence in year 2002 a total of 6
million people received benefits.

Lesson Summary

1. Reviewed graphs of equations

2. Reviewed how to find the intercepts of a graph of an equation and to find symmetry in the graph
3. Reviewed how relationships can be used as models of real-life phenomena

4. Reviewed how to solve problems that involve graphs and relationships

Review Questions

In each of problems 1-4, find a pair of solutions of the equation, the intercepts of the graph, and determine
if the graph has symmetry.

1.2¢—-3y=2=5

(52,0)

(0, -53)

2_3m2—y=5
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5. Once a car is driven off of the dealership lot, it loses a significant amount of its resale value. The graph

below shows the depreciated value of a BMW versus that of a Chevy after t years. Which of the following
statements is the best conclusion about the data?

A

< BWW

CHEVY

a. You should buy a BMW because they are better cars.

b. BMWs appear to retain their value better than Chevys.

c. The value of each car will eventually be $0 .

6. Which of the following graphs is a more realistic representation of the depreciation of cars.
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7. A rectangular swimming pool has length that is 25 yards greater than its width.

a. Give the area enclosed by the pool as a function of its width.

b. Find the dimensions of the pool if it encloses an area of 264 square yards.

8. Suppose you purchased a car in 2004 for $18, 000. You have just found out that the current year 2008

value of your car is $8, 500. Assuming that the rate of depreciation of the car is constant, find a formula
that shows changing value of the car from 2004 to 2008.

9. For problem #8, in what year will the value of the vehicle be less than $1,400 ?

10. For problem #8, explain why using a constant rate of change for depreciation may not be the best way
to model depreciation.

Answers

1. (1, _1) and (4: 1) are two solutions. The intercepts are located at (ﬂ, 5:’3) and (5-"‘2= U)' We have a

linear relationship between £ and ¥: so its graph can be sketched as the line passing through any two
solutions.

2
2. by solving for ¥: we have ¥ = 32~ — 3, 50 two solutions are (1L —2) ang (L—2)- The z -intercepts

b
(:t , D)

are located at and the ¥ -intercept is located at ([1: _5)- The graph is symmetric in the ¥
-axis.

3. Using your graphing calculator, enter the relationship on the Y= menu. Viewing a table of points, we see
many solutions, say (2: 6] and (—2,—6], and the intercepts at (0, []), (_1: []] and {1,0]. By inspection
we see that the graph is symmetric about the origin.

4. Using your graphing calculator, enter the relationship on the Y= menu. Viewing a table of points, we see

many solutions, say {2:'3)= and (_1= 6], and the intercepts located at (ﬂ, D], (_3= []), and (2= D]' By in-
spection we see that the graph does not have any symmetry.



5.b.

6. c. because you would expect (1) a decline as soon as you bought the car, and (2) the value to be declining
more gradually after the initial drop.

2
7.a Alw) =w" +25w. |, Tpe pool has area 264 when W = 8,{=33.
8. The rate of change will be (—9500/4) = —2375. 11¢ formula will be ¥ = —2375z + 18000.

9. At the time Z = 8, or equivalently in the year 2112, the car will be valued at $1375

10. A linear model may not be the best function to model depreciation because the graph of the function
decreases as time increases; hence at some point the value will take on negative real number values, an
impossible situation for the value of real goods and products.

Relations and Functions

Learning Objectives
A student will be able to:

» Identify functions from various relationships.

* Review function notation.

» Determine domains and ranges of particular functions.

» Identify key properties of some basic functions.

» Sketch graphs of basic functions.

» Sketch variations of basic functions using transformations.

»  Compose functions.

Introduction

In our last lesson we examined a variety of mathematical equations that expressed mathematical relationships.
In this lesson we will focus on a particular class of relationships called functions, and examine their key
properties. We will then review how to sketch graphs of some basic functions that we will revisit later in this
class. Finally, we will examine a way to combine functions that will be important as we develop the key
concepts of calculus.

Let’s begin our discussion by reviewing four types of equations we examined in our last lesson.

Example 1:

Y=

11
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Of these, the circle has a quality that the other graphs do not share. Do you know what it is?
Solution:

The circle’s graph includes points where a particular & -value has two points associated with it; for example,

2 )
the points (1: V,E) and (1: _V.E) are both solutions to the equation ¥ +y =4 For each of the other
relationships, a particular  -value has exactly one ¥ -value associated with it.)

The relationships that satisfy the condition that for each £ -value there is a unique ¥ -value are called
functions. Note that we could have determined whether the relationship satisfied this condition by a
graphical test, the vertical line test. Recall the relationships of the circle, which is not a function. Let's compare
it with the parabola, which is a function.

If we draw vertical lines through the graphs as indicated, we see that the condition of a particular £ -value

having exactly one ¥ -value associated with it is equivalent to having at most one point of intersection with
any vertical line. The lines on the circle intersect the graph in more than one point, while the lines drawn on
the parabola intersect the graph in exactly one point. So this vertical line test is a quick and easy way to
check whether or not a graph describes a function.

We want to examine properties of functions such as function notation, their domain and range (the sets of

Z and ¥ values that define the function), graph sketching techniques, how we can combine functions to
get new functions, and also survey some of the basic functions that we will deal with throughout the rest of
this book.

13
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Let's start with the notation we use to describe functions. Consider the example of the linear function

¥ = 22 + 3. e could also describe the function using the symbol -ﬁg) andreadas” f of £ ”toindicate
the ¥ -value of the function for a particular £ -value. In particular, for this function we would write

f(ﬁ) =2z + 3 an4 indicate the value of the function at a particular value, say T = 4 as f(‘l) and find
its value as follows: f@] = 2(‘1] +3 =11 This statement corresponds to the solution (4: 11] as a point
on the graph of the function. It is read, “ f oft jis11 >

We can now begin to discuss the properties of functions, starting with the domain and the range of a
function. The domain refers to the set of £ -values that are inputs in the function, while the range refers

to the set of ¥ -values that the function takes on. Recall our examples of functions:

Linear Function glz) =2z +3
Quadratic Function flz) = o

Polynomial Function p(z) = 2 _qg

We first note that we could insert any real number for an T -value and a well-defined ¥ -value would come
out. Hence each function has the set of all real numbers as a domain and we indicate this in interval form

as D: (_001 m] . Likewise we see that our graphs could extend up in a positive direction and down in a

negative direction without end in either direction. Hence we see that the set of ¥ -values, or the range, is

the set of all real numbers H: (—oo, oo]
Example 2:

Determine the domain and range of the function.

Hz) =1/(z" - 4).

Solution: We note that the condition for each ¥ -value is a fraction that includes an Z term in the denomi-
nator. In deciding what set of £ -values we can use, we need to exclude those values that make the denom-

inator equal to 0. Why? (Answer: division by 0 is not defined for real numbers.) Hence the set of all
permissible T -values, is all real numbers except for the numbers (2,-2), which yield division by zero.

So on our graph we will not see any points that correspond to these £ -values. It is more difficult to find the
range, so let’s find it by using the graphing calculator to produce the graph.

From the graph, we see that every ¥ # 0 value in {—oo, r:x::] (or "All real numbers") is represented; hence

the range of the function is {—oo, D} U {D,oc}. This is because a fraction with a non-zero numerator
never equals zero.

Eight Basic Functions



We now present some basic functions that we will work with throughout the course. We will provide a list of
eight basic functions with their graphs and domains and ranges. We will then show some techniques that
you can use to graph variations of these functions.

Linear
flz)=1
Domain = All reals

Range = Allreals

Square (Quadratic)

fl@) =2

Domain = All reals

Range ~— {y > 0}

Cube (Polynomial)
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flz) ==
Domain = All reals

Range = Allreals

Square Root

flz) ==

80 -0 60 S50 40 30 20 -0 1.0 20 30 40 5.0 6.0 70 8.0

4.0

6,04

Absolute Value

flz) = |z|

Domain = All reals



Range = {y >0}

Rational
flz) =1/z
Domain = {x # 0}

Range ~— {y #0}

Sine

f(z) =sinz

Domain = All reals

20

17
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Cosine
f(z) =cosz

Domain = All reals

Graphing by Transformations

Once we have the basic functions and each graph in our memory, we can easily sketch variations of these.
In general, if we have _f(r], and £ is some constant value, then the graph of f{m - C] is just the graph

of J{Z) shifted ¢ units to the right. Similarly, the graph of flz+c) s just the graph of F(Z) shifted ¢
units to the left.

Example 3:

fz) =1°



4.0

6.0

In addition, we can shift graphs up and down. In general, if we have f(z), and ¢ is some constant value,
then the graph of flz)+c is just the graph of F{Z) shifted ¢ units up on the ¥ -axis. Similarly, the graph
of flz) —c is just the graph of F(Z) shifted ¢ units down on the ¥ -axis.

Example 4:



20

flz)=vz+3

We can also flip graphs in the & -axis by multiplying by a negative coefficient.

fz) =1°




Finally, we can combine these transformations into a single example as follows.

Example 5:

2 2
flg) =~z -2 +3. 1he graph will be generated by taking flz) ==, flipping in the ¥ -axis, and
moving it two units to the right and up three units.

21
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Function Composition

The last topic for this lesson involves a way to combine functions called function composition. Composition
of functions enables us to consider the effects of one function followed by another. Our last example of
graphing by transformations provides a nice illustration. We can think of the final graph as the effect of taking
the following steps:

g —(z—2) 5 (z—2)°+3

2
We can think of it as the application of two functions. First, Q(T] takes T to _($ - 2) and then we apply

a second function, flz) to those ¥ -values, with the second function adding +3 to each output. We would
write the functions as

2 !
Flglz)) = —(z— 2"+ 3 ynere 9(T) = —(2 —2)° ang F(T) =+ 3. \we call this operation the
composing of F with 9 and use notation £ © 9- Note that in this example, feg#geolf Verify this fact
by computing & © f right now. (Note: this fact can be verified algebraically, by showing that the expressions

Fogand 9o differ, or by showing that the different function decompositions are not equal for a specific
value.)

Lesson Summary

1. Learned to identify functions from various relationships.
2. Reviewed the use of function notation.

3. Determined domains and ranges of particular functions.
4. ldentified key properties of basic functions.

5. Sketched graphs of basic functions.

6. Sketched variations of basic functions using transformations.



7. Learned to compose functions.

Review Questions

In problems 1-2, determine if the relationship is a function. If it is a function, give the domain and range of
the function.

2.

v

In problems 3-5, determine the domain and range of the function and sketch the graph if no graph is provided.

3.

4.

3z
2 1

f(z) =

y=+v—+3

5.

f(z) = |20 — 3| — 2

23
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In problems 6-8, sketch the graph using transformations of the graphs of basic functions.
6. f(z) =—(z+2)" +5

1
T —2

fm) =~ +3
7.

8. y=—vV-z—-2+3

9. Find the composites, fogand 9o forthe following functions.
f@)= 3212, g(r)= V&

10. Find the composites, fo8and 927 forthe following functions.
flz) =2, glz) = vz

Answers

1. The relationship is a function. Domain is All Real Numbers and range ~— {-2<y<2}

2. The relationship is not a function.

3. The domain s {E # -1, 1}' Use the graph and view the table of solutions to determine the range. Using
your graphing calculator, enter the relationship on the Y= menu. Viewing the table shows that range

{y >3tu{y <0}



vertical line x=1 * vertical linex=1

4. Domain = {z < -3} | range — {y =0}

5. This is the basic absolute value function shifted 3/2 units to the right and down two units. Domain is All
Reals and range is {y > -2}

6. Reflect and shift the general quadratic function as indicated here:

7. Reflect and shift the general rational function as indicated here:

25
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(-2,3)

6.0

. Reflect and shift the general radical function as indicated here:

y

gfog=—3\/5-|—2,gof

10. feg=2, 90 f =z any functions where fog=gof =12 e called inverses; in this problem

f and ¥ are inverses of one an
and zero.

Models and Data

Learning Objectives
A student will be able to:

« Fit data to linear models.

v =3z + 2.

other. Note that the domain for fog is restricted to only positive numbers



» Fit data to quadratic models.

» Fit data to trigopnometric models.

« Fit data to exponential growth and decay models.

Introduction

In our last lesson we examined functions and learned how to classify and sketch functions. In this lesson
we will use some classic functions to model data. The lesson will be a set of examples of each of the models.
For each, we will make extensive use of the graphing calculator.

Let's do a quick review of how to model data on the graphing calculator.

Enter Data in Lists

Press [STAT] and then [EDIT] to access the lists, L1-L6.

View a Scatter Plot

Press 2™ [STAT PLOT] and choose accordingly.
Then press [WINDOW] to set the limits of the axes.
Compute the Regression Equation

Press [STAT] then choose [CALC] to access the regression equation menu. Choose the appropriate regres-
sion equation (Linear, Quad, Cubic, Exponential, Sine).

Graph the Regression Equation Over Your Scatter Plot

Go to Y=>[MENU] and clear equations. Press [VARS], then enter 5 and EQ and press [ENTER] (This series
of entries will copy the regression equation to your Y = screen.) Press [GRAPH] to view the regression
equation over your scatter plot

Plotting and Regression in Excel

You can also do regression in an Excel spreadsheet. To start, copy and paste the table of data into Excel.
With the two columns highlighted, including the column headings, click on the Chart icon and select XY
scatter. Accept the defaults until a graph appears. Select the graph, then click Chart, then Add Trendline.
From the choices of trendlines choose Linear.

Now let’s begin our survey of the various modeling situations.

Linear Models

For these kinds of situations, the data will be modeled by the classic linear equation ¥ = & +b. Our task
will be to find appropriate values of 7 and B for given data.

Example 1:

It is said that the height of a person is equal to his or her wingspan (the measurement from fingertip to fin-
gertip when your arms are stretched horizontally). If this is true, we should be able to take a table of mea-

surements, graph the measurements inan ¥ — ¥ coordinate system, and verify this relationship. What kind
of graph would you expect to see? (Answer: You would expect to see the points on the line ¥ =T )

27
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Suppose you measure the height and wingspans of nine of your classmates and gather the following data.
Use your graphing calculator to see if the following measurements fit this linear model (the line ¥ = T ).

Height (inches) |Wingspan (inches)
67 65
64 63
56 57
60 61
62 63
71 TO
72 69
68 67
65 65

We observe that only one of the measurements has the condition that they are equal. Why aren’t more of
the measurements equal to each other? (Answer: The data do not always conform to exact specifications
of the model. For example, measurements tend to be loosely documented so there may be an error
arising in the way that measurements were taken.)

We enter the data in our calculator in L1 and L2. We then view a scatter plot. (Caution: note that the data
ranges exceed the viewing window range of [_101 lﬂ]. Change the window ranges accordingly to include

all of the data, say [4[), Bﬂ]- )

Here is the scatter plot:

Now let us compute the regression equation. Since we expect the data to be linear, we will choose the linear

regression option from the menu. We get the equation ¥ = 76z + 14.

In general we will always wish to graph the regression equation over our data to see the goodness of fit.
Doing so yields the following graph, which was drawn with Excel:



~
<
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Since our calculator will also allow for a variety of non-linear functions to be used as models, we can therefore
examine quite a few real life situations. We will first consider an example of quadratic modeling.

Quadratic Models
Example 2:

The following table lists the number of Food Stamp recipients (in millions) for each year after 1990.
(Source:http://www.fns.usda.gov/pd/fssummar.htm.)

years after 1990 |Participants
22.6
254
27.0
27.5
26.6
2.55
225
19.8
18.2
0 17.2

= © 0O N| O Of & W N| =

We enter the data in our calculator in L3 and L4 (that enables us to save the last example’s data). We then

will view a scatter plot. Change the window ranges accordingly to include all of the data. Use [_2: 10] for
z and [—2,30] or ¥.

Here is the scatter plot:

Now let us compute the regression equation. Since our scatter plot suggests a quadratic model for the data,
we will choose Quadratic Regression from the menu. We get the equation:
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y = —0.30z” + 2.38z + 21.67.

Let's graph the equation over our data. We see the following graph:

Trigonometric Models

The following example shows how a trigonometric function can be used to model data.

Example 3:

With the skyrocketing cost of gasoline, more people have looked to mass transit as an option for getting

around. The following table uses data from the American Public Transportation Association to show the
number of mass transit trips (in billions) between 1992 and 2000.

year |Trips (billions)
1992 (8.5

1993 (8.2

1994 |7.93

1995 (7.8

1996 |7.87

1997 |8.23

1998 (8.6

1999 |9.08

2000 |9.4

We enter the data in our calculator in L5 and L6. We then will view a scatter plot. Change the window ranges

accordingly to include all of the data. Use [_2: 1“] for both £ and ¥ ranges.

Here is the scatter plot:

Now let us compute the regression equation. Since our scatter plot suggests a sine model for the data, we
will choose Sine Regression from the menu. We get the equation:

y = .9327 = sin( 4681z + 2.8734) | 8.7358.

Let us graph the equation over our data. We see the following graph:



This example suggests that the sine over time i is a function that is used in a variety of modeling situations.

Caution: Although the fit to the data appears quite good, do we really expect the number of trips to continue
to go up and down in the future? Probably not. Here is what the graph looks like when projected an additional

ten years:

Exponential Models

Our last class of models involves exponential functions. Exponential models can be used to model growth
and decay situations. Consider the following data about the declining number of farms for the years

1980-2005.

Example 4:

The number of dairy farms has been declining over the past 20+ years. The following table charts the decline:

Year |Farms (thousands)
1980 (334

1985 |269

1990 (193

1995 (140

2000 (105

2005 |67

We enter the data in our calculator in L5 (again entering the years as 1, 2, 3...) and L6. We then will view
a scatter plot. Change the window ranges accordingly to include all of the data. For the large ¥ -values,

choose the range [—50, 350] yith a scale of 25.

Here is the scatter plot:

Now let us compute the regression equation. Since our scatter plot suggests an exponential model for the

T
data, we will choose Exponential Regression from the menu. We get the equation: ¥ = 490.6317 » 7266
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Let’s graph the equation over our data. We see the following graph:

In the homework we will practice using our calculator extensively to model data.

Lesson Summary

1. Fit data to linear models.

2. Fit data to quadratic models.

3. Fit data to trigonometric models.

4. Fit data to exponential growth and decay models.
Review Questions

1. Consider the following table of measurements of circular objects:

Object Diameter (cm) |Circumference (cm)
Glass 8.3 26.5
Flashlight 5.2 16.7
Aztec calendar|20.2 61.6
Tylenol bottle (3.4 11.6
Popcorncan |13 414
Salt shaker 6.3 201
Coffee canister|11.3 35.8
Cat food|33.5 106.5
bucket

Dinner plate  |27.3 85.6
Ritz cracker (4.9 15.5

a. Make a scatter plot of the data.

b. Based on your plot, which type of regression will you use?

c. Find the line of best fit.

d. Comment on the values of m and b in the equation.

2. Manatees are large, gentle sea creatures that live along the Florida coast. Many manatees are killed or

injured by power boats. Here are data on powerboat registrations (in thousands) and the number of manatees
killed by boats in Florida from 1987-1997.

Year |Boats |Manatees killed
1987 |447 13
1988 [460 21




1989 (480 24
1990 |497 16
1991 [512 24
1992 [513 21
1993 |526 15
1994 |557 33
1995 |585 34
1996 |614 34
1997 |645 39

a. Make a scatter plot of the data.
b. Use linear regression to find the line of best fit.

c. Suppose in the year 2000, powerboat registrations increase to 700,000. Predict how many manatees will
be killed. Assume a linear model and find the line of best fit.

3. Apassage in Gulliver’s Travels states that the measurement of “Twice around the wrist is once around
the neck.” The table below contains the wrist and neck measurements of 10 people.

Wrist (cm) |Neck (cm)
17.9 39.5
16 32.5
16.5 34.7
15.9 32
17 33.3
17.3 32.6
16.8 33
17.3 31.6
17.7 35
16.9 34

a. Make a scatter plot of the data.

b. Find the line of best fit and comment on the accuracy of the quote from the book.

c. Predict the distance around the neck of Gulliver if the distance around his wrist is found to be B2 cm.

4. The following table gives women’s average percentage of men’s salaries for the same jobs for each 5-
year period from 1960-2005.

Year Percentage
1960 42
1965 36
1970 30
1975 37
1980 41
1985 42
1990 48
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1995 55

2000 58

2005 60

a. Make a scatter plot of the data.

b. Based on your sketch, should you use a linear or quadratic model for the data?
c. Find a model for the data.

d. Can you explain why the data seems to dip at first and then grow?

5. Based on the model for the previous problem, when will women make as much as men? Is your answer
a realistic prediction?

6. The average price of a gallon of gas for selected years from 1975-2008 is given in the following table:

Year Cost
1975 1
1976 1.75
1981 2
1985 2.57
1995 2.45
2005 2.75
2008 3.45

a. Make a scatter plot of the data.

b. Based on your sketch, should you use a linear, quadratic, or cubic model for the data?
c. Find a model for the data.

d. If gas continues to rise at this rate, predict the price of gas in the year 2012.

7. For the previous problem, use a linear model to analyze the situation. Does the linear method provide a
better estimate for the predicted cost for the year 20117 Why or why not?

8. Suppose that you place $1,000 in a bank account where it grows exponentially at a rate of 12% contin-
uously over the course of five years. The table below shows the amount of money you have at the end of
each year.

Year Amount
1000
1127.50
1271.24
1433.33
1616.07
1822.11
2054.43

O O »f W N = O

a. Find the exponential model.



b. In what year will you triple your original amount?

9. Suppose that in the previous problem, you started with $3= 000 but maintained the same interest rate.

a. Give a formula for the exponential model. (Hint: note the coefficient and exponent in the previous answer!)

b. How long will it take for the initial amount, $3,000 , to triple? Explain your answer.

10. The following table gives the average daily temperature for Indianapolis, Indiana for each month of the
year:

Month Avg Temp
(F)
Jan 22
Feb 26.3
March 37.8
April 51
May 61.7
June 75.3
July 78.5
Aug 84.3
Sept 68.5
Oct 53.2
Nov 38.7
Dec 26.6

a. Construct a scatter plot of the data.
b. Find the sine model for the data.
Answers

1. b. Linear.

c. Y= 3.1334x + .3296.
d. 1 is an estimate of ™ , and B should be zero but due to error in measurement it is not.

2.y = .120546z — 39.0465 ; about 46 manatees will be killed in the year 2000. Note: there were actually
81 manatees killed in the year 2000.

3 c. ¥ =2.0131z — 0.2634 : 104.42 cm.
4. b. Quadratic.

o ¥ = .4848z% — 24545z + 39.7333.

d. It might be because the first wave of women into the workforce tended to take whatever jobs they could
find without regard for salary.
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5. The data suggest that women will reach 100% in 20009; this is unrealistic based on current reports that
women still lag far behind men in equal salaries for equal work.

6. b. Cubic.

o ¢ = .0277z° — 0.3497¢° 4 1.6203z — 0.3157.
d. $12.15.

7. Linear ¥ = 0.35z + 0.88 ; Predicted cost in 2012 is $4.73 ; it is hard to say which model works best
but it seems that the use of a cubic model may overestimate the cost in the short term.

8.b. A = 1000 % 2.7182® - the amount will triple early in Year 9.

9.a. A= 3000x%2.7182%,

b. The amount will triple early in Year 9 as in the last problem because the exponential equations
3000 = 1000 % 2.7182% and 9000 = 1000 % 2.7182 % poth reduce to the same equation

3 = 2.7182'% and hence have the same solution.

10. b. ¥ = 30.07 = sin(.5196% — 2.1503) + 51.46.

The Calculus

Learning Objectives

A student will be able to:

* Use linear approximations to study the limit process.

» Compute approximations for the slope of tangent lines to a graph.
» Introduce applications of differential calculus.

Introduction

In this lesson we will begin our discussion of the key concepts of calculus. They involve a couple of basic
situations that we will come back to time and again throughout the book. For each of these, we will make
use of some basic ideas about how we can use straight lines to help approximate functions.

Let’s start with an example of a simple function to illustrate each of the situations.

2
Consider the quadratic function f[m] = T - We recall that its graph is a parabola. Let’s look at the point
(1: 1] on the graph.



We note that the curve now looks very much like a straight line. If we were to overlay this view with a straight

line that intersects the curve at (1= 1], our picture would look like this:

(1, 1)

We can make the following observations. First, this line would appear to provide a good estimate of the

value of f(z) for T -values very close to T = 1. Second, the approximations appear to be getting closer
and closer to the actual vale of the function as we take points on the line closer and closer to the point

{1, 1)- This line is called the tangent line to f(") at (1, 1]- This is one of the basic situations that we
will explore in calculus.

Tangent Line to a Graph

Continuing our discussion of the tangent line to f(z) at (1,1), we next wish to find the equation of the

tangent line. We know that it passes though {1: 1], but we do not yet have enough information to generate
its equation. What other information do we need? (Answer: The slope of the line.)

Yes, we need to find the slope of the line. We would be able to find the slope if we knew a second point on

the line. So let's choose a point £ on the line, very close to (1= 1]- We can approximate the coordinates
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z 2
of P using the function flz)=r : hence P(z,2°). Recall that for points very close to (1,1), the points
on the line are close approximate points of the function. Using this approximation, we can compute the slope
of the tangent as follows:

2
m={(z —1)f(z—-1)=z+1 (Note: We choose points very close to (1,1} but not the point itself, so

In particular, for £ = 1.25 we have P(1.25,1.5625) and ™ = Z + 1 = 2.25. Hence the equation of the

tangent line, in point slope formis ¥ — 1=225(z 1) We can keep getting closer to the actual value

of the slope by taking £ closer to (1= 1]: or T closer and closer to £ = 1 as in the following table:
P(x, y) m

(1.2, 1.44) 2.2

(1.15, 1.3225) 2.15

(1.1, 1.21) 2.1

(1.05, 1.1025) 2.05

(1.005, 1.010025) |2.005

(1.0001, 1.00020001)|2.0001

As we get closer to (1,1), we get closer to the actual slope of the tangent line, the value 2. We call the

slope of the tangent line at the point (1: 1) the derivative of the function f(x] at the point (11 1]-

Let's make a couple of observations about this process. First, we can interpret the process graphically as
finding secant lines from (1: 1) to other points on the graph. From the diagram we see a sequence of these

secant lines and can observe how they begin to approximate the tangent line to the graph at {1= 1)- The

diagram shows a pair of secant lines, joining (1,1 with points (V@: 2) and (Vﬁ: 3).

Second, in examining the sequence of slopes of these secants, we are systematically observing approximate

slopes of the function as point F gets closer to (1= 1]- Finally, producing the table of slope values above
was an inductive process in which we generated some data and then looked to deduce from our data the
value to which the generated results tended. In this example, the slope values appear to approach the value



2. This process of finding how function values behave as we systematically get closer and closer to partic-
ular £ -values is the process of finding limits . In the next lesson we will formally define this process and
develop some efficient ways for computing limits of functions.

Applications of Differential Calculus

Maximizing and Minimizing Functions

Recall from Lesson 1.3 our example of modeling the number of Food Stamp recipients. The model was

2
found to be ¥ = —0-8Z" + 4% + 18 \yith graph as follows: (Use viewing window ranges of [-2,14] 4,
z and (—2,30] on v )

/\/

We note that the function appears to attain a maximum value about an T -value somewhere around z = 4.
Using the process from the previous example, what can we say about the tangent line to the graph for that

T value that yields the maximum ¥ value (the point at the top of the parabola)? (Answer: the tangent
line will be horizontal, thus having a slope of 0.)

4

/

Hence we can use calculus to model situations where we wish to maximize or minimize a particular function.
This process will be particularly important for looking at situations from business and industry where polynomial
functions provide accurate models.

Velocity of a Falling Object

We can use differential calculus to investigate the velocity of a falling object. Galileo found that the distance
traveled by a falling object was proportional to the square of the time it has been falling:
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s(t) = 4.92%.

The average velocity of a falling object from t =& tot = b is given by (s(b) — ={a}}/(b—ua)}.

HW Problem #10 will give you an opportunity to explore this relationship. In our discussion, we saw how the
study of tangent lines to functions yields rich information about functions. We now consider the second situ-

ation that arises in Calculus, the central problem of finding the area under the curve of a function f(x]

Area Under a Curve

First let's describe what we mean when we refer to the area under a curve. Let’s reconsider our basic

2
quadratic function f{m] = T - Suppose we are interested in finding the area under the curve from £ = 0
tox=1.

\:H

We see the cross-hatched region that lies between the graph and the & -axis. That is the area we wish to
compute. As with approximating the slope of the tangent line to a function, we will use familiar linear methods
to approximate the area. Then we will repeat the iterative process of finding better and better approximations.

Can you think of any ways that you would be able to approximate the area? (Answer: One ideas is that we
could compute the area of the square that has a corner at (1: 1] to be A = 1 and then take half to find an

A

area ©* = 1."2' This is one estimate of the area and it is actually a pretty good first approximation.)

r 3

(1.1)

v

We will use a variation of this covering of the region with quadrilaterals to get better approximations. We will

do so by dividing the T -interval from £ = 0 to £ = 1 into equal sub-intervals. Let’s start by using four
such subintervals as indicated:



v

0

| | |
]
11 3 1
4 2 1

We now will construct four rectangles that will serve as the basis for our approximation of the area. The
subintervals will serve as the width of the rectangles. We will take the length of each rectangle to be the
maximum value of the function in the subinterval. Hence we get the following figure:

r 3

v

0 3
4

N|—=~

il
]

If we call the rectangles R1-R4, from left to right, then we have the areas

1 /1) 1
R P — = —
L 4”(4) 64’
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30 15

andR1+R2+Rs+R4=a=§.

Note that this approximation is very close to our initial approximation of 11"2' However, since we took the
maximum value of the function for a side of each rectangle, this process tends to overestimate the true
value. We could have used the minimum value of the function in each sub-interval. Or we could have used
the value of the function at the midpoint of each sub-interval.

Can you see how we are going to improve our approximation using successive iterations like we did to ap-

proximate the slope of the tangent line? (Answer: we will sub-divide the interval from X =0 to x =1
into more and more sub-intervals, thus creating successively smaller and smaller rectangles to refine
our estimates.)

Example 1:
The following table shows the areas of the rectangles and their sum for rectangles having width ¥ = 11"8-
Rectangle R, |Area of R,
R, 1
512
R, 4
512
R, 9
512
R, 16
512
Rs 2h
512
Re 36
512
R, 49
512
Re 64
512
A=) Ri= % N j N .
. This value is approximately equal to .3803. Hence, the approximation is now quite

1432

a bit less than .5. For sixteen rectangles, the value is 4096 which is approximately equal to .34. Can you
guess what the true area will approach? (Answer: using our successive approximations, the area will

approach the value 1/3. )

We call this process of finding the area under a curve integration of f(x) over the interval [0,1].

Applications of Integral Calculus



We have not yet developed any computational machinery for computing derivatives and integrals so
we will just state one popular application of integral calculus that relates the derivative and integrals of a
function.

Example 2:

There are quite a few applications of calculus in business. One of these is the cost function C(E] of producing
T items of a product. It can be shown that the derivative of the cost function that gives the slope of the
tangent line is another function that that gives the cost to produce an additional unit of the product. This is
called the marginal cost and is a very important piece of information for management to have. Conversely,

if one knows the marginal cost as a function of %1 then finding the area under the curve of the function will

give back the cost function C(z).

Lesson Summary

1. We used linear approximations to study the limit process.

2. We computed approximations for the slope of tangent lines to a graph.
3. We analyzed applications of differential calculus.

4. We analyzed applications of integral calculus.

Review Questions

2
1. For the function _f(z] =T approximate the slope of the tangent line to the graph at the point (3= 9)-

a. Use the following set of & -values to generate the sequence of secant line slopes:

r = 2.9,2.95, 2.975,2.995, 2.999.

b. What value does the sequence of slopes approach?
_ .3
2. Consider the function J (%) = "
a. For what values of & would you expect the slope of the tangent line to be negative?

b. For what value of T would you expect the tangent line to have slope ™. = 0 ?

c. Give an example of a function that has two different horizontal tangent lines?
-
3. Consider the function P(Z) = T — T- Generate the graph of p(z) using your calculator.

a. Approximate the slope of the tangent line to the graph at the point {2= 6)' Use the following set of T
-values to generate the sequence of secant line slopes.

r = 2.1,2.05, 2.005,2.001, 2.0001.

b. For what values of T do the tangent lines appear to have slope of 0 ? (Hint: Use the calculate function
in your calculator to approximate the & -values.)

c. For what values of £ do the tangent lines appear to have positive slope?

43



44

d. For what values of & do the tangent lines appear to have negative slope?

4. The cost of producing = Hi-Fi stereo receivers by Yamaha each week is modeled by the following function:

C{z) = 850 + 200z — .3z>.

a. Generate the graph of C(E] using your calculator. (Hint: Change your viewing window to reflect the high
¥ values.)

b. For what number of units will the function be maximized?

c. Estimate the slope of the tangent line at £ = 200, 300, 400.

d. Where is marginal cost positive?

z
5. Find the area under the curve of f{m] =T from z =1to £ = 3. Use a rectangle method that uses
the minimum value of the function within sub-intervals. Produce the approximation for each case of the
subinterval cases.
a. four sub-intervals.
b. eight sub-intervals.

c. Repeat part a. using a Mid-Point Value of the function within each sub-interval.

d. Which of the answers in a.—c. provide the best estimate of the actual area?

3
6. Consider the function P{Z) = —Z~ +4z.
a. Find the area under the curve from £ =0to = 1.

b. Can you find the area under the curve from Z = —1 to £ = 0. Why or why not? What is problematic
for this computation?

7. Find the area under the curve of f(m) = V,E from £ =1 to £ = 4. Use the Max Value rectangle
method with six sub-intervals to compute the area.

8. The Eiffel Tower is 320 meters high. Suppose that you drop a ball off the top of the tower. The distance
that it falls is a function of time and is given by

s{t) = 4.9£.

Find the velocity of the ball after 4 seconds. (Hint: the average velocity for a time interval is average velocity
= change in distance/change in time. Investigate the average velocity for t intervals close to t = 4 such

as 3.9 €1 < 4 and closer and see if a pattern is evident.)

Answers
1.m=~58

2.a.Forz <0



b. At £ = O the tangent line is horizontal and thus has slope of 0.

AT,

o

a
. Many different examples; for instance, a polynomial function such as p(x) =

w

. Slope tends toward 1 = 11.
b. € = AT.

c. T < —.57 x> .57.

d. — 97 <z < .57.

4.b. z = 500.
d. T < 500.

6. b. The graph drops below the x-axis into the third quadrant. Hence we are not finding the area below the
curve but actually the area between the curve and the x-axis. But note that the curve is symmetric about

the origin. Hence the region from £ = —1 to £ = 0 will have the same area as the region from £ = 0 to
T =1.

8. 39.2 m/sec.

Finding Limits

Learning Objectives

A student will be able to:

* Find the limit of a function numerically.

» Find the limit of a function using a graph.

+ Identify cases when limits do not exist.

» Use the formal definition of a limit to solve limit problems.

Introduction

In this lesson we will continue our discussion of the limiting process we introduced in Lesson 1.4. We will
examine numerical and graphical techniques to find limits where they exist and also to examine examples

where limits do not exist. We will conclude the lesson with a more precise definition of limits.

Let’s start with the notation that we will use to denote limits. We indicate the limit of a function as the T
values approach a particular value of 1 say % as

lim f(z).

L—+iL

2
So, in the example from Lesson 1.3 concerning the function f{m] = T ; we took points that got closer to

the point on the graph (1: 1] and observed the sequence of slope values of the corresponding secant lines.
Using our limit notation here, we would write
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Recall also that we found that the slope values tended to the value T = 2 ; hence using our notation we
can write

|
lim = 2.
z—l ¢ —1

Finding Limits Numerically

Corr—1

lim =2
In our example in Lesson 1.3 we used this approach to find that =1 T — 1 . Let’s apply this technique
to a more complicated function.

T+ 3

= —
Consider the rational function ? + 2 —6 |etsfind the following limit:

z+3
z—+-3T 4+ T —6

)
Unlike our simple quadratic function, f(z] = T itis tedious to compute the points manually. So let's use
the TABLE function of our calculator. Enter the equation in your calculator and examine the table of points

of the function. Do you notice anything unusual about the points? (Answer: There are error readings in-
dicated for

x=-3,2

because the function is not defined at these values.)

Even though the function is not defined at £ = —3, we can still use the calculator to read the ¥ -values

for T values very close to T = —3. Press 2ND [TBLSET] and set Thistart to —3.2 and & to 0.1 (see
screen on left below). The resulting table appears in the middle below.

THELE  SETUF " 2 ]
ThlStart=-3.2 OV -15:c | -
Iaébl:. 1 A R cigel
arFm = = - =
DeFend:z [& A= k|| =8 SEiE
“E.7 -.=z1z8H
~=.8 -1 4
H=-=. 2 H=-Z2.99999
z+3
2 — S
Can you guess the value of =3 Z° + T — 62 you guessed .20 (1/5) you would be correct.
Before we finalize our answer, let's get even closer to & = —3 and determine its function value using the
CALC VALUE tool.

Press 2ND [TBLSET] and change Indpnt from Auto to Ask. Now when you go to the table, enter
T = —2.99999. and press [ENTER] and you will see the screen on the right above. Press [ENTER] and

see that the function value is T = —0-2, which is the closest the calculator can display in the four decimal



T+ 3 1

m —_—
places allotted in the table. So our guess is correct and z——3 46 5
Finding Limits Graphically

Let’s continue with the same problem but now let’s focus on using the graph of the function to determine its
limit.

z+4+3
z—+3T2 4+ —6

We enter the function in the ¥ = menu and sketch the graph. Since we are interested in the value of the

function for £ close to £ = —3 we will look to ZOOM in on the graph at that point.

vertical line x =2

Our graph above is set to the normal viewing window [_101 1[]]. Hence the values of the function appear
to be very close to 0. But in our numerical example, we found that the function values approached

—.20 = _(1f5]- To see this graphically, we can use the ZOOM and TRACE function of our calculator.
Begin by choosing [ZOOM] function and choose [BOX]. Using the directional arrows to move the cursor,
make a box around the Z value —3- (See the screen on the left below Press [ENTER] and [TRACE] and

you will see the screen in the middle below.) In TRACE mode, type the number —2.99899 and press
[ENTER]. You will see a screen like the one on the right below.

L i i
Y ) LY .
L4

=

x x =
Hw=-2.ZEz878 IV=-zZ . ZEHOBE H="Z.9F7EFEZF VW=-.Z00HEYF || H=-z.989999 Y= 200000y

The graphing calculator will allow us to calculate limits graphically, provided that we have the function rule
for the function so that we can enter its equation into the calculator. What if we have only a graph given to
us and we are asked to find certain limits?

It turns out that we will need to have pretty accurate graphs that include sufficient detail about the location
of data points. Consider the following example.

Example 1:

_ lim f(z) - . .
Find z—3 for the function pictured here. Assume units of value 1 for each unit on the axes.
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By inspection, we see that as we approach the value T = 3 from the left, we do so along what appears to

be a portion of the horizontal line ¥ = 2. We see that as we approach the value £ = 3 from the right, we
do so along a line segment having positive slope. In either case, the ¥ values of -ﬁg) approaches ¥ = 2.

Nonexistent Limits

m f(z]

li
We sometimes have functions where z—e does not exist. We have already seen an example of a
function where our a value was not in the domain of the function. In particular, the function was not defined

for = —3:2; put we could still find the limit as T — —3.
T+ 3 1
m ———— = ——
z——3 12 4+ —6 b

What do you think the limit will be as we let £ —+ 27

#
y

-+ 3
m—>2$2+$—6

Our inspection of the graph suggests that the function around £ = 2 does not appear to approach a partic-

ular value. For Z 2 2 the points all lie in the first quadrant and appear to grow very quickly to large positive



numbers as we get close to T = 2. Alternatively, for T < 2 we see that the points all lie in the fourth

quadrant and decrease to large negative numbers. If we inspect actual values very close to T = 2 we can
see that the values of the function do not approach a particular value.

T ¥

1.999 |—1000
1.9999 | —10000
9 ERROR
2001 1000
2.0001 | 10000

T+ 3

For this example, we say that =—2 £2 + T — B goes not exist,

Formal Definition of a Limit

We conclude this lesson with a formal definition of a limit.

flz) =L

interval D of L there exists an open interval N of €: that does not include 2 such that f(T) isin D

. - o flz) Lo lim .
Definition. We say that the limit of a function at & is ~» written as z—= , if for every open

for every  in V.

This definition is somewhat intuitive to us given the examples we have covered. Geometrically, the definition
means that for any lines y = b ,, y = b , below and above the line y = L , there exist vertical lines x=a ,, x =

a , to the left and right of x = a so that the graph of f(x) between x = a , and x = a , lies between the lines y
=b,andy=b,. The key phrase in the above statement is “for every open interval D”, which means that

even if D is very, very small (that is, f(x) is very, very close to L), it still is possible to find interval N where
f(x) is defined for all values except possibly x = a .

A

S

\

«—U0O— =
&.ﬁ

s

A\ 4

Example 2:

Use the definition of a limit to prove that
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]jl:%(2m +1)="7.

We need to show that for each open interval of 7, we can find an open neighborhood of 3, that does not include
3, so that all x in the open neighborhood map into the open interval of 7.

Equivalently, we must show that for every interval of 7 say (T—eT+e), we can find an interval of 3 ,
say B—&3+98), suchthat (7T — € <22+ 1 < T+E€) whenever (83— 6 < T <3+ 9).

The first inequality is equivalent to 6 — € < 2z < 6 + & and solving for Z: we have

3-fcr<caqts
T RT<aT G

£
Hence if we take 2 wewilhave3—8 <z <34+8=2>T—c<2x4+1<T+e,

Fortunately, we do not have to do this to evaluate limits. In Lesson 1.6 we will learn several rules that will
make the task manageable.

Lesson Summary

1. We learned to find the limit of a function numerically.
2. We learned to find the limit of a function using a graph.
3. We identified cases when limits do not exist.

4. We used the formal definition of a limit to solve limit problems.

Review Questions

2 —4

im
1. Use a table of values to find ——2 & + 2 |

a.UseT -valuesof T = —1.9, —1.89, —1.899, —2.1, —2.089, —2.0099. b. What value does the sequence
of values approach?

. 2r—1
Im e+ 3z 3
2. Use a table of values to find =% <% L .

a Use & -values of T = -49,.405,.49999, .51, 5099, .500001.

b. What value does the sequence of values approach?

3
3. Consider the function P{Z) = 3%~ — 3. Generate the graph of p(x) using your calculator. Find each of
the following limits if they exist. Use tables with appropriate x values to determine the limits.

- 3
, lim(sa* 32

EIE4(3E3 — 3z)



- 3
o 2337~ 3)

d. Find the values of the function corresponding to * = 4,—4,0. How do these function values compare
to the limits you found in a—c? Explain your answer.

4. Examine the graph of f(x) below to approximate each of the following limits if they exist.

A

1N
@)

v

W —
N

lim f(z)

a. =—3d

Lim f{z}

b. z—2
lim f(z)
TG

5. Examine the graph of f(x) below to approximate each of the following limits if they exist.

y

horizontal lire y =1
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lim f(z)

b. z—0

lim f(z)

C. z—4

lim f(z)

d. z—50
In problems #6-8, determine if the indicated limit exists. Provide a numerical argument to justify your answer.

. 2
6, am(z” +3)

+1
7. z—leElIz—]_

8 ]h%\,i—22+5

In problems #9-10, determine if the indicated limit exists. Provide a graphical argument to justify your answer.
(Hint: Make use of the ZOOM and TABLE functions of your calculator to view functions values close to the
indicated x value.

- 2
, lm(s" +3)

1
T
10, z——1 z+1

Answers

T2 —4
lim

=4
1.b.z=—2 £ +2

2r—1 2

eoi22% 322 5

lim (3% — 3z) = 180
3.a. =4

lim (3z% — 3z) = 180

. E——4

lim{3z* — 3z) = 0

z—0

d. They are the same values because the function is defined for each of these x-values.

lim f{zr) =15

4.a. z—3

lim f(z) = 0



lim f{z)=2

C. =—1
im f{zr
d. z—4 'ﬂ: ) does not exist.
Iim f{zx)=10
5.a. z—2 f( )
lim f{z) _
b. z—0 does not exist.
lim f(z)
C. z—4 is some number close to 1 and less than 1, but not equal to 1.
lim f(z)
d. z—50 is some number close to 1 and less than 1, but not equal to 1.

6. The limit does exist. This can be verified by using the TRACE or TABLE function of your calculator, applied
to x values very close to x = 2.

7. The limit does exist. This can be verified by using the TRACE or TABLE function of your calculator, applied
to x values very close to x = -1.

8. The limit does exist. This can be verified by using the TRACE or TABLE function of your calculator, applied
to x values very close to x = 2.

9. The limit does exist. This can be verified with either the TRACE or TABLE function of your calculator.

10. The limit does not exist; ZOOM in on the graph around T = —1 and see that the y-values approach a
different value when approached from the right and from the left.

Evaluating Limits

Learning Objectives
A student will be able to:

* Find the limit of basic functions.

» Use properties of limits to find limits of polynomial, rational and radical functions.
» Find limits of composite functions.

* Find limits of trigonometric functions.

* Use the Squeeze Theorem to find limits.

Introduction

In this lesson we will continue our discussion of limits and focus on ways to evaluate limits. We will observe
the limits of a few basic functions and then introduce a set of laws for working with limits. We will conclude
the lesson with a theorem that will allow us to use an indirect method to find the limit of a function.

Direct Substitution and Basic Limits

Let’s begin with some observations about limits of basic functions. Consider the following limit problems:
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lim 5

z—2

These are examples of limits of basic constant and linear functions, flz) = ¢ gnq flz) =mz +b.

We note that each of these functions are defined for all real numbers. If we apply our techniques for finding
the limits we see that

lim 5 = 5,
z—32
limz =4,
r—adl

and observe that for each the limit equals the value of the function at the T -value of interest:

lim5 = £(5) =5,

]

limz = f{4) =4.

z—4

lim f(z) = f(a)

Hence z—=a . This will also be true for some of our other basic functions, in particular all
polynomial and radical functions, provided that the function is defined at x = a. For example,

- a .
EE;,E f{3] 27 and ﬂ V,_ f(4) 2 . The properties of functions that make these facts true
will be discussed in Lesson 1.7. For now, we wish to use this idea for evaluating limits of basic functions.
However, in order to evaluate limits of more complex function we will need some properties of limits, just as
we needed laws for dealing with complex problems involving exponents. A simple example illustrates the
need we have for such laws.

Example 1:

lim(z® + v2z)

Evaluate =—2 . The problem here is that while we know that the limit of each individual function

 limz®? =8 lim /2 = 2 o
of the sum exists, z—2 and z—2 , our basic limits above do not tell us what happens when
we find the limit of a sum of functions. We will state a set of properties for dealing with such sophisticated

functions.

Properties of Limits

im f{z lim g(z
Suppose that :r.—mf( ) and m—mg( ) both exist. Then

1. l].ﬂ[cf(m]] - Calzl—]»]:l; f(z] where c is a real number,

, lim[f(@)]" = [lim f(z)]"

where n is a real number,



lim(#() & g(z) = im £(z) & Iim o(),

lim(f(z) - g(z)] = lim () - lim g(z),

4. z—n

im
5. —

T li 0.
lim; ., g{z) provided that Eg:;g(m) a

-2

With these properties we can evaluate a wide range of polynomial and radical functions. Recalling our ex-
ample above, we see that

l'm%(m*" +v2z) = ]imz{m‘“’] + lim(v2r) =8+ 2 =10.

Find the following limit if it exists:

lim (22° — /—2z).

r——4

Since the limit of each function within the parentheses exists, we can apply our properties and find

lim (22° — /—z) = m]il{142m2 — i  V—z.

z——4 T—+—

1
m —¢

i n=—
Observe that the second limit, =——4% , is an application of Law #2 with 2 . So we have
1i.m4(2z2 —V—z) = lim, 22” — lim v—z=32-2=30
T—— T—— —t—

In most cases of sophisticated functions, we simplify the task by applying the Properties as indicated. We
want to examine a few exceptions to these rules that will require additional analysis.

Strategies for Evaluating Limits of Rational Functions

Let’s recall our example

) -1
m]ﬂllm—l'

We saw that the function did not have to be defined at a particular value for the limit to exist. In this example,
the function was not defined for x = 1. However we were able to evaluate the limit numerically by checking
- |
lim =2
functional values around x = 1 and found =1 Z — 1

Note that if we tried to evaluate by direct substitution, we would get the quantity 0/0, which we refer to as
. . _ o  lim{z—-1}=0

an indeterminate form. In particular, Property #5 for finding limits does not apply since z—1

. Hence in order to evaluate the limit without using numerical or graphical techniques we make the following

observation. The numerator of the function can be factored, with one factor common to the denominator,

and the fraction simplified as follows:
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2_1 1 —1
#-1_(+De-1_,
r—1 r—1

In making this simplification, we are indicating that the original function can be viewed as a linear function
for x values close to but not equal to 1, that is,

z? 1 1
=1
z—1 for £ # 1 In terms of our limits, we can say
i T
lim =lim{z+1)=1+1=2.

z—1 ¢ — 1 r—1
Example 2:

. 24+ 5z
Iim —.

Find 220 ¢

This is another case where direct substitution to evaluate the limit gives the indeterminate form 0/0. Reducing
the fraction as before gives:

. r®+5Bz
ligy = - lim(e+5) =5
Example 3:
-3
lim YZ—3
z—0 T —9 .

In order to evaluate the limit, we need to recall that the difference of squares of real numbers can be factored
) 2
as T —¥ =(z+y)iz—y)

We then rewrite and simplify the original function as follows:

VZ—3 VI —3 1
-9 (Y +d(z—3) (v2+3)

-3 1 1
him Y23 g 1

_] _——mm
Hence =2 r—9 zl—]-]sliﬁ+3 6.

You will solve similar examples in the homework where some clever applications of factoring to reduce
fractions will enable you to evaluate the limit.

Limits of Composite Functions
While we can use the Properties to find limits of composite functions, composite functions will present some
difficulties that we will fully discuss in the next Lesson. We can illustrate with the following examples, one

where the limit exists and the other where the limit does not exist.

Example 4:



1

f(z) = 2 lim({fog)r
Consider z+1" 9{Z) =T Fing z—r—l(f 9)(z) .
1
(fog)(z) = 5 3 . L
We see that Z* + 1 and note that property #5 does hold. Hence by direct substitution we
. 1 1
ogllT) = ——5———= = =.
. Jim (f o g)(z) 71 2
Example 5:
1
Consider r+1° g - - Then we have that f(g(x)) is undefined and we get the indeterminate
lim({fog)r
form 1/0. Hence =—>—1(f g)( ) does not exist.

Limits of Trigonometric Functions

In evaluating limits of trigonometric functions we will look to rely more on numerical and graphical techniques
due to the unique behavior of these functions. Let’s look at a couple of examples.

Example 6:

- limsin{z)
Find z=—0 .

We can find this limit by observing the graph of the sine function and using the CALC VALUE function of
limsinz =0

our calculator to show that =—0

While we could have found the limit by direct substitution, in general, when dealing with trigonometric functions,

we will rely less on formal properties of limits for finding limits of trigonometric functions and more on our

graphing and numerical techniques.

The following theorem provides us a way to evaluate limits of complex trigonometric expressions.

Squeeze Theorem

lim f{z) = lim k(z) = L ‘

Suppose that f(x) < g(x) < h(x) for x near a, and z—a T
lim g(z) = L
Then m—mg( ] .

In other words, if we can find bounds for a function that have the same limit, then the limit of the function
that they bound must have the same limit.

Example 7:

. lim 2? cos(107z)
Find z—0 :
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v

From the graph we note that:

2
1. The function is bounded by the graphs of z? and —&

lim z* = lim{—z®) =0

. z—0 z—0

_ lim z* cos{107z) = 0.
Hence the Squeeze Theorem applies and we conclude that z—a

Lesson Summary

1. We learned to find the limit of basic functions.

2. We learned to find the limit of polynomial, rational and radical functions.
3. We learned how to find limits of composite and trigonometric functions.
4. We used the Squeeze Theorem to find special limits.

Review Questions

Find each of the following limits if they exist.
lim{z® — 3z + 4)
z—2

-z 16
lim ——
2. 74 T4

—2
lim Y2~ 2

3. z—+4 T —4

B
lim
4. m—>—1E+1

10z — 2
5. :—uvj—ll 3z +1

. o Yr+4+3-12
Iim ——

6. z—1 r—1



z? — 25
2 =ob g _ 125

z) = : glz) =2 lim (fog)(z)=1

8. Consider z+1’ _We found z——1 3
litn }
Fing 20, (8 © (=)

2
9. Consider function F{T) suchthat 8¢ — 11 < flz) < z° — 4z + 9 ¢, . > 0.

ey

~ lIim
Use the Squeeze Theorem to find z—3

1
lim £*sin{~) = 0
10. Use the Squeeze Theorem to show that z—0 T

Answers

]jIDE(TE —3r+4)=2

- r2_16
lim =

8
2.7 r—4

r— 2

im
4. =—-1% + 1 does not exist.

10z —2
5 o 3z4+1

. o Yyr+3-12 1
im Y= 2% _ =
6. z—1 r—1 4

z? — 25 2

7 s—5gd _ 125 15

lim (g f)(z)

does not exist since g(f(x)) is undefined.

li =14 lim(5¢ — 11) = lim{z® — 4z +9) = 14
zglsﬂz) since '.'E.»JE( T ] m—)ﬁ(m + ]

1
zt > 31'7;(;) > gt mz* = ]i_m{—mﬁ‘] =0

li
10. Note that , and since z—0 x—0 , then by the Squeeze Theorem

1
lim z'sin{=) = 0
must have =—0 T

59



Continuity

Learning Objectives

A student will be able to:

* Learn to examine continuity of functions.

* Find one-sided limits.

» Understand properties of continuous functions.

» Solve problems using the Min-Max theorem.

* Solve problems using the Intermediate Value Theorem.

Introduction

In this lesson we will discuss the property of continuity of functions and examine some very important impli-

cations. Let’s start with an example of a rational function and observe its graph. Consider the following
function:

flz)=(=+1)/(z" - 1).

We know from our study of domains that in order for the function to be defined, we must use £ #-L1
Yet when we generate the graph of the function (using the standard viewing window), we get the following

picture that appears to be defined at T = -1

S 42

 vertical line at x=1

The seeming contradiction is due to the fact that our original function had a common factor in the numerator

and denominator, T * 1, that cancelled out and gave us a picture that appears to be the graph of

flz) =1/(z —1).



2
But what we actually have is the original function, f(m) = (E + 1],:’(2 - 1]1 that we know is not defined

atT=—-1 AT -1, we have a hole in the graph, or a discontinuity of the function at T = —1. That
is, the function is defined for all other x-values close to £ = —1.

Loosely speaking, if we were to hand-draw the graph, we would need to take our pencil off the page when
we got to this hole, leaving a gap in the graph as indicated:

Now we will formalize the property of continuity of a function and provide a test for determining when we
have continuous functions.

Continuity of a Function
Definition: The function f(x) is continuous at x = a if the following conditions all hold:
1. & is in the domain of f(x);

2. lim f{z)

T exists;
3 lim f(z) = f(a)

Note that it is possible to have functions where two of these conditions are satisfied but the third is not.
Consider the piecewise function

A

v

if 1
- {oaet)
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f(z) lim f(z) # f(1)

lim i
In this example we have z—1 exists, x = 1 is in the domain of f(x), but z—1 .

One-Sided Limits and Closed Intervals

Let’s recall our basic square root function, f‘:g) = V,E .

Ay

Since the domain of f(E) = V,E is x 2 0, we see that that !:JH% \/E does not exist. Specifically, we cannot
find open intervals around x = 0 that satisfy the limit definition. However we do note that as we approach x
= 0 from the right-hand side, we see the successive values tending towards x = 0. This example provides
some rationale for how we can define one-sided limits .

im f{z)="5
Definition . We say that the right-hand limit of a function f(x) at a is b, written as z—a~ fz) , if for

every open interval N of b, there exists an open interval (“: @+ 5] contained in the domain of f(z], such
that F{Z) isin N for every z in (@0 +6).

lim
For the example above, we write z—0+ V=0

- T . lim f(z) =6
Similarly, we say that the left-hand limit of 4 \T} at ais b, written as z—a— , if for every open
interval N of b there exists an open interval (ﬂ' — 9, ‘1) contained in the domain of f(z], such that f(E)

is in N for every x in (e —8,a).
Example 1:
T
lim —.
Find =0 |Z|

The graph has a discontinuity at x = 0 as indicated:



10O

v

1 lim — = —1
We see that =0 |Z| and also that =0~ |Z|

Properties of Continuous Functions

Let’s recall our example of the limit of composite functions:

flz) =1/(z+1), g(z) = -1

lim {f o g)(z)

We saw that f(g(x)) is undefined and has the indeterminate form of 1/0. Hence z—-1 does not
exist.

In general, we will require that f be continuous at x = g(a) and x = g(a) must be in the domain of (fo g) in

lim{f o g){z)

order for z—= to exist.

We will state the following theorem and delay its proof until Chapter 3 when we have learned more about
real numbers.

Min-Max Theorem : If a function f(x) is continuous in a closed interval /, then f(x) has both a maximum value
and a minimum value in /.

Example 2:
3
Consider f{Z) =2" +1 gnginterval I = [-2,2].
The function has a minimum value at value at T = —2; _f(—2] = —7, and a maximum value at £ = 2;

where f(2) =9
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We will conclude this lesson with a theorem that will enable us to solve many practical problems such as
finding zeros of functions and roots of equations.

Intermediate Value Theorem

If a function is continuous on a closed interval [, B], then the function assumes every value between f(a)
and f(b).

The proof is left as an exercise with some hints provided. (Homework #10).
We can use the Intermediate Value Theorem to analyze and approximate zeros of functions.
Example 3:

Use the Intermediate Value Function to show that there is at least one zero of the function in the indicated
interval.

flz)=3z"—32" — 2241, (1,2)

We recall that the graph of this function is shaped somewhat like a parabola; viewing the graph in the standard
window, we get the following graph:




Of course we could zoom in on the graph to see that the lowest point on the graph lies within the fourth
quadrant, but let’'s use the CALC VALUE function of the calculator to verify that there is a zero in the interval

(1:2)- In order to apply the Intermediate Value Theorem, we need to find a pair of x-values that have
function values with different signs. Let’s try some in the table below.

T | f(z)
1.1[—.80
1.2]—.36
1.3 .37

We see that the sign of the function values changes from negative to positive somewhere between 1.2 and
1.3. Hence, by the Intermediate Value theorem, there is some value c in the interval (1.2,1.3) such that f(c)
=0.

Lesson Summary

1. We learned to examine continuity of functions.

2. We learned to find one-sided limits.

3. We observed properties of continuous functions.

4. We solved problems using the Min-Max theorem.

5. We solved problems using the Intermediate Value Theorem.
Review Questions

1. Generate the graph of f(x)= (|x + 1])/(x + 1) using your calculator and discuss the continuity of the function.

z
2. Generate the graph of f{m] = (3$ - G]I(T - 4] using your calculator and discuss the continuity of
the function.

Compute the limits in #3-6.

N
3.7 14+ —1

i 8§
4 2 22|z —2)

. 2z|z—1]
Iim ——
5 =1t T — 1

. lz+2|+z+2
6 22+ [T+ 2| —z—2

In problems 7 and 8, explain how you know that the function has a root in the given interval. (Hint: Use the
Intermediate Value Function to show that there is at least one zero of the function in the indicated interval.):

7. flz) = zt+22° —z+1 , in the interval (—2,-3)
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g. flz) = VI — -1 , in the interval (9, 10}

9. State whether the indicated x-values correspond to maximum or minimum values of the function depicted
below.

v

10. Prove the Intermediate Value Theorem: If a function is continuous on a closed interval [a, b], then the
function assumes every value between f(a) and f(b).

Answers

1. While graph of the function appears to be continuous everywhere, a check of the table values indicates
that the function is not continuous at x = -1.

2. While the function appears to be continuous for all x = -2, a check of the table values indicates that the
function is not continuous at x = 2.

lim VT _
3 = W1+ vz -1

i 8§

im

4, =% |z —2|{z—2) does not exist
i 2z|z — 1| _

5. z—1+ (T —_ 1)

2 2
i z4+2[+2z+2

—0
6 =2 [T+ 2[—z—2

7. f(_2-5] = .373, f{—Z.Q] = —3.669. By the Intermediate Value Theorem, there is an x-value ¢ with
f(c) = 0.

I

. f(8.1) = —.071, f(9.99) = .006. By the Intermediate Value Theorem, there is an x-value c with f(c)
0.

9. x = a is a relative maximum, x = b is an absolute minimum, x = ¢ is an absolute maximum and x = d is
not a maximum nor a minimum.

10. Here is an outline of the proof: we need to show that for every number d between f(a) and f(b), there
exists a number such that f(c) = d. 1) Assume that f(a) < f(c) < f(b). 2) Let S be the set of x € [a, b]> for which
fix)<d.Notethatae S, be S. so bis an upper bound for set S. Hence by the completeness property of the



reals, S has an upper bound, c. 3) There are then three possibilities to explore: f(c) < d, f(c) = d, or f(c) > d.
Explore these and show why f(c) = d.

Infinite Limits

Learning Objectives
A student will be able to:

* Find infinite limits of functions.
* Analyze properties of infinite limits.
+ Identify asymptotes of functions.

* Analyze end behavior of functions.
Introduction

In this lesson we will discuss infinite limits. In our discussion the notion of infinity is discussed in two contexts.
First, we can discuss infinite limits in terms of the value a function as we increase x without bound. In this

flz)

lim
case we speak of the limit of f(x) as x approaches ©0 and write z—eo

lim_f(z)

to the limit of f(x) as x approaches - o and write z——na

. We could similarly refer

The second context in which we speak of infinite limits involves situations where the function values increase

without bound. For example, in the case of a rational function such as f(x) = (x + 1)/(x *+1), a function we
discussed in previous lessons:

 vertical line at x=1

At x =1, we have the situation where the graph grows without bound in both a positive and a negative direc-
tion. We say that we have a vertical asymptote at x = 1, and this is indicated by the dotted line in the graph
above.

f(z)

lim
In this example we note that z—1 does not exist. But we could compute both one-sided limits as follows.
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lim f(z) = —oo lim f(z} = +oo |

z—1— and z—1—

More formally, we define these as follows:

. - . - lim fz} =oo
Definition: The right-hand limit of the function f(x) at x = a is infinite, and we write z—a* , if for
every positive number k, there exists an open interval (a, a + &) contained in the domain of f(x), such that

f(x) is in ( k,co ) for every xin (a, a +0).

The definition for negative infinite limits is similar.

(=)

— 2 lim
Suppose we look at the function f{m] = (T + l]f(T - 1] and determine the infinite limits z—oa

lim_f(z)

and z——oa .

We observe that as x increases in the positive direction, the function values tend to get smaller. The same
is true if we decrease x in the negative direction. Some of these extreme values are indicated in the following
table.

z flz)
100 .0101
200 .0053
—100 —.0099
—200 —.005

We observe that the values are getting closer to F(z) =0. Hence UMzacaf(T) =0 zng
limg , o f(z)=0

-1
Since our original function was roughly of the form f{m] — z , this enables us to determine limits for all
. 1
. fr)=L 50 . lim —> =0
other functions of the form == with P - Specifically, we are able to conclude that z—oa T
. This shows how we can find infinite limits of functions by examining the end behavior of the function

1
f{T) =z P >0
The following example shows how we can use this fact in evaluating limits of rational functions.

Example 1:

: 27 —z? 4z -1
Find =—-[EDI'E—$5—|—3$4—2E—|—1_

Solution:

Note that we have the indeterminate form, so Limit Property #5 does not hold. However, if we first divide
both numerator and denominator by the quantity x °, we will then have a function of the form



f@)_ B-S+s-% _ A-h+i-3
g(z) H-% +

. dim lim g , _
We observe that the limits z—ma f(x) and z—oa both exist. In particular, z—e

2 2 4z 1

() im f(z}

lim g{z) =1 lim

Rt . Hence Property #5 now applies and we have o 8 — % 4-3z¢ — 2z 1

Lesson Summary

1. We learned to find infinite limits of functions.
2. We analyzed properties of infinite limits.

3. We identified asymptotes of functions.

4. We analyzed end behavior of functions.

Review Questions

In problems 1-7, find the limits if they exist.

(z+2)*
1 =os (z—2)% -1

. (z+2)?
Ly P

(z+2)7
3 =1+ (£ —2)2 -1

. 2z—1
lim
4 =—oa I -+ 1

i ¥+ 3zt +1
5= 281

3zt —22% 4+ 3z +1
g, T—oa 274 — 222 + £ — 3

i 2r% — ¢+ 3
7_EL%EE—2E3+2T—3

nd

—0

In problems 8-10, analyze the given function and identify all asymptotes and the end behavior of the graph.

B (x4 4)?
8. f{ﬁ) - (E—‘i]z—l
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g flz) =3z -2 +2z+2

217 B
ﬂ: p—
10. fiz) T+ 2

Answers

] (z+2)
. Jm o g Tt
(z+2)?

2 1
= too (z —2)8 — 1

lim —($+2)2 = —
3 o1+ (2 —2)% -1 B

2$—1_

im
4. T—oxa E—|—1

o 43zt +1
lim ————— =

5, T—+—oa | —%

3zt 272 1 3z +1 _3
6z 2zt —222 23 2

i 272 x4+ 3 _0
7IEL%EE—2E3+2T—3 N

8. Zero at x = -4; vertical asymptotes at x = 3, 5; f(z) > 1lasz — +oo.
9. Zero at x = 1; no vertical asymptotes; fl@) = -0 552 5 o0 : f(z) =00 35z — —o0.

10. Zero at x = 2; no vertical asymptotes but there is a discontinuity at Z= —2 ; flz) = —o0 as

T — —00 ;f(E]—’D'U as T — 0C.



2. Derivatives

Tangent Lines and Rates of Change

Learning Objectives
A student will be able to:

» Demonstrate an understanding of the slope of the tangent line to the graph.
+ Demonstrate an understanding of the instantaneous rate of change.
A car speeding down the street, the inflation of currency, the number of bacteria in a culture, and the AC

voltage of an electric signal are all examples of quantities that change with time. In this section, we will study
the rate of change of a quantity and how is it related to the tangent lines on a curve.

The Tangent Line

If two points P(x ,, y ,) and Q(x ,, y ,) are two different points of the curve y = f(x)(Figure 1), then the slope
of the secant line connecting the two points is given by

_h—Ww =f($1]—f($u) (1)

I —TIp I, — I

m!ﬂﬂ

Now if we let the the point x , approach x ;,, Q will approach P along the graph f. Thus the slope of the secant
line will gradually approach the slope of the tangent line as x , approaches x . Therefore (1) becomes

lim f(El] - f(En]_ (2]

Mipn — T1—T0 T — Iy

If we let B = £1 — 0, then X, =Xx,+handh— 0becomes equivalent to x , — x ,, S0 (2) becomes

L fm ) (o)
Whign = A0 h

If the point P(x ,, y ,) is on the curve f, then the tangent line at P has a slope that
is given by

_ flzo+h) — flzo)
wl‘mnzfls_-‘[% A

provided that the limit exists.

Recall from algebra that the point-slope form for the tangent line is given by
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Y — Yo = Mmn(T — Tg)-
Example 1:

Find the slope of the tangent line to the curve f(x) = x ° passing through point P(2, 8).
Solution:

Since P(x ,, y ) = (2, 8), using the slope of the tangent equation,

. J{zo+h) — flzo)

Mhian = i} h
we get
F2+hR - f(2)
Mhean, = Jirm h
. (R®*+6R* +12h+8B) -8
= lim
R0 h
 hi4+6R?+ 12
= lim
R0 h
— l']lir%{hﬂ + 6h + 12)
= 12.

Thus the slope of the tangent line is 12. Using the point-slope formula above,
y—8=12(z — 2)

or
y =12z — 16

Next we are interested in finding a formula for the slope of the tangent line at any point on the curve f. Such
a formula would be the same formula that we are using except we replace the constant x , by the variable

x. This yields
. flz+h)— fl=)
Mgy = ]rfi'.?] 5 :

We denote this formula by

i fE 4B~ 1@

h—0 h

(=)

?
where f(m) is read “ f prime of £ .” The next example illustrate its usefulness.
Example 2:

g
If flz) =2 -3, find f(z) and use the result to find the slope of the tangent line at £ = 2 and Z = —1.

Solution:



Since

i fE+ B — £(2)

h—0 h

f’(T] ?

then

[(z+h)* — 3] — [z* — 3]

F(z) = lim

k

P4+ 2zh+ A2 -3 —22+3
= lim

h—0 h

. 9zh+ R
=lim——M

h—0 h
= lim(2 h

2o+ h)
= 2T

To find the slope, we simply substitute £ = 2 into the result -ﬁg) .

filr) =2z
f(2) =2(2)
=4

and
fle) =2z

£=1) =2(-1)
=2

Thus slopes of the tangent lines at T = 2 and £ = —1 are 4 and —2: respectively.

Example 3:

1
Find the slope of the tangent line to the curve ¥= ¢

Solution:

Using the slope of the tangent formula

, . flz+h)— f(z)
flz) = Jim h

1
and substituting ¥ = z ,

that passes through the point (1: 1) .
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e (e
y' = Jim =

z—z—h
zfz+h)

= lim
fi—0

. T—c—h
= lim ————
a—0 hx(z + h)
= i s+ B)

-1
Thus the slope of the tangent line at Z = 1 for the curve ¥=zism=—L. Tofind the equation of the

tangent line, we simply use the point-slope formula,
Yy — 1o = m(T — o),

where (Zo, %) = (1,1).

y—1=-1{z—1)
=—z+1+4+1
=—T+ 2,

which is the equation of the tangent line.

Average Rates of Change

The primary concept of calculus involves calculating the rate of change of a quantity with respect to another.
For example, speed is defined as the rate of change of the distance travelled with respect to time. If a person
travels 120 miles in four hours, his speed is 120/4 = 30 mi/hr. This speed is called the average speed or the
average rate of change of distance with respect to time. Of course the person who travels 120 miles at a
rate of 30 mi/hr for four hours does not do so continuously. He must have slowed down or sped up during
the four-hour period. But it does suffice to say that he traveled for four hours at an average rate of 30 miles
per hour. However, if the driver strikes a tree, it would not be his average speed that determines his survival
but his speed at the instant of the collision. Similarly, when a bullet strikes a target, it is not the average
speed that is significant but its instantaneous speed at the moment it strikes. So here we have two distinct
kinds of speeds, average speed and instantaneous speed.

The average speed of an object is defined as the object’s displacement Ax divided by the time interval At
during which the displacement occurs:



FAY SR, g

V= =
At — 1

Notice that the points (¢, x ;) and (t ,, x ,) lie on the position-versus-time curve, as Figure 1 shows. This

expression is also the expression for the slope of a secant line connecting the two points. Thus we conclude
that the average velocity of an object between time t ; and ¢ , is represented geometrically by the slope of

the secant line connecting the two points (¢, x ;) and (t,, x,). If we choose t , close to t,, then the average
velocity will closely approximate the instantaneous velocity at time ¢ ..

'S

w

The x- axis. «
The position
axis

b X))

N>

The t- axis. The
time axis.

[
EN

Figure 1

Geometrically, the average rate of change is represented by the slope of a secant line and the instantaneous
rate of change is represented by the slope of the tangent line (Figures 2 and 3).

Average Rate of Change (such as the average velocity) The average rate of
change of x = f(t) over the time interval [t ,, t ] is the slope m,,, of the secant line

to the points (¢ ,, f(t ;) and (t ,, f(t ;)) on the graph (Figure 2).

A

C
=)

AN

A
4

The position (t,[x,)
axis, x.

The secant line
3 with slope m,,,

N

f(t)
(to, X,)

The t-axis

L2 I

I / \
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~ FlE) — Flto)

qEC T tl _ tU

Instantaneous Rate of Change The instantaneous rate of change of x = f{(f) at
the time t , is the slope m,,, of the tangent line at the time t ; on the graph.

A

I
o

ey

4
4

The tangent line with slope m,.
in this graph, the tangent line
cuts through at point (2,3).

Figure 3 The t-axi
4

r [ ! \

T — ['{t3) — lim 182 = fl0)

f1—ip th —Ip

The position
axis, x.

(t, %) = (2,3)

LY
o

= N

Le I

Example 4:

Suppose that ¥ = z? — 3.

1. Find the average rate of change of y with respect to x over the interval [0, 2].

2. Find the instantaneous rate of change of y with respect to x at the point T = —1.

Solution:

2
1. Applying the formula for Average Rate of Change with f(z) =12 — 3 5n4« ,=0and x , = 2 yields

_ flz1) — flzo)

SEC

_ f2)— r(o)
20
1-{-3)
B 1

—4

This means that the average rate of change of y is 4 units per unit increase in x over the interval [0, 2].



2. From the example above, we found that f(x) = 2x, so

Mian = f’(mﬂ]
= f(-1)
= 2(-1)
=2
This means that the instantaneous rate of change is negative. That is, y is decreasing at T = —1. Itis de-

creasing at a rate of 1 unit per unit increase in x.

Review Questions

1. Given the function y = 1/2 x* and the values of x , = 3 and x , = 4, find

a. The average rate of change of y with respect to x over the interval [x ,, x ,].
b. The instantaneous rate of change of y with respect to x at x ,,

c. The slope of the tangent line at x ,.

d. The slope of the secant line between points x ; and x ,.

e. Make a sketch of y = 1/2 x % and show the secant and tangent lines at their respective points.

2. Repeat problem #1 for f(x) = 1/x and the values x ;=2 and x , = 3.

3. Find the slope of the graph f(x) = x *+1ata general point x. What is the slope of the tangent line at x
=67

4. Suppose that ¥ = 1/vz )

a. Find the average rate of change of y with respect to x over the interval [1,3].

b. Find the instantaneous rate of change of y with respect to x at point x = 1.

5. A rocket is propelled upward and reaches a height of h(t) = 4.9t in t seconds.
a. How high does it reach in 35 seconds?

b. What is the average velocity of the rocket during the first 35 seconds?

c. What is the average velocity of the rocket during the first 200 meters?

d. What is the instantaneous velocity of the rocket at the end of the 35 seconds?

6. A particle moves in the positive direction along a straight line so that after t nanoseconds, its traversed

3
distance is given by x(t) = 9.9¢ nanometers.

a. What is the average velocity of the particle during the first 2 nanoseconds?
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b. What is the instantaneous velocity of the particle at { = 2 nanoseconds?

Answers

T T
1.a.2 ,b.3,c.4,d.2

—1 —1 —1 —1
2.a 6 b4 c. 9 d 6
3.2x,12

5.a.6002.5 m, b. 171.5 m/sec, c. 31.3 m/sec, d. 343 m/sec

6. a. 39.6 m/sec, b. 118.8 m/sec

The Derivative

Learning Objectives
A student will be able to:

» Demonstrate an understanding of the derivative of a function as a slope of the tangent line.
+ Demonstrate an understanding of the derivative as an instantaneous rate of change.

» Understand the relationship between continuity and differentiability.

The function f(x) that we defined in the previous section is so important that it has its own name.

The Derivative The function f is defined by the new function
h—o h where f is called the derivative of f with respect to x. The domain
of f consists of all the values of x for which the limit exists.

Based on the discussion in previous section, the derivative f represents the slope of the tangent line at
point x. Another way of interpreting it is to say that the function y = f(x) has a derivative f ' whose
value at x is the instantaneous rate of change of y with respect to point x.

Example 1:
T
. . M= :
Find the derivative of r+1
Solution:

We begin with the definition of the derivative,



flz) = tm TEIDZIE oy Ly — gy,
where
fe)= =5
flz+h) = %

Substituting into the derivative formula,

1| z+h T
r =]_]_I]'J— _
fiz) r—oh |2+ h4+1 r—}—l]
1 [{z+R)(e+ 1) —z{z+ R+ 1)
:]_]m—
=0 h | (z+h+1)z+1)
. 1[z2+z4+hr+h—2—zh—=
:]_]_ID—
n—oh | (z+h+1)(z+1)

1] h
:]jm—
—o0h |{(z4+h+ 1){z+1)]

1

Crso(z+ R+ 1)z 4+ 1)
1

Tz r1)®

Example 2:

Find the derivative of flz) = vz and the equation of the tangent line at x , = 1.

Solution:

Using the definition of the derivative,

flz+A) — f=)

f'(z) = lim b
:]jmvlm—i_h_ﬁ
R0 k
_Hm1/m+h—ﬁ\/m+h+ﬁ
h—0 k VI+h+4/T
1 z4+h—=x
=lim-——
0 h/z +h+ /T
= lim !
b~ o/z + h + /T
1

Thus the slope of the tangent line at x ;= 1 is
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For x , =1, we can find y , by simply substituting into f(x).

)

f(zo) =
f1)=v1=1
yo =1

Thus the equation of the tangent line is

'y—yn=m($—$n)
1
y 2($ )

1!
=T+ —.
¥=3%T5

Notation

Calculus, just like all branches of mathematics, is rich with notation. There are many ways to denote the
derivative of a function y = f(x) in addition to the most popular one, f(x). They are:

flz) dy o i  df(z)

dr dr dr

In addition, when substituting the point x , into the derivative we denote the substitution by one of the following
notations:

f'{zo)
— |z —xp
—|T —Ip

df (o)
dr

Existence and Differentiability of a Function

If, at the point (x o, f(x ,)), the limit of the slope of the secant line does not exist, then the derivative of the
function f(x) at this point does not exist either. That is,

if



SR f(z) — f(zo) -

Z—+Z0 T— Iy Does not exist

then the derivative f(x) also fails to exist as x — x ,. The following examples show four cases where
the derivative fails to exist.

1. At a corner. For example f(x) = |x|, where the derivative on both sides of x = 0 differ (Figure 4).

2. At a cusp. For example f(x) = x B where the slopes of the secant lines approach +« on the right and -«
on the left (Figure 5).

3. A vertical tangent. For example f(x) = x "® where the slopes of the secant lines approach +« on the right
and -« on the left (Figure 6).

4. A jump discontinuity. For example, the step function (Figure 7)

flz) = {;2 T <0

. 20,

where the limit from the left is -2 and the limit from the right is 2.

f(x) = |x|
Acorneratx =0.

Figure 4
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A
f(x) = x**

Acuspatx=0.

Figure 5

4
3
Y
f(x) = x"
A vertical tangent line at
x=0. //
4
t
4 R {1 5
B 0 X
=t [Figure 6
//
— ]
5
2:5
Y
7.5 5} 2.5 0 25 715 10
X

Discontinuity at
x=0.

FigureZ|

Many functions in mathematics do not have corners, cusps, vertical tangents, or jump discontinuities. We
call them differentiable functions.
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From what we have learned already about differentiability, it will not be difficult to show that continuity is an
important condition for differentiability. The following theorem is one of the most important theorems in cal-
culus:

Differentiability and Continuity
If fis differentiable at x , then fis also continuous at x .

The logically equivalent statement is quite useful: If fis not continuous at x ,, then
fis not differentiable at x ,,.

(The converse is not necessarily true.)

We have already seen that the converse is not true in some cases. The function can have a cusp, a corner,
or a vertical tangent and still be continuous, but it is not differentiable.

Review Questions

In problems 1-6, use the definition of the derivative to find f(x) and then find the equation of the tangent
line at x = x ,.

flz)=62%z5 =3

flz)=vT+2;2,=8

—_

2

3 flg)=32" -2 .z =1
1

. f(T)=m=TU=—1

2
5. f(z) =az” —b, (where a and b are constants); x , = b

2
7. Find dyldx | yx_, giventhat ¥ = oz — 2.
8. Show that f(m] = ‘VE is continuous at x = 0 but it is not differentiable at x = 0. Sketch the graph.
9. Show that

@2+1 >1
E:
'ﬁ) {2$ T>»1

is continuous and differentiable at x = 1. Sketch the graph of f.
10. Suppose that fis a differentiable function and has the property that

fix +y) = f(x) + f(y) + 3xy
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=0 R N

Find f(0) and f(x).
Answers

1 f(z) =12z, y =36z — 54

= 6
2=t

3. f’(m) = sz, y=9z14

f'(z)
2.

, -1
. f{z) “Gwrap¥T®

5 f'(z) = 2az,y = 2abz — b{ab + 1)

) 1 1 2
6. @) =g am¥=32+3

7.10
8. Hint: Take the limit from both sides.
9. Hint: Take the limit from both sides.

10. f(0) = 0, f(x) =4 + 3x

Techniques of Differentiation

Learning Objectives
A student will be able to:

» Use various techniques of differentiations to find the derivatives of various functions.
» Compute derivatives of higher orders.
Up to now, we have been calculating derivatives by using the definition. In this section, we will develop for-

mulas and theorems that will calculate derivatives in more efficient and quick ways. It is highly recommended
that you become very familiar with all of these techniques.

The Derivative of a Constant

If f{x) = c where cis a constant, then f(x) = 0. In other words, the derivative or slope
of any constant function is zero.




Proof:

. . flz+hR)—f(x) . c—c¢c
flz) = lim 3 e

Example 1:

If f(x) = 16 for all x, then f(x) = 0 for all x. We can also write d/dx (16) = 0.

The Power Rule If n is a positive integer, then for all real values of x

d

—[z"] = nz

dr The proof is omitted in this text, but it is available at
http://en.wikipedia.org/wiki/Calculus_with_polynomials.

n—1

Example 2:

If fix) = x °, then

f(x) = 3x>" = 3x?

and

d

E[z]=l-m1_1=m0=1,
d 8y 1l 1 4 11
=V =gl =3 — g 20172~ 2,./z’

The Power Rule and a Constant

If € is a constant and f is differentiable at all T , then
d a
—lef (@) = e[ ().

In simpler notation,

r r ’
(Cf) = C(f] ) Cf - In other words, the derivative of a constant times a function
is equal to the constant times the derivative of the function.

Example 3:
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d . a d s 2 2
E[«ir | = 4E[T | =4[3z°] = 122",
Example 4:
2 h—f] = 2w = 2 [ = 2 s = 2o = 85

Derivatives of Sums and Differences

If fand g are two differentiable functions at x, then

2 5z + 9@ = S 1) + o g(a)

and

ﬁ (z) — g(z})] = —[f(E)] [g(m)]

In simpler notation,

(ftg) =f+4.

Example 5:
d q d q d
5[33: +2z]) = E[:}ﬂ: |+ E[ZE]
d d
=3[l 4+2—_
2]+ 2 [g]
— 3[22] + 2[1]
= 6z + 2.
Example 6:
d . 4 2 d . 4 d . 5
dT[T — oz ] - dE[E ] _5dﬂ_'.'[$ ]
= 3z% — 5[27]
= 3z% — 10z.

The Product Rule If fand g are differentiable at x, then

%[f(m]-y(r)] f(z) 9(E)+y(r]— (z).

In a simpler notation,

r r
(f-9) =79+ f The derivative of the product of two functions is
equal to the first times the derivative of the second plus the second times the
derivative of the first.




Keep in mind that
f-9' #7149
Example 7:

Find 2 for ¥ = (32" + 2)(72° — 1).
Solution:

There are two methods to solve this problem. One is to multiply the product and then use the derivative of
the sum rule. The second is to directly use the product rule. Either rule will produce the same answer. We
begin with the sum rule.

y = (3z* + 2)(7z® — 1)
=21z" — 3z* + 142 — 2.

Taking the derivative of the sum yields
&Y 14775 — 1277 4+ 4222 4 0
dz

= 14725 — 1227 1 4222,

Now we use the product rule,

:—z =(3z* +2)- (72" — 1) + (3" +2) - (72* — 1)
= (3z* + 2)(21z%) + (122*) (727 — 1)
= (6325 4 422%) + (8425 — 1227)

— 14725 — 1223 4 4272

which is the same answer.

The Quotient Rule If fand g are differentiable functions at x and g(x) # 0, then
d {f(z)} _ g(m)217(=) - F(z)2le(z)
dr | g{z)

[g(z}]? . In simpler notation,

r
(I) _gf-f4q
> .
g g The derivative of a quotient of two functions is the
bottom times the derivative of the top minus the top times the derivative of the
bottom all over the bottom squared.

Keep in mind that the order of operations is important (because of the minus sign in the numerator) and

@y
g g
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Example 8:

Find dy/dx for

Solution:

dy d [z2—5
dr  dz [m‘" + 2}
(P +2) (2?5 — (22 —5) - (£ +2)
o (22 4 2)2
(zf + 2)(2z) — (=2 — 5)(3?)
) (=% + 2"
2%+ 41 — 37" + 1527
B (z® + 2)2
—z* + 1527 + 4z
(z% 4 2)?
z{—z + 15z + 4)
~ (@8 +2p

Example 9:

_ &
At which point(s) does the graph of ¥ = 2213 have a horizontal tangent line?
Solution:
Since the slope of a horizontal line is zero, and since the derivative of a function signifies the slope of the

tangent line, then taking the derivative and equating it to zero will enable us to find the points at which the
slope of the tangent line equals to zero, i.e., the locations of the horizontal tangents.

¥y= mz——kg’
(P +9(1) —=z(22)
y = @ 1 9)° =0.

Multiplying by the denominator and solving for x,

2 4+9—-222 =10

2 =9
T = 13
Therefore the tangent line is horizontal at * = —3,+3.

Higher Derivatives

If the derivative f of the function f is differentiable, then the derivative of f, denoted by f", is called the
second derivative of f. We can continue the process of differentiating derivatives and obtain third,



fourth, fifth and higher derivatives of f. They are denoted by f°', f", f ', f("), ...

Example 10:

Find the fifth derivative of f(x) = 2x * - 3x >+ 5x *- x - 1.

Solution:
f(z)=82"—92° 1 5z —«x
f'(z) =24z® — 182+ 5
F"(z) =48z — 18
f(z) =48
O
Example 11:

3 i ” 7
Show that ¥ = T + 3% + 2 gatisfies the differential equation ¥ + ¥ — 2y = 0.
Solution:

We need to obtain the first, second, and third derivatives and substitute them into the differential equation.

Y=z + 3z + 2

y —3r?+3

y' = 6z

L — 6
Substituting,

¥ + oy’ — 2y = 6+ z{6z) — 2(3z° + 3)
— 6+ 62" —62° — 6

which satisfies the equation.

Review Questions

Use the results of this section to find the derivatives dy/dx.
1.y =5x !

2.y= 1(23 _2TE+ ]-)

I 4
y=\/§$3——z + 27 4+ V2
3. V2

2 .2, .3
4. Y=€ =0 +2° —&—b+ T (yhere a, b are constants)
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1 1., .,
7_y=(5+—g](3m -7
_ 1
g Y=Vt
3
yzi
9 VT +3
_4m—|—1
107" F -9

11. Newton’s Law of Universal Gravitation states that the gravitational force between two masses (say, the
earth and the moon), m and M, is equal to their product divided by the square of the distance r between
them. Mathematically,

mM

r2 ’

F=@a

N2
where G is the Universal Gravitational Constant (1.602 x 10" kg? ). If the distance r between the two
masses is changing, find a formula for the instantaneous rate of change of F with respect to the separation
distance r.

12. Find
d [wawj
dy | 3—fg
where % is a constant.
&y _ 2
13. Find @27 |==1  where & Z% .

Answers

(some answers simplify further than the given responses)

1. y = 3528
3
) y = Emz — 2z

"= 3vVor? —vVor 42
3. ¥



6. ¥ = (2" — 32 + 2)(62 + 282%) 4 (32° — 6z + 1)(2z° 4 7z%)

, 1 1

P 1 ]. a 1 2 4 e
LY =Gt ) - HB T Y T o T 0

. 3

o.” T 2/z(y/z 1 3

,  —4z? — 2z —36
R

10.

df mAf
1. dr —2G—3

1P + Fup?
12. 3—n

13. —120

Derivatives of Trigonometric Functions

Learning Objectives
A student will be able to:
* Compute the derivatives of various trigonometric functions.

Recall from Chapter 1 that if the angle h is measured in radians,

I sinh_ ) 1—cosh._
h]i»:% h " and k-0 h -

We now want to find an expression for the derivative of the six trigonometric functions sin x, cos x, tan x,
sec x, csc x, and cot x. We first consider the problem of differentiating sin x, using the definition of the
derivative.

d fin 2] _ i gin(z +h) —sinz

dr hEé h

Since

sin(a + B) =sin a cos B + cos a sin B.
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The derivative becomes

d _y sinzcosh +coszsinh —s8ing
e A

=1lim |sinz 'Ls'h_l +cosz S
_h—bﬂ h h

) . 1 —cosh . sin &
=—ginz-lim|[ —— ] +cosz- lim 5

h—0 h h—l

= —sinz- (0) + cosz - (1)

= CDST.

Therefore,

d . .
—[sin ] = cos .

dr

It will be left as an exercise to prove that

—[cosz| = —sinz.

dz

The derivatives of the remaining trigonometric functions are shown in the table below.

Derivatives of Trigonometric Functions

E[&in Z| =cosz

d -
E[cos I| = —8inz

d
o [tan z] — sec’ =

d
—[sec | = secztan

dz

d
—/[csc z] = —csczeot T

dr

d
—[sinz] = —cac® z o o
dz Keep in mind that for all the derivative formulas for the

trigonometric functions, the argument x is measured in radians.

Example 1:

d
Show that #= [tan x] = sec” x.



Solution:

It is possible to prove this relation by the definition of the derivative. However, we use a simpler method.

Since

then

Using the quatient rule,

_ (cos z){cosz) — (sin z)(—sin z)

cos® T
2 . g
cos’ T + 5n° ¥
cos?
1
cos? T
=sec? T

Example 2:
Fing F(@) if f(z) = 2’cosz +sing
Solution:

Using the product rule and the formulas above, we obtain

f(z) = z(—sinz) + 2z cos = + cosx

= —z? SinT 4 2TCcoST + COST.

Example 3:

CoOR T

Find dy/dx if Y= Totanz . Whatis the slope of the tangent line at x = 1/3?
Solution:

Using the quotient rule and the formulas above, we obtain

dy (1 —tanz)(—sinz) — (cosz)(—sec? )
dr (1 —tanz)?
—sinz + tanzsinz + cosTsec’ z
(1 — tanz)?

To calculate the slope of the tangent line, we simply substitute x = 1/3:
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dy

_ —sin(}) + tan(§) sin(§) + cos(5) sec’(5)

dr

(1 —tan(3))?

™
—13

We finally get the slope to be approximately

dy
- =49,
dm T
T=3
Example 4:

If y = sec x, find y" (11/3).

Solution:

y =secztant

y" = sec z(sec’ z) + (secz tan ) tan
—sec’ z + secztan’ .
Substituting for x = 11/3,
"= e (7) + meo (5 ) ta® (3)
iy’ = sec (3 + sec 3) e (5
= (2)" + (2)(v3)?

=8+ (23
= 14.

Thus y" (11/3) = 14.
Review Questions
Find the derivative y of the following functions:

1.y=xsinx+2

2 y=zzcosm—mtanm— 1

3.y =sin*x
sinz —1
¥Y=——-—
4. sinz +1

COST +sinz

Y .
5. COST — BNz

VI
= 2
6. ¥ tanz u

7.y=cscxsinx+x



sec T

8. y= C8C T

9. If y = csc x, find y" (11/6).

i L —I[cosz] = —sinz.
10. Use the definition of the derivative to prove that &%

Answers

1.y =xcos x +sin x
! a . 2
o ¥ =2rcoBT — T BinT —tanz — Tsec” T

3.y =2cos xsinx

;  2cosz
4 . (sinz + 1)?
; tanz + 132
e (22
5 1—tanz
oot T CRC’ T
AN
7.y=1

8.y =sec’ x

9. y(11/6) = 14

The Chain Rule

Learning Objectives
A student will be able to:

» Know the chain rule and its proof.

* Apply the chain rule to the calculation of the derivative of a variety of composite functions.

We want to derive a rule for the derivative of a composite function of the form f © g in terms of the derivatives
of fand g. This rule allows us to differentiate complicated functions in terms of known derivatives of simpler
functions.

The Chain Rule If g is a differentiable function at x and fis differentiable at g(x),
then the composition function f @ g = f(g(x)) is differentiable at x. The derivative
of the composite function is:

(fe g)(x) =f'(9(x)g '(x). Another way of expressing, if u = u(x) and f = f(u),
then
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d ., L du
) = F

dz " And a final way of expressing the chain rule is the
easiest form to remember: If y is a function of u and u is a function of x, then

dy dydu
dr dudz’
Example 1:

3 2 7
Differentiate J (%) = (22" — 4z +5)°.

Solution:

3 2
Using the chain rule, let @ = 2r" — 42" + 5. Then

d 2 2 2 2
E[(2T —4z® 4+ 5)] = —[u’

— 2(22" — 42® 4 5)(62° — 82).

The example above is one of the most common types of composite functions. It is a power function of the
type

y = [u(x)]".

The rule for differentiating such functions is called the General Power Rule. It is a special case of the Chain
Rule.

The General Power Rule
if

y = [u(z)]"
then

g = nfu(z)]" u'(z).
In simpler form, if

y=u"
then

y—mnu"" o




Example 2:

— 2
What is the slope of the tangent line to the function ¥ = VI — 3z +2 that passes through point x = 3?

Solution:

_f B 1/2
We can write ¥ = {T° — 3z + 2% 1155 example illustrates the point that % can be any real number
including fractions. Using the General Power Rule,

1
o= 5(d —3c+ 2)i {2z — 3)

1
= E(zg — 3z +2)"Y%(2z — 3)
(22 — 3)
2v/1r? —3r+2

To find the slope of the tangent line, we simply substitute x = 3 into the derivative:

dy 2(3) — 3 _ 3 23\/5_
2= 2/F-3@) +2 202 4

Example 3:

Find dy/dx for y = sin’x.

Solution:

. .3
The function can be written as ¥ = [9Z]". Thus

d

Ey — 3[sin z]*[cos Z]
— 3sin’zcosz

Example 4:

2
Find dy/dx for ¥ =9 cos(3z” — 1).

Solution:

Let ¥ = 3z® — 1. By the chain rule,

d ., du
o W] = flu)

where f(z) = Goosu. Thus

dy = 5(-sin u) . (6x)
dr



=-5sinu. (6x)

= -30x sin(3x > - 1)

dy :
dr 5{—sinu){6z)

= —5sin u{6z)

= —30z sin{3z% — 1).
Example 5:

2413
Find @Y/d% for ¥ = [cos{mz")]".

Solution:

This example applies the chain rule twice because there are several functions embedded within each other.

Let u be the inner function and w be the innermost function.
3
y = (ufw))
uw(T) = cosT

w(z) = nz’.

Using the chain rule,

d dut
) = £
d ., 4 d 3¢9
] =+ loos(ma?)]

d 2y]d
= E[cos(im )]
= 3[cos(nz®)]?[— sin(xz?)](2xz)

= —6wz[cos(nz?))? sin(arz?).
Notice that we used the General Power Rule and, in the last step, we took the derivative of the argument.

Review Questions

Find f'(x).

1 flz) = (2$2 . 3m]39
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1
3z2 — 6z +2

flz) =
3,

4. f(x) = sin’x

5. f(x) = sin *

6. f(x) = sin® x °
7. fix) = tan(4x °)

g f(z) = V4z —sin®2z

8in T

_ fz) = cos{3z — 2)

9

10. f(x) = (5x + 8)° (x ° + 7x)"

1. f=) = (21135)3

Answers

1 Flz) = 39(2z” — 3z)"8(4z — 3)

, 2 \* /32510
2.“$)=_3(Tf—5) (Eﬁa )

—3(z — 1)
V(322 bz + 1)

f'=) =
3,

4. f(x) = 3 sin® x cos x

5. f(x) = 3x % cos x°

6. f(x) = 9x ? cos x ° sin® x °
7. f(x) = 20x * sec’(4x°)

2(1 — sin2z cos )

Fa) - i
8. 4/ dz — 8in” 2z
, cos{3z — 2) cosz + 3sin(3z — 2)sinz
f'e) - &
9 cos?(3r — 2)

10. f(x) = 13(5x + 8)> (x* + 7x)"* (3x 2 + 7) + 15(x ° + 7x)" (5x + 8)°
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Implicit Differentiation

Learning Objectives
A student will be able to:
» Find the derivative of variety of functions by using the technique of implicit differentiation.

Consider the equation
2ry = 1.

We want to obtain the derivative dy/dx. One way to do it is to first solve for y,

yzﬂi

and then project the derivative on both sides,

dy d |1
azaH
1
= o

There is another way of finding dy/dx. We can directly differentiate both sides:

? fory] = 2
—|2zy| = —|1].
dr T dg
Using the Product Rule on the left-hand side,

d2 2 d =0

ydz[mh— Errfsr:[""lr]_
dy

2]+ 2x—= =10.
yH+rE

Solving for dy/dx,

dy _ %y _ vy

dr 2z z

- L
But since ¥ = 2z , substitution gives
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dy -1

dr z(2z)
_ -1
272

which agrees with the previous calculations. This second method is called the implicit differentiation
method. You may wonder and say that the first method is easier and faster and there is no reason for the
second method. That’s probably true, but consider this function:

3y2 — COBY = i
How would you solve for y? That would be a difficult task. So the method of implicit differentiation sometimes
is very useful, especially when it is inconvenient or impossible to solve for y in terms of x. Explicitly defined
functions may be written with a direct relationship between two variables with clear independent and depen-
dent variables. Implicitly defined functions or relations connect the variables in a way that makes it impossible
to separate the variables into a simple input output relationship. More notes on explicit and implicit functions
can be found at http://en.wikipedia.org/wiki/Implicit_function.

Example 1:
32 1
Find dy/dx if 94 —COSY =T .

Solution:

Differentiating both sides with respect to x and then solving for dy/dx,

2 13" — cosy S
3.5 4] — = lcosy) i
e
Gyj—g + sin yg = 32"

= 37°

. Oy
[6y + sin y] dr

Solving for dy/dx, we finally obtain

dy 3z?
de 6y -+siny

Implicit differentiation can be used to calculate the slope of the tangent line as the example below shows.
Example 2:

- - - - 8y° + 2’y —z — 3
Find the equation of the tangent line that passes through point (1, 2) to the graph of ©¥ L - =

Solution:

101


http://en.wikipedia.org/wiki/Implicit_function.

First we need to use implicit differentiation to find dy/dx and then substitute the point (1, 2) into the derivative
to find slope. Then we will use the equation of the line (either the slope-intercept form or the point-intercept
form) to find the equation of the tangent line. Using implicit differentiation,

d_ 4 a d
o Bty — = =13l

dy dy =0
24y°—~ + [(2")(1) - +y(29)] - 1

d d =0
24y2£+22£+21'y— 1

dy =1-—2zy

2 2 2
[24y” + 7] o~
dy 11— 2zy
dz 24y 4 2

Now, substituting point (1, 2) into the derivative to find the slope,

dy 1 2(1)(2)
dr ~ 24(2)2 + (1)?
-3
-5

So the slope of the tangent line is _31’97: which is a very small value. (What does this tell us about the
orientation of the tangent line?)

Next we need to find the equation of the tangent line. The slope-intercept form is

y=mz+h,

where ™t = _3."97 and b is the y-intercept. To find it, simply substitute point (1, 2) into the line equation
and solve for b to find the y-intercept.

2=(;—$)(1)+b

=
97

Thus the equation of the tangent line is

-3 197
Y=g97%t 97

Remark: we could have used the point-slope form ¥ — ¥1. = mM{Z — 1) and obtained the same equation.

Example 3:

102



&y

2 7 _ 2 .
Use implicit differentiation to find d 2 y/dx 2 if 92 — 4" = 9. Aiso find @£ | 1)=(2 ) \What does the
second derivative represent?

Solution:
& 52—y = 2
10z — sy% =0
Solving for dy/dx,

dy 5z

dr dy

Differentiating both sides implicitly again (and using the quotient rule),

Py _ (4y)(5) — (52)(4dy/da)

dz? (4y)?
20y 20z dy
T 16y?  16y%dzr
RO o
4y dydr

But since dy/dx = 5x/4y, we substitute it into the second derivative:

d?y h br br
dz? T4y iy
d?y 5 2572

dr? T4y 167

This is the second derivative of y.

%y
The next step is to find dz? |, w)=(2, 3) .

d%y 5 25(2)?
a# > 3~ 4@y 16y
B 5
72

Since the first derivative of a function represents the rate of change of the function y = f(x) with respect to
x, the second derivative represents the rate of change of the rate of change of the function. For example,
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in kinematics (the study of motion), the speed of an object (y) signifies the change of position with respect
to time but acceleration (y") signifies the rate of change of the speed with respect to time.

Review Questions
Find dy/dx by implicit differentiation.
1.x%+y?=500

2 m2y+3zy—2=1

1 1 1
3m+y_2
4. \/E_\/E_"'z\/g

5. sin(25xy 2) =X
6. tan®(z® — y?) = tan(r/4)

In problems #7 and 8, use implicit differentiation to find the slope of the tangent line to the given curve at
the specified point.

2 2
7.9 —yT=—14( 1)
8. sin(xy) =y at (m, 1)
9. Find y" by implicit differentiation for x ° y > = 5.

10. Use implicit differentiation to show that the tangent line to the curve y %= kx at (X o, ¥ o) is given by

1
Yoy = zk(z + o) , where k is a constant.

Answers
" —I
y —_ -
1. uy
5 ) z{z + 3)
3 ¥ T
y =4/
4. T

;11— 25%2 cos(25zy?)
5 50y cos(25zy?)
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Linearization and Newton’s Method

Learning Objectives

A student will be able to:

* Approximate a function by the method of linearization.

»  Know Newton’s Method for approximating roots of a function.
Linearization: The Tangent Line Approximation

If fis a differentiable function at x ,, then the tangent line, y = mx + b, to the curve y = f(x) at x , is a good
approximation to the curve y = f(x) for values of x near x , (Figure 8a). If you “zoom in” on the two graphs,
y = f(x) and the tangent line, at the point of tangency, (x ,, f(x ,)), or if you look at a table of values near the
point of tangency, you will notice that the values are very close (Figure 8b).

Since the tangent line passes through point (x ,, f(x ;)) and the slope is f(x ,), we can write the equation
of the tangent line, in point-slope form, as

y—'yg=m(z—$g]

y — flzo) = Fzo)(z — z0)

Solving for y,

y = flzo) + f'(zo)(z — z0)
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N
3
i A\
¥ N 5
v y=1(x) e
2
«¥
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<
'3 /
e X0, f(X0))
-5 The tangent line to the curve is
Y = 1)+ " (X)(X - Xo)
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Figure 8b

So for values of x close to x ,, the values of y of this tangent line will closely approximate f(x). This gives the
approximation

f(z) = f(zo) + ['(=o){z — o).

The Tangent Line Approximation (Linearization)

If f is a differentiable function at x = x ,, then the approximation function

L{z) = f(z) = f(zo) + f(zo){z — z0)

is a linearization of f near x .

Example 1:

Find the linearization of f{T}) = VT +3 4 point x = 1.
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Solution:

Taking the derivative of f(x),
! 1 —-1/2
flz)=5z+3)7",

we have f(1) =vq=2,f’[1) = 11"‘1,and

flz) a f(zo) + f'(zn)(z — o)
2 i(r —1)
1 T

This tells us that near the point x = 1, the function f(m) =vz+3 approximates the line y = (x/4) + 7/4.
As we move away from x = 1, we lose accuracy (Figure 9).

y E (114)x+(714)

i) F(12) | ]

//

-2 g 0 4

Figure 9

Example 2:
Find the linearization of y = sin x at x = 11/3.

Solution:

Since f(11/3) = sin(11/3) = V’E,"2 ,and f{z) =cosz, f(n/3) = cos(x/3) = 1/2, e have

f(z)

&

_|_
b =
N
]
|
Lal =3
S’

&

|5 5

hI| 8
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¥=(05)5+0343 /

Newton’s Method

When faced with a mathematical problem that cannot be solved with simple algebraic means, such as

3
finding the roots of the polynomial & — 2z +3 =0, calculus sometimes provides a way of finding the
approximate solutions.

Let's say we are interested in computing \-',5 without using a calculator or a table. To do so, think about
this problem in a different way. Assume that we are interested in solving the quadratic equation

f[r]=22—5=0

which leads to the roots T = i\f?l .

The idea here is to find the linearization of the above function, which is a straight-line equation, and then
solve the linear equation for x.

Since

vd < V5 < V9

or

2 < V5 < 3,

2 r
We choose the linear approximation of f(x) to be near x , = 2. Since flz)=2"—5, f(z) =2z and thus

1
f{2] = —1 gng f (2) =4. Using the linear approximation formula,

flz) = flzo) + f'(zo){z — z)
m 1+ (4){z—2)
R —14+4 — 8B
rdr— 9.



)
Notice that this equation is much easier to solve than f(z] =" —3. Setting f(x) = 0 and solving for x,
we obtain,

qr — 9
T

{
[ SR N /o T =

25.

If you use a calculator, you will get x = 2.236... As you can see, this is a fairly good approximation. To be
sure, calculate the percent difference [%diff] between the actual value and the approximate value,

214 — X|

RAIT = TaTx]

100%,

where A is the accepted value and X is the calculated value.

2]2.236 — 2.25|
dif f = 100
Rdiff = o o%6 1 a0 00
— 0.62%,

which is less than 1%.

We can actually make our approximation even better by repeating what we have just done not for x = 2, but

2
for x , =2.25 = ¢, a number that is even closer to the actual value of Vlg . Using the linear approximation

again,
f(z) ~ fm) + )z — o)
o109 ( B 9)
16 2 4
g 161
= Em ~ 15

Solving for x by setting f(x) = 0, we obtain

X =X, =2.236111,
which is even a better approximation than x , = 9/4. We could continue this process generating a better ap-
proximation to Vlg . This is the basic idea of Newton’s Method.

Here is a summary of Newton’s method.

Newton’s Method 1. Guess the first approximation to a solution of the equation
f(x) = 0. A graph would be very helpful in finding the first approximation (see Figure
below). 2. Use the first approximation to find the second, the second to find the
third and so on by using the recursion relation
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The technique of Newton's method uses the
targent lines (such as A,B, and C) to
approximate the graph of the function near
the x-intercepts. In turn, the x-Intercepts of
the tangent lines, x,, x,, and x,

approximate the zero of f, ie., f(x) = 0.

08

]
/
/

Example 3:

3
Use Newton’s method to find the roots of the polynomial flz)=z"+z -1
Solution:

flz)=2+z -1

fllz) =327 4+ 1.

Using the recursion relation,

Int1 —, M

F{zZn)

3+, —1
=Tﬂ_— _—_—
322 +1

To help us find the first approximation, we make a graph of f(x). As Figure 11 suggests, set x , = 0.6. Then
using the recursion relation, we can generate x ,, X, ... .
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Figure 11‘

Tnt1 N M |
T Tgg2 11

Tz _os_ (06)7+(06) -1
- 3082 +1
— 0.6884615.

Using the recursion relation again to find x ,, we get

T3 = 0.6836403.

a
We conclude that the solution to the equation £ + T — 1 =0 s about 0.6836403.
Review Questions

1. Find the linearization of

ata=1.

2. Find the linearization of f(x) = tan x at a = .

3. Use the linearization method to show that when x <€ 1 (much less than 1), then (1 + x)" & 1 + nx.
4. Use the result of problem #3, (1 + x)" &2 1 + nx, to find the approximation for the following:

a f£)=(1-z)*

b, flz)=vV1—=
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o= (- i)

e. Without using a calculator, approximate (1 .003)99.

5. Use Newton’s Method to find the roots of x ° + 3 = 0.

6. Use Newton’s Method to find the roots of —Z + 3V —1+z =0
Answers

1 flz) =2

2 @y mz—mw

3. Hint: Let £ = 0.

4.

c. D+ 5z

d —1+2z

e. 1.297

5 T fs —1.442

6. £~ 1.146 and = = 7.854
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3. Applications of Derivatives

Related Rates

Learning Objectives

A student will be able to:

» Solve problems that involve related rates.

Introduction

In this lesson we will discuss how to solve problems that involve related rates. Related rate problems involve
equations where there is some relationship between two or more derivatives. We solved examples of such
equations when we studied implicit differentiation in Lesson 2.6. In this lesson we will discuss some real-life
applications of these equations and illustrate the strategies one uses for solving such problems.

Let’s start our discussion with some familiar geometric relationships.

Example 1: Pythagorean Theorem

EB_'_yE:ZE

We could easily attach some real-life situation to this geometric figure. Say for instance that £ and ¥ rep-
resent the paths of two people starting at point 2 and walking North and West, respectively, for two hours.

The quantity Z represents the distance between them at any time £. Let's now see some relationships be-

2 ] 2
tween the various rates of change that we get by implicitly differentiating the original equation * Ty =z

with respect to time £.
1 yz .

2$% + 2yi:?§ = 22%.
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Simplifying, we have

gy _ iz
Equation 1. £ & tyE =%

So we have relationships between the derivatives, and since the derivatives are rates, this is an example

of related rates . Let's say that person Z is walking at 5 mph and that person ¥ is walking at 3 mph. The
rate at which the distance between the two walkers is changing at any time is dependent on the rates at
which the two people are walking. Can you think of any problems you could pose based on this information?

One problem that we could pose is at what rate is the distance between  and ¥ increasing after one hour.

Thatis, find @2/dE.

Solution:

Assume that they have walked for one hour. So £ =5 miand ¥ = 3. Using the Pythagorean Theorem,

we find the distance between them after one hour is 2 = ¥ 34 = 5.83 mjles.

Z=«/3_4 y:3

If we substitute these values into Equation 1 along with the individual rates we get

5(5) + 3(3) = V342

3 =342

. - . dz _ 5 o 5.83mph
Hence after one hour the distance between the two people is increasing at a rate of ¢ V3L

Our second example lists various formulas that are found in geometry.

As with the Pythagorean Theorem, we know of other formulas that relate various quantities associated with
geometric shapes. These present opportunities to pose and solve some interesting problems

Example 2: Perimeter and Area of a Rectangle

114



We are familiar with the formulas for Perimeter and Area:

P=2x%I4+2%w,
A=1l»w.

Suppose we know that at an instant of time, the length is changing at the rate of 8 ft/hour and the perimeter
is changing at a rate of 24 ft/hour. At what rate is the width changing at that instant?

Solution:

If we differentiate the original equation, we have

dp _ L:/§ dw
Equation 2: _2*s&+2* at

Substituting our known information into Equation Il, we have

24 =(2%8) + 2% %

oo
Il
X
%

BE

e
|
3[E

The width is changing at a rate of 4 ft/hour.

Okay, rather than providing a related rates problem involving the area of a rectangle, we will leave it to you
to make up and solve such a problem as part of the homework (HW #1).

Let’s look at one more geometric measurement formula.

Example 3: Volume of a Right Circular Cone

7
V=%1r'rh
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We have a water tank shaped as an inverted right circular cone. Suppose that water flows into the tank at

1 .
the rate of 51t ,/mm. At what rate is the water level rising when the height of the water in the tank is
feet?

Solution:

We first note that this problem presents some challenges that the other examples did not.

2
When we differentiate the original equation, V = (1/3}71"h, e get

% = %ﬂ'(h] (21’]% + %‘?ﬁ'g% _

The difficulty here is that we have no information about the radius when the water level is at 6 feet. So we
need to relate the radius a quantity that we do know something about. Starting with the original equation,

let's find a relationship between £ and T. Let ¥1 be the radius of the surface of the water as it flows out of
the tank.

20

Note that the two triangles are similar and thus corresponding parts are proportional. In particular,



T']__B
h 20

_ 8k 2R
M=% " 5"

Now we can solve the problem by substituting ¥1 = (2hf5] into the original equation:

— Ll 22y _ dwgpd
V—Sf;r(s]h—ﬁh.
Hence

dV _ 1%n 5 2dh
=10

it dt? and by substitution,

125 (e dh
h= f(gﬁ)ﬁ

dh _ T8 ., pp it
dt 482 ™ 'ﬂﬁmin'
Lesson Summary

1. We learned to solve problems that involved related rates.
Review questions
1. a. Make up a related rates problem about the area of a rectangle.

b. lllustrate the solution to your problem.

2 2
2. Suppose that a particle is moving along the curve 41" + 16Y" = 32. \\hen it reaches the point (2: 1):
the  -coordinate is increasing at a rate of 3 ft/sec. At what rate is the ¥ -coordinate changing at that instant?

3. A regulation softball diamond is a square with each side of length 60 ft. Suppose a player is running from
first base to second base at a speed of 18 ft/sec. At what rate is the distance between the runner and home

plate changing when the runner is 2.'"3 of the way from first to second base?

4. At a recent Hot Air Balloon festival, a hot air balloon was released. Upon reaching a height of 300 ft, it

was rising at a rate of 20 ft/sec. Mr. Smith was 100 ft away from the launch site watching the balloon. At
what rate was the distance between Mr. Smith and the balloon changing at that instant?

5. Two trains left the St. Louis train station in the late morning. The first train was traveling East at a constant
speed of 65 mph. The second train traveled South at a constant speed of 73 mph. At 3 PM, the first train

had traveled a distance of 120 miles while the second train had traveled a distance of 130 miles. How fast
was the distance between the two trains changing at that time?

6. Suppose that a 17 ft ladder is sliding down a wall at a rate of —8 ft/sec. At what rate is the bottom of the
ladder moving when the top is 8 ft from the ground?
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7. Suppose that the length of a rectangle is increasing at the rate of 6 ft/min and the width is increasing at
arate of 2 ft/min. At what rate is the area of the rectangle changing when its length is 25 ft and its width is
15 ft?

8. Suppose that the quantity demand of new 40" plasma TVs is related to its unit price by the formula

2
p+z" = 1200 , where # is measured in dollars and T is measured in units of one thousand. How is the

quantity demand changing when T = 20, p = 1500, znq the price per TV is decreasing at a rate of $10
?

9. The volume of a cube with side 8 is changing. At a certain instant, the sides of the cube are 6 inches

and increasing at the rate of 1/4 in/min. How fast is the volume of the cube increasing at that time?

- 2 o
10. a. Suppose that the area of a circle is increasing at a rate of 2% In /min. poy fastis the radius increasing

when the area is 367 in? ?

b. How fast is the circumference changing at that instant?
Answers

1. Answers will vary.

gy _ _3ft
2. &% D=en
dy _ 720 _ft o, qp 8Lt
3. Using the following diagram, 2t /5200 sec sec’
N
X
x =40
dx ft
—_— 18 i
dt sec
60

% — A0 It oy 1897 L

4. Using the following diagram, 2t ~ /100000 sec ™
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x =300

dx _ ft

dt sec

100

de _ 17580 - 99 20mph.

5. Using the following diagram, 2t ~ 31300 ~

%' 65 mph
dt P
y =130
dy
—= 75 mph
dt mp
S
A
N
6. Using the following diagram, 4t b =8
y
17 a_
dt sec
X
44 i
7. & 14ﬂmin

8. The demand is increasing at a rate of lf‘l per thousand units, or 250 units per week.
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b. & = Frun

Extrema and the Mean Value Theorem

Learning Objectives
A student will be able to:

» Solve problems that involve extrema.
» Study Rolle’s Theorem.

* Use the Mean Value Theorem to solve problems.

Introduction

In this lesson we will discuss a second application of derivatives, as a means to study extreme (maximum
and minimum) values of functions. We will learn how the maximum and minimum values of functions relate

to derivatives.

Let's start our discussion with some formal working definitions of the maximum and minimum values of a
function.

Definition: Afunction { hasamaximumat z = a if fla) = f(z) forall Z in the domain of - Similarly,

f hasa minimum at & = a if f(a.] < f{m] for all £ in the domain of f The values of the function for
these T -values are called extreme values or extrema.

Here is an example of a function that has a maximum at Z =& and a minimumat z =& :

\ 4

Observe the graph at & = b . While we do not have a minimum at £ = b , we note that F) < fz) tor
all £ near b. We say that the function has a local minimum at £ = b. Similarly, we say that the function

has a local maximum at T = ¢ since f(c] > f{m] for some £ contained in open intervals of €.

Let’s recall the Min-Max Theorem that we discussed in lesson on Continuity.



Min-Max Theorem: If a function -ﬁg) is continuous in a closed interval I, then f(x) has both a maximum

value and a minimum value in £. In order to understand the proof for the Min-Max Theorem conceptually,
attempt to draw a function on a closed interval (including the endpoints) so that no point is at the highest
part of the graph. No matter how the function is sketched, there will be at least one point that is highest.

We can now relate extreme values to derivatives in the following Theorem by the French mathematician
Fermat.

F F
Theorem: If (€} is an extreme value of £ for some open interval of & and if £ (€) exists, then & (c) =0.

'
Proof: The theorem states that if we have a local max or local min, and if f (C) exists, then we must have

[(e)=0.

Suppose that f has a local max at £ =c. Then we have f(c] > f(z] for some open interval
(C_ h=c+h] with k> 0.

so fle+h) — fle) < 0.

i Fet ) — £(9

Consider h—0+ h
fle+h)—fle) _ .

Since f{C—I— h] - f(c) <0 , we have h—l-l:g-*‘ h < .'i.]irl[]l"‘ 0=0.
since f'(€) exists, we have

ey o dieth)—fle) . flet+h) - Fle)
fie) = Jim R S R " andso SO <D
If we take the left-hand limit, we get
P =t LETR IOy xR 110)

Hence fe>0 and flleg<o it must be that fle)=0.

If £ = ¢ is a local minimum, the same argument follows.

F F
Definition : We will call £ = £ a critical value in [a, b] if f (c) =0 or f (c) does not exist, orif T = ¢
is an endpoint of the interval.

We can now state the Extreme Value Theorem.

Extreme Value Theorem : If a function flz) is continuous in a closed interval [, B] , with the maximum
of £ at £ = €1 and the minimum of £ at £ = €2; then €1 and €2 are critical values of J-

Proof: The proof follows from Fermat’s theorem and is left as an exercise for the student.

Example 1:
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Let’'s observe that the converse of the last theo

F
its graph, then we see that while f (0] =0 at

3
rem is not necessarily true: If we consider f{m] =T and

z=0,z=0 is not an extreme point of the function.

Rolle’s Theorem : If f is continuous and differentiable on a closed interval [‘11 b] and if f(“] = f(b):

r
then f has at least one value € in the open interval (‘1: b] such that f {c) =0 .

The proof of Rolle's Theorem can be found at http://en.wikipedia.org/wiki/Rolle's_theorem.

Mean Value Theorem : If f is a continuous function on a closed interval [a, ] and if f’ contains the open

interval (a, b) in its domain, then there exists a number € in the interval (‘1: b] such that

fb) — fla) = (b—a)f(c).

Proof: Consider the graph of I and secant line 5 as indicated in the figure.

9(x)

[s —
(a, fla)) ¥

S

A (c, f(c))—_<,’f/

> (b, (b))

By the Point-Slope form of line 5 we have

A\ 4

y— fa) = m(z —a) gnq ¥ = m(z — ) + f(a).

For each Z in the interval (a, b]a let Q(T) be the vertical distance from line 8 to the graph of f. Then we

have

glz) = flz} — [mz —a) + f(a)] tor every

T in (ﬂ'i b]'


http://en.wikipedia.org/wiki/Rolle's_theorem.

Note that 9(2) = g{B) = 0. since 7 is continuous in [ 8 and g exists in (&8} then Rolle’s Theorem

r
applies. Hence there exists € in (a,B) with 7 (c) = 0.

so 9{z) = f{z) —m g5 every Z in (e,b).

In particular,
gle)=f{c)—m=0 and

fie)=m

ORGSO

fb) — fla) = (b—a)f(c).

The proof is complete.

Example 2:

3 2
Verify that the Mean Value Theorem applies for the function f(ﬁ) ="+ 32" — 24T 4 the interval

[1,4].

Solution:

We need to find ¢ in the interval (1,4} such that fl4)—f1) =(4— l)f’(ﬂ)-

r 2
Note that J () = 32" + 6z — 24, 5,4 F{4) =16, f(1) = —20. Hence, we must solve the following

equation:
36 = 3f'(c]
12 = f'(e).

By substitution, we have

12 = 3c® + 6c— 24

32 +6c—36=0

& 4+2c—12=10
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—2 4+ /52

T

~r —4.61,2.61.

_ —2+4/52

: : . (1,4) " . . = 2.61
Since we need to have ¢ in the interval \-: ®4s the positive root is the solution, 2

Lesson Summary
1. We learned to solve problems that involve extrema.
2. We learned about Rolle’s Theorem.

3. We used the Mean Value Theorem to solve problems.
Review Questions

In problems #1-3, identify the absolute and local minimum and maximum values of the function (if they exist);
find the extrema. (Units on the axes indicate 1 unit).

1. Continuous on ['3: 9]

v

v

3. Continuous on [034] L (4= 9]
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In problems #4—6, find the extrema and sketch the graph.

4 flx) =2 — 6z 44, [—4,1]

5 flz) = T — r* [0, 2]

4

6. @) == + 2’ [—2,0]

r a
7. Verify Rolle’s Theorem by finding values of & for which f(z)=0anq f(z) =0. flz)=32"— 122

2
fl@) =2" — —.
8. Verify Rolle’s Theorem for z—1

flz)= €22

9. Verify that the Mean Value Theorem works for r [1: 2]-

3 2 _
10. Prove that the equation £ + @1Z" + @3 = 0 nhas a positive root at T = T> and that the equation

7
32" + 28,7 + ag = 0 has a positive root less than .
Answers

r="T =2

1. Absolute max at : absolute minimum at £ = 4, relative maximum at » Note: there is no

relative minimum at & = 9 because there is no open interval around = 9 since the function is defined

only on Z = 95 the extreme values of [ are F{T)=T7,f4)=0.
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2. Absolute maximum at £ = 75 absolute minimum at £ = 95 relative minimum at T = 3 Note: there is
no relative minimum at = 0 because there is no open interval around = 0 since the function is defined

only on [ﬂ, g]; the extreme values of f are -ﬂ:ﬂ =9, f(g] = 0.

A

Y

3. Absolute minimum at £ = 0, f(ﬂJ =1 : there is no maximum since the function is not continuous on a
closed interval.

\ 4

78 910 1112 13 1415
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3 .3
= —, f{=) = 1055

5. Absolute maximum at ’ absolute minimum at T = 2, _f(2) = —8

6. Absolute minimum at £ = _"'/5: f(_ﬁ) =4.

~
y

& i IS b b L
+—

_3

") =0,z =
7. flz)=0 atT=0,+2 e ’ 3 (by Rolle’s Theorem, there is a critical value in each
of the intervals (_2= '3) and (2: []] and we found those to be T = i"'/i-

!’
8. flz)=2 atT=—10 f{z)=0 at T Rz —0.84 py Rolle’s Theorem, there is a critical value in the
interval {—1,0) and we found it to be T = —0.48.

9. Need to find € € (1,2) such that F(2) - =(2- l)f’[c];c = v.

E 7
10. Let f{Z) ="+ @Z” + 8aT. opgerve that [0} = fr) =0 By Rolle’s Theorem, there exist
c € (0,7} sych that S(0) = 0.
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The First Derivative Test

Learning Objectives

A student will be able to:

» Find intervals where a function is increasing and decreasing.

* Apply the First Derivative Test to find extrema and sketch graphs.
Introduction

In this lesson we will discuss increasing and decreasing properties of functions, and introduce a method
with which to study these phenomena, the First Derivative Test. This method will enable us to identify precisely
the intervals where a function is either increasing or decreasing, and also help us to sketch the graph. Note

on notation: The symbol € and € are equivalent and denote that a particular element is contained within a
particular set.

Definition: A function J is said to be increasing on [, B] contained in the domain of  if flz1) < f{z2)
whenever Z1 < Ta for all T1: T2 € [8,8]. A function J is said to be decreasing on [2, 8] contained in
the domain of 4 if S{Z1) 2 F(Z2) whenever T1 > Za for all T1: T2 € (&, B].

it F(Z1) < F(Z2) whenever T1 < T3 for all Tt: T2 € [@,B], then we say that fis strictly increasing
on [&:b]. 5 F{z1) > F(T2) whenever T1 > %3 for all TL:T2 € [8;B]; then we say that fis strictly

decreasing on [, B].

We saw several examples in the Lesson on Extreme and the Mean Value Theorem of functions that had
these properties.

Example 1:

3
The function S{Z) =T is strictly increasing on {(—o0, +o0] .

Example 2:



The function indicated here is strictly increasing on ([], a,) and (b, c], and strictly decreasing on (‘1: b] and

(c,d).

\ 4

We can now state the theorems that relate derivatives of functions to the increasing/decreasing properties
of functions.

Theorem : If f is continuous on interval [ﬂ-= b]: then:
! 0 b b
1.5 5 () > 0 tor every T € [2, 8] then f is strictly increasing in [z, B].

2.1 f{Z) < 0 ¢ every T € [2, 8], then f is strictly decreasing in [a,B].

Proof : We will prove the first statement. A similar method can be used to prove the second statement and
is left as an exercise to the student.

Consider T1> T2 € [&,8] yith T, < To. By the Mean Value Theorem, there exists € € (21, T2) such that

flza) — f21) = (22 — 1) f(€).

By assumption, f(z)>0 for every T € [, B] : hence flle)y >0 Also, note that T2 — Z1 > 0.
Hence
flza) — flz1) > 0 4g flz2) > flz1).

We can observe the consequences of this theorem by observing the tangent lines of the following graph.

Note the tangent lines to the graph, one in each of the intervals (0,a), (a,B), (b,+o0).
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Note first that we have a relative maximum at Z = & and a relative minimum at Z = b. The slopes of the
tangent lines change from positive for & € (0,a) to negative for € (a,b) and then back to positive for

z € (b, +o0) . From this we example infer the following theorem:

First Derivative Test

Suppose that f is a continuous function and that & = ¢ is a critical value of f. Then:

1.If f' changes from positive to negative at T = ©; then f has a local maximum at £ = c.
2.1 changes from negative to positive at T = ©; then f has a local minimum at z = .

3. If f' does not change sign at T = © then f has neither a local maximum nor minimum at £ = C.
Proof of these three conclusions is left to the reader.
Example 3:

Our previous example showed a graph that had both a local maximum and minimum. Let's reconsider

3
f(T] =T and observe the graph around Z = 0. What happens to the first derivative near this value?

A

Example 4:

)
Let's consider the function f(z] =z +6z—-9 and observe the graph around T = —3. What happens
to the first derivative near this value?



-15-14-13-12-11-10 -9 4

We observe that the slopes of the tangent lines to the graph change from negative to positive at * = —3.
The first derivative test verifies this fact. Note that the slopes of the tangent lines to the graph are negative

for £ € {—00,—3) ang positive for T € (-3, —o0).

Lesson Summary

1. We found intervals where a function is increasing and decreasing.

2. We applied the First Derivative Test to find extrema and sketch graphs.
Review Questions

In problems #1-2, identify the intervals where the function is increasing, decreasing, or is constant. (Units
on the axes indicate single units).

A

\/
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. Give the sign of the following quantities for the graph in #2.
a. J'{=3)

b. (1)

c. £(3)

a. f{4)

For problems #4—6, determine the intervals in which the function is increasing and those in which it is de-
creasing. Sketch the graph.

@ =2

5. flz) = (Tz - 1]5
6. flz) = (=" —1)*

For problems #7-10, find the following:
a. Use the First Derivative Test to find the intervals where the function increases and/or decreases
b. Identify all max, mins, or relative max and mins

c. Sketch the graph

; f@)= 2" —az 1

g flr)=2"4+32> -9z +1

o f(z) = z3(z - 5)
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10. fz) = 22va® + 1

Answers

1. Increasing on (013]1 decreasing on (3= 6]: constant on (5, +°°)-
2. Increasing on (—o0,0) and (3. 7), decreasing on (0,3).

3. f(=8)>0, f(1) <0, f'(3)=0, f{4) >0

AF
4. Relative minimum at * = —Va 0.5 ; increasing on (_ 0-51'3'] and {D: +°°] , decreasing on

(—o0, —V0.5).

5. Absolute minimum at £ = 0 ; decreasing on (—oc, '3) , increasing on ([], +°°)-

6. Absolute minimum at Z = =£1 ; relative maximum at £ = 0 : decreasing on ¢ =90 —1}; {0, 1) increasing
on (_1: u): (1: —|—EX)]
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7. Absolute maximum at £ = —2 : increasing on (—o0, —2), decreasing on (—2, +o00).

8. Relative maximum at T = —3, f(—3) = 28  relative minimum at £ =

(—o0, —3) ang (1, +00), decreasing on (—3.1).

184 7-16-15-14-13-12-11-10-9 -8 -7 -6 5678 9101112131415 16171819

9. Relative maximum  at z=0, f(0)=0

relative

—4

minimum

; increasing on

at

2 a
£=2f(2)=-3-23 = 3V4,z=1,f(1) = —4 increasingon {—0: 0) and (2; +00) gecreasing

on (0,2).



10. There are no maximums or minimums; no relative maximums or minimums.

2xsqrt(x*241)

The Second Derivative Test

Learning Objectives

A student will be able to:

* Find intervals where a function is concave upward or downward.

* Apply the Second Derivative Test to determine concavity and sketch graphs.

Introduction

In this lesson we will discuss a property about the shapes of graphs called concavity, and introduce a method
with which to study this phenomenon, the Second Derivative Test. This method will enable us to identify

precisely the intervals where a function is either increasing or decreasing, and also help us to sketch the
graph.

Definition A function f is said to be concave upward on [‘11 ] contained in the domain of f if f' is

an increasing function on [, B] and concave downward on [, B] if f is a decreasing function on [z, B].

Here is an example that illustrates these properties.
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Example 1:

1
Consider the function (&} =% — .

V3
3

T =
The function has zeros at T = +1,0 and has a relative maximum at and a relative minimum
V3
at 3 . Note that the graph appears to be concave down for all intervals in (_0"1 '3] and concave

up for all intervals in (0, +o0) . Where do you think the concavity of the graph changed from concave down

to concave up? If you answered at = 0 you would be correct. In general, we wish to identify both the
extrema of a function and also points, the graph changes concavity. The following definition provides a formal
characterization of such points.

Definition : A point on a graph of a function f where the concavity changes is called an inflection point

The example above had only one inflection point. But we can easily come up with examples of functions
where there are more than one point of inflection.

Example 2:

4 3
Consider the function f (Z) =2~ — 32" +z — 2.

‘:..—""’f_’-
Nk
T T T T
.-_———-_

We can see that the graph has two relative minimums, one relative maximum, and two inflection points (as
indicated by arrows).

In general we can use the following two tests for concavity and determining where we have relative maximums,
minimums, and inflection points.

Test for Concavity



Suppose that f is continuous on [a., b] and that { is some open interval in the domain of I

I
1.5 f (z) >0 forall T € 1, then the graph of f is concave upward on f.

1
21f f (z) <0 forall T € I, then the graph of f is concave downward on I.

A consequence of this concavity test is the following test to identify extreme values of f.

Second Derivative Test for Extrema

Suppose that f is a continuous function near ¢ and that ¢ is a critical value of I Then

fr
1. If f (C] >0, then f has a relative maximum at & = c.

fr
2. If f (C] <0, then f has a relative minimum at £ = ¢.

FF
3. If Fle)=0, then the test is inconclusive and £ = € may be a point of inflection.

3
Recall the graph F{Z) = 2" We observed that £ = 0 and that there was neither a maximum nor minimum.

r
The Second Derivative Test cautions us that this may be the case since at f (0] =04 z=0.

So now we wish to use all that we have learned from the First and Second Derivative Tests to sketch graphs
of functions. The following table provides a summary of the tests and can be a useful guide in sketching

graphs.

Signs of first and second derivatives

Information from applying First and Second
Derivative Tests

Shape of the graphs

f{z)>0 £ is increasing

f"(T) >0 f is concave upward

f{z)>0 £ is increasing

f"(T) <0 f is concave downward

fz) <o Fis decreasing \
f(z)>0 I is concave upward

f(z) <0 I is decreasing \
() <0 I is concave downward

Lets’ look at an example where we can use both the First and Second Derivative Tests to find out information
that will enable us to sketch the graph.
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Example 3:

: ; on f(z) =2 —5z+2
Let’s examine the function :

'
1. Find the critical values for which & (€) = 0.
flz)=5z"—5=0,
4
r —1=03=z==1.
r 3

Note that J () =20z" =0 when £ = 0.

2. Apply the First and Second Derivative Tests to determine extrema and points of inflection.

1)
We can note the signs of f and f in the intervals partioned by £ = +1,0.

Key intervals f'(z] f"(r] Shape of graph
e —1 + = Increasing, concave down
ezl |— = Decreasing, concave down
Dercl = + Decreasing, concave up
z>1 4+ + Increasing, concave up
L
Also note that f (-1)=-20<0. By the Second Derivative Test we have a relative maximum at ¥ = -1

or the point (_1: 5)-

i
In addition, f (1)=20>0. By the Second Derivative Test we have a relative minimum at T = L orthe

point (1,-2). Now we can sketch the graph.

T T T T T T

Lesson Summary
1. We learned to identify intervals where a function is concave upward or downward.
2. We applied the First and Second Derivative Tests to determine concavity and sketch graphs.

Review Questions

2 4
1. Find all extrema using the Second Derivative Test. _f(z] =%tz



b
2. Consider f(2) =" +az +b, iy F(1) = 3.
a. Determine & and B so that T = 1 is a critical value of the function f-

b. Is the point (1: 3) a maximum, a minimum or neither?

In problems #3-6, find all extrema and inflection points. Sketch the graph.

3. flz) = g1 4 7?

s /(@) — 5~ 120
6. flz) = —im’l + 277

a
7. Use your graphing calculator to examine the graph of f(z)=z(z 1) (Hint: you will need to change
the ¥ range in the viewing window)
1
a. Discuss the concavity of the graph in the interval (0? E] .

b. Use your calculator to find the minimum value of the function in the interval.

4 |
8. True or False: J(Z) = T~ +4%" nas a relative minimum at £ = —2 and a relative maximum at & = 0
?

9. If possible, provide an example of a non-polynomial function that has exactly one relative minimum.

10. If possible, provide an example of a non-polynomial function that is concave downward everywhere in
its domain.

Answers
1. There is a relative minimum at £ = 2; the relative minimum is located at (2: 3]-

2. F(1) =3 suggeststhat @ + b = 2 ang £ (1) = 0 = 2+ 8] 5ojying this system we have that & = —2;
b = 4 ; the point (1,3) is an absolute max of -

_ —2 -2
3. Relative maximumat £ = 3 , relative minimum at £ = 0 ; the relative maximum is located at ( - 0'15)

1
; the relative minimum is located at (ﬂh D]' There is a point of inflection at (_E’ U'UT] .
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4. Relative maximum at & = —V'E , located at (_VE: _2\’@) ; relative minimum at T = ‘V’E , located
at (V’E: 2\'@) . There are no inflection points.

1 Il 1 } 1 1 ! 1 ! < Il l ! Il 1 1 1 !
T T T T T - T T
-9 -8 -7 -6 -5 4 -3 2 =1, 1 2 3 4 5 6 7 8 9

5. Relative maximum at T = —2, relative minimum at & = 2 ; the relative maximum is located at (_21 16]

; the relative minimum is located at (2= 16)- There is a point of inflection at {D, '3)-
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+2,

6. Relative maximums at T = relative minimum at £ = O ; the relative maximums are located at

(_2 4] and (2: 4] ; the relative minimum is located at (0: ﬂ)- There are two inflection points, located at

(R Ae) and (5,5

7. a. The graph is concave up in the interval; b. There is a relative minimum at ('325: _0-1'3]

8. False: there are inflection points at £ = 0 and T = —2  There is a relative minimum at £ = —3.
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10. (=) = V£ o (0,+00)
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1 Il ! ] 1 ! Il 1 ]
T T T T T T T T T T T T T
-9 8 -7 6 S5 4 3 -2 - 1 2 3 4 5 6 7 8 9

Also, flz) = =z

Limits at Infinity

Learning Objectives
A student will be able to:

« Examine end behavior of functions on infinite intervals.
* Determine horizontal asymptotes.
« Examine indeterminate forms of limits of rational functions.

* Apply LU'Hospital’s Rule to find limits.
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* Examine infinite limits at infinity.
Introduction

In this lesson we will return to the topics of infinite limits and end behavior of functions and introduce a new
method that we can use to determine limits that have indeterminate forms.

Examine End Behavior of Functions on Infinite Intervals

Suppose we are trying to analyze the end behavior of rational functions. In Lesson on Infinite Limits we

. . flz) = &1 im f(z} =2
looked at some rational functions such as z?—1 and showed that z—+oa and
im f(z) =2 . . . f o . - :
T——oa . We required an analysis of the end behavior of 4 since computing the limit by direct

oa
substitution yielded the indeterminate form na . Our approach to compute the infinite limit was to look at
actual values of the function f(m) as T approached +oo | Wwe interpreted the result graphically as the

function having a horizontal asymptote at -ﬂ:T] = 2.

5_
| |
| a4l |
| |
| 3} |
| |
_____ . = 1 ee——
| |
1 |
I/-\I
| | " i
-3 -2 -n 1 2 3
| 1} |
| |
| 21 |
| |
1 3L l

We were then able to find infinite limits of more complicated rational functions such as

lip 3.-2<’+8xl _ 8 imL—0p>¢@
z—wo 22¢=22’+2—3 2 ging the fact that z—we =* P . Similarly, we used such an approach to

2
2 T —l — 2
compute limits whenever direct substitution resulted in the indeterminate form s , such as z—1 *~1

g
Now let's consider other functions of the form & (£)/2(Z)) where we get the indeterminate forms 8 and

[:}
8 and determine an appropriate analytical method for computing the limits.

Example 1:
_ Infz+1) lim 2=t lim e+
Consider the function f(z] ~ =z andsupposewewishtofinde—2 % andz—oma T We note
the following:
1. ] o
Direct substitution leads to the indeterminate forms 0 and =a*

2. The function in the numerator is not a polynomial function, so we cannot use our previous methods such

~ lim L =¢
as applying z—oa T°



Let's examine both the graph and values of the function for appropriate = values, to see if they cluster
around particular ¥ values. Here is a sketch of the graph and a table of extreme values.

We first note that domain of the function is (—1,0) U (D, +o0) and is indicated in the graph as follows:

Tim Infz+1)
So,z—0 £  appears to approach the value 1 as the following table suggests.

Note: Please see Differentiation and Integration of Logarithmic and Exponential Functions in Chapter 6 for
more on derivatives of Logarithmic functions.

1 1 2 3 4 5 6 7 8 9 10
4l
3 i
z In{z +1)/z
—0.1 1.05361
—0.001 1.0005
0 undef
0.001 0.9995
0.1 0.953102

145



146

Infz+1) -1
So we infer that =—=0 =

mlz+l) _
For the infinite limit, z—ma % , the inference of the limit is not as obvious. The function appears to
approach the value 0 but does so very slowly, as the following table suggests.

B In{z +1)/z
10 0.23979

50 0.078637
100 0.046151
1000 0.006909
10000 0.000921

This unpredictable situation will apply to many other functions of the form. Hence we need another method
flz)
that will provide a different tool for analyzing functions of the form #t=] .

L’Hospital’s Rule : Let functions f and & be differentiable at every number other than € in some interval,

with 9(2) #0 sz £ ¢ i im f(z) = lim ¢(z) = 0 or if]mli'if(m) =+ lim g(z) = oo,

then:

lim £ — Jjm £
1. z—c 8 z—e #(%) a5 long as this latter limit exists or is infinite.

r
2. If f and 9 are differentiable at every number & greater than some number a. , with § (E) # 0, then
lim £ _ fjm £
z—oa & z—na 8'17) as ong as this latter limit exists or is infinite.

Let’s look at applying the rule to some examples.
Example 2:

__Inf=+1)

We will start by reconsidering the previous example, f(z] = ? and verify the following limits using
L'Hospital’s Rule:

limn Infz+1} -1
=—0 - )
lim In{z+1) _ 0
E— O = )
Solution:
, limln{z +1)=limz =0 _ _
Since =—0 £—0 , L'Hospital’s Rule applies and we have



m
r—( - z—

1
li Infz+1) — Tim E - — -1
=0 1

l—i-|—||—-
—

Likewise,

In{z + 1 -0
lim (+)—]jm’=+1———().
T—a T T 1 1

Now let’s look at some more examples.
Example 3:

et —1

m
Evaluate =—0 T

Solution:

]im[ez—l]=]i_r%$=ﬂ

Since z—0 , LHospital’s Rule applies and we have
e —1 ez 1

lim =lim—==-=1

z—0 T =0 1 1

Let’s look at an example with trigonometric functions.
Example 4:

l1—cosT

lim 2

Evaluate =—0 T

Solution:

lim(1 — cosz) = limz® =0

Since =—0 z—0 , L'Hospital’s Rule applies and we have
. 1—cosx . EBnz . coszx 1
lim ———— = lim = lim ==
x—0 Ez z—0 D¢ z—0 2 2
2
T
lim —

Example 5: Evaluate z—++o €%

Solution:

lim 2 = lim € = +oo

Since z—++oa T—+5a , LHospital’s Rule applies and we have

z? . 2z

im — = lim —.
z—+oa &% T—too BT
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o0

Here we observe that we still have the indeterminate form 0o . So we apply L’'Hospital's Rule again to find
the limit as follows:

L'Hospital's Rule can be used repeatedly on functions like this. It is often useful because polynomial functions
can be reduced to a constant.

Lesson Summary

1. We learned to examine end behavior of functions on infinite intervals.
2. We determined horizontal asymptotes of rational functions.

3. We examined indeterminate forms of limits of rational functions.

4. We applied L'Hospital’s Rule to find limits of rational functions.

5. We examined infinite limits at infinity.

Review Questions

lim [z[ln{z + 3) —In(z}]].

1. Use your graphing calculator to estimate z—+eo

T

2. Use your graphing calculator to estimate ™ In{1+ 2e=)’

In problems #3—10, use L’'Hospital’s Rule to compute the limits, if they exist.

V14— 1—2
lim
4. =z—0 T
)
5 T—+-Do \/E
lim ze*
6. z—+t+oa
q 1
7, i1 — )=
T _ 1
lim [ T
8. z—0 r?
= _ 1 —
lim e T
9. z——m T2



10. Jﬂmi]n(m)

Answers

, Jhm [z{n{z +3) — In{z}]] = 3
p e a1 4 267)

o r2—9
Iim =8
3. 28 3

V14— 1—2
lim =

4. z—0 T

1

lim 42

=10
5. T+ ﬁ

lim z%e % =0
6. z—+toa

5 1 1 1 : 1
lim(1 — z)3 = = L maeet lim(] — ) = lim @09 _ gimeno Hnli—a)
7.1‘—'0( z) eHint:Le’((1 —z)= = gntt==) ,som]]:ﬂ:tl](l z) ]zlfp%e €

Analyzing the Graph of a Function

Learning Objectives
A student will be able to:

« Summarize the properties of function including intercepts, domain, range, continuity, asymptotes, relative
extreme, concavity, points of inflection, limits at infinity.

* Apply the First and Second Derivative Tests to sketch graphs.
Introduction

In this lesson we summarize what we have learned about using derivatives to analyze the graphs of functions.
We will demonstrate how these various methods can be applied to help us examine a function’s behavior
and sketch its graph. Since we have already discussed the various techniques, this lesson will provide ex-
amples of using the techniques to analyze the examples of representative functions we introduced in the
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Lesson on Relations and Functions, particularly rational, polynomial, radical, and trigonometric functions.
Before we begin our work on these examples, it may be useful to summarize the kind of information about
functions we now can generate based on our previous discussions. Let's summarize our results in a table
like the one shown because it provides a useful template with which to organize our findings.

Table Summary

f(x) Analysis
Domain and Range
Intercepts and Zeros

Asymptotes and limits at infin-
ity
Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity
Inflection points

Example 1: Analyzing Rational Functions

flz) = "

Consider the function z? -2z — 8

General Properties: The function appears to have zeros at £ = =2. However, once we factor the expres-
sion we see

-4  (z+2)(z—-2) z-2
22 -2 -8 (zr—4)(z+2) z-4

—2

Hence, the function has a zero at T = 2, there is a hole in the graph at T= » the domain is

1
0,=).
(—o0, —2) U(—2,4) U (4,40}, and the ¥ -intercept is at (0, 2)
Asymptotes and Limits at Infinity

Given the domain, we note that there is a vertical asymptote at T = 4. To determine other asymptotes, we

examine the limit of f asT — X and T — —20 | We have

2
il —E!_fg = lim -z =1
e T2 — 9 _ B g 2 2 TR — _2__ 38—
e 2r — B =m%_=_§_=_z z—toa | = 7
% — 4
Similarly, we see that *——0a 2% — 2z — 8 . We also note that ¥ # 1 since T 7 —2-

Hence we have a horizontal asymptote at ¥ = 1.

Differentiability



, —21% —Br — 8 —2
P =28  @_4ap

<0

oy 4
f (E]_ (E—‘i]s_

. Hence the function is differentiable at every point of its domain,
I
and since f (T] <0 on its domain, then f is decreasing on its domain, (_00: _2] U (_2= 4] U (‘1: "‘00)

o 0
I (T] # in the domain of T Hence there are no relative extrema and no inflection points.

1
so £ () > 0 ywhen = > 4. Hence the graph is concave up for Z > 4.

L
Similarly, f(z) <0 when Z < 4. Hence the graph is concave down for T <4, z# -2

Let’'s summarize our results in the table before we sketch the graph.

Table Summary

Analysis

Domain and Range D={—00,—-2)U{—2,4)U(4,+o0) BR= {aﬂ reals # 1}

Intercepts and Zeros

zeroat £ = 2; ¥ _intercept at (

Asymptotes and limits at infinity

VAat Z=% HAaat ¥ = Ls hole in the graph at Z = —2

Differentiability differentiable at every point of its domain

Intervals where f is increasing nowhere

Intervals where f is decreasing (—oo, —2) U (—2,4) U (4, +-00)

Relative extrema none

Concavity

concave up in (4, +o0), concave down in (—oo, —2) U (-2,4)

Inflection points none

Finally, we sketch the graph as follows:

T |

4 1

|

sl } I

21 |

|
= ey i it e D R I I L
54 -3 -2 -1 123 4 5 6 7T 8 910

N |

|

2L |

-3+ |

S

5L I

Let's look at examples of the other representaive functions we introduced in Lesson 1.2.
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Example 2:

Analyzing Polynomial Functions

| 2
Consider the function J (&) = +2z° —z — 2.

General Properties

The domain of 4 is {—90:+00} and the ¥ -intercept at (0, —2).

The function can be factored

f(z) = 242002 = (24 2) - 1z+2) = (z"-1)(z+2) = (z-1){2+1)(2+2) and thus has

zeros at T = £1,—2.

Asymptotes and limits at infinity

lim f(z) = +oo

Given the domain, we note that there are no vertical asymptotes. We note that z—na and
lim f(z) = —oo.

E——D0

Differentiability

—4:|:\/28_—2:|:\/‘?

! 2 I =
f{z)=3r"+4z—-1=0 6 3 . These are the critical values. We note
that the function is differentiable at every point of its domain.
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( 2 -ﬁ) (—2 +/7 )
. T BEREA
f (T] >0 6n and ; hence the function is increasing in these

intervals.

(—2 VT 2+ v’?)
s 3 ’ 3
Similarly, f{z) <0 on and thus is f decreasing there.
2
L T=—C,
f (ﬁ) =6z +4=0 3" where there is an inflection point.

—2— T
f (T"F) <0 —2 -7
In addition, . Hence the graph has a relative maximum at 3 and located
at the point (_1-55: 0-53]-

<

3 2
" 0 T —_— (—OO: _3)
We note that £ (E} < 0 gor 3 . The graph is concave down in .

—2 T
I (%‘r) >0 —24 /7
And we have ; hence the graph has a relative minimum at 3 and located
at the point ([1.22, _2-11]-

2 (
" T > ——. T g +m)
We note that 42} > 0 for 3 The graph is concave up in 3 )

Table Summary

Analysis

Domain and Range D ={—00,400), R ={ all reals }

Intercepts and Zeros seros at £ = £1, -2, y, intercept at (0,-2)

Asymptotes and limits at infinity|no asymptotes

Differentiability differentiable at every point of it's domain
Intervals where f is increasing _9_ “/’? 24 \/,?
T 3
and
Intervals where f is decreasing _g_ ﬁ . V"?
a3 ’ 3

Relative extrema _o_ Vo'-?

relative maximum at B 3 and located at the point

(—1.55,0.63) .
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—2+ 7
T=——
relative minimum at 3 and located at the point
(0.22, —2.11).
Concavity 0
= +00
concave up in 3 .
_ml —_
concave down in 3/
Inflection points 9
__2 (——, —.74)
3 | located at the point 3

Here is a sketch of the graph:

(0.215. -2.11)

Example 3: Analyzing Radical Functions

Consider the function flz) = v2r —1.

General Properties

1
_,_|_m

The domain of & is (2 ) , and it has a zero at 2

Asymptotes and Limits at Infinity

li
Given the domain, we note that there are no vertical asymptotes. We note that z—mc

Differentiability

1

f'(T]=ﬁ

>0

1
:r' S . e
2 is a critical value.

1
is not defined at 2 so

m f{z) = +oo .

1
for the entire domain of I Hence f is increasing everywhere in its domain. f (T)




-1

1
_:_|_m

1
f”(E) = ﬁ < 0 (_,_'_00) (
( T— ] everywherein 2 .Hencefisconcavedownin 2
1 1
= 0 =N
is not defined at 2 so 2 is an absolute minimum.
Table Summary
Analysis
Domain and Range 1
D= 51_%00 112:= {y Etﬂ}

Intercepts and Zeros

1

T ==
zeros at 2 no ¥ -intercept

Asymptotes and limits at infinity

no asymptotes

Differentiability

1
(3)
differentiable in 2

Intervals where f is increasing

1
-(5=)
everywhere in 2

Intervals where f is decreasing

nowhere

Relative extrema

none

1

absolute minimum at 2 | located at

(

=0
2

)

Concavity

1
(3+)
concave down in 2

Inflection points

none

Here is a sketch of the graph:

10

o1}
wk

Example 4: Analyzing Trigonometric Functions

We will see that while trigonometric functions can be analyzed using what we know about derivatives, they

)

will provide some interesting challenges that we will need to address. Consider the function
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f(z) =z —28nZ o the interval [T 7]

General Properties

We note that f is a continuous function and thus attains an absolute maximum and minimum in [—'.'r, '-'"—]-

Its domain is [~ %] and its range is R={-w<y<a}.

Differentiability
T W
f{z)=1-2cosz=0_,4%F" "3°3

vig vid vig
’ —, T —N., — K
Note that J (Z) > 0 on (3’ ) and ( ’ 3) : therefore the function is increasing in (3’ ) and

(=-3)

T W
. R - -
Note that J (Z) <0 op ( 3’ 3) ; therefore the function is decreasing in ( 3’ 3) :

1] =
f (z) =2sinz =0z =0,%, —. Hence the critical values are at

vid ™
T = —m, _E’U’ g,'ﬂ'.
” "T) ki
—| »0: T = —.
/ (3 " hence there is a relative minimum at 3
T
7(-3) <o o P
3 ; hence there is a relative maximum at 3

fﬂ(T] >0 on (ﬂlﬁ) and fN(T] <0 on (_"T: U]- Hence the graph is concave up and decreasing on

(0,7 and concave down on (=71 0)- There is an inflection point at T = 05 located at the point (0,0).

Finally, there is absolute minimum at £ = — |ocated at {(—7,—7); and an absolute maximum at £ = %5

located at (ar, ).

Table Summary
flz) =z —2sinz Analysis
Domain and Range D=|-m7z], R={—7<y<7}
Intercepts and Zeros I — D
3’3

Asymptotes and limits at infinity no asymptotes
Differentiability differentiable in £ = [—7, %]
Intervals where f is increasing ('.'r ) ( '.'r)

— ﬂ— JR—

3"/ and '3




Intervals where f is decreasing

(-53)

Relative extrema

relative maximum at T = —af3

relative minimum at £ = /3

absolute maximumat z =7

1
absolute minimum at =~ 2 , located
1
at 2
Concavity concave up in (0,7)
Inflection points Z =0, |ocated at the point (0,0}

10

T rTTrTTT

VN B oo

rrrrTrTTTTT

Lesson Summary

1. We summarized the properties of function, including intercepts, domain, range, continuity, asymptotes,

relative extreme, concavity, points of inflection, and limits at infinity.

2. We applied the First and Second Derivative Tests to sketch graphs.

Review Questions

Summarize each of the following functions by filling out the table. Use the information to sketch a graph of

the function.

1 () =243z —z 3

flz)=2"+3z> -z -3

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity
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Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

5 flg) = —z* +42° — 42’

fle) = —z* + 42° — 427

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity

Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

2r — 2
2

, @)=

2z — 2
2

flz) =

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity

Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

4 flz) = T — 3

f(z) =z}

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity




Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

5 f(@) =—VIz—6+3

flz)=—+v2r —-6+3

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity

Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

6. flz) =" — 24z

flz) =2 —2v/z

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity

Differentiability

Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

7 f(z)=1+cosz =0, [—7,7]

f{z) =14 cosz

Analysis

Domain and Range

Intercepts and Zeros

Asymptotes and limits at infin-
ity

Differentiability
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Intervals where f is increasing

Intervals where f is decreasing

Relative extrema

Concavity

Inflection points

Answers

1.

flz)=z*+3z"—z—3

Analysis

Domain and Range

D ={—00, +00),
R = {ell reals}

Intercepts and Zeros

zeros at T = TL, =3, ¥ inter-

cept at {D, _3]

Asymptotes and limits at infin-
ity

no asymptotes

Differentiability

differentiable at every point of its

Intervals where f is increasing

domain
_3_ 2\/5)
and

(=
°)

Intervals where f is decreasing

(_3+2‘/§,+
_3-_23 —3+2-,/§)

( :

Relative extrema

3 3
relative maximum at
—3-2+/3
rT=—
3 " located at the

ooint (—2.15,3.07) .

relative minimum at
—3+2/3
rT=—
3 " located at the

ooint (015, —3.07)

Concavity

concave up in (—1; +00)

concave down in (—o0,—1)

Inflection points

r=-1
(_11'3)

» located at the point




fle) = —z* + 42° — 427

Analysis

Domain and Range

D= (—OO,—I—OO],
H={y<0}

Intercepts and Zeros

zeros at T =02, ¥ _intercept
at {D: U]

Asymptotes and limits at infin-\no asymptotes

ity

Differentiability

differentiable at every point of its
domain

Intervals where f is increasing

(_m'lﬂ) and (1: 2)

Intervals where f is decreasing

(0,1) and (2, +oo)

Relative extrema

relative maximum at £ = 0 | lo-

cated at the point (D: U) ; and at
at T =2 located at the point

(2,0)

relative minimum at £ =1 | lo-

cated at the point (1= _1]

Concavity

(53)
concave up in 3'3

_m'l J—
concave down in 3

(3)
and 3’

Inflection points

5

3 | located at the points

2 5
(—, —[].79) (—, —[].3[])
3 and 3

2
31

2z —2
f(g]: Ez,g

Analysis

Domain and Range

D =(—00,0) U{0,+oc),
R ={y #0}

Intercepts and Zeros

zerosat T =1, no ¥ -intercept
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Asymptotes and limits at infin-
ity

HA Y =0

Differentiability

differentiable at every point of its
domain

Intervals where f is increasing

(0,2)

Intervals where f is decreasing

(—DO., ﬂ) and (25 +°0)

Relative extrema

relative maximum at £ = 2, lo-

cated at the point (2,0.5)

Concavity

concave up in (3, +oo)

concave down in (—00,0) and
(0,3)

Inflection points z—3, ocated at the pont
33)

4.

flz)=z— m% Analysis

Domain and Range

D ={—00, +00),
R = {all reals}

Intercepts and Zeros

zerosat T = 1,0, ¥ _intercept
at {D: U]

Asymptotes and limits at infin-
ity

no asymptotes

Differentiability

differentiable in

(o0, 0) U (0, +o0)

Intervals where f is increasing

=

and

Intervals where f is decreasing

Relative extrema

relative maximum at

located at the point




(_—Vlg,ﬂ.:}&i)
g
V3

relative minimum at 9’
located at the point

(@ —ﬂ.384)
9

Concavity

concave up in (0;+00)

concave down in (—00,0)

Inflection points

Z = 0, |ocated at the point (0,0)

fl@)= oz 6+ 3

Analysis

Domain and Range

D = (3,+e0), H={y < 3}

Intercepts and Zeros

1

P
zero at 2 "no ¥ -intercept

Asymptotes and limits at infin-
ity

no asymptotes

Differentiability

differentiable in (3, +00)

Intervals where f is increasing

nowhere

Intervals where f is decreasing

everywhere in D = (3, +o0)

Relative extrema

none absolute maximum at
T =3, |ocated at (3:3)

Concavity concave up in (3> +20)
Inflection points none

6.

flz) = rt _9 VT Analysis

Domain and Range D = (0,+c0),

R—{y>-119}

Intercepts and Zeros

a
zeroat T = Vq: no ¥ -intercept

Asymptotes and limits at infin-
ity

no asymptotes
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Differentiability

differentiable in (0, 4+c0)

Intervals where f is increasing

v 16 oo
4 1

Intervals where f is decreasing

)

Relative extrema

relative minimum at 4’
located at the point
|
16
= (T, —1.19)
Concavity concave up in (0>+e0)
Inflection points none
7.
f’(g) =14+ cosT Analysis
Domain and Range D = [—m,7],
R={o<y<2}
Intercepts and Zeros zerosatZT = —%:T; ¥ intercept
at {D: 2]
Asymptotes and limits at infin- lim f(z)
ity no asymptotes; z+«+na does

not exist

Differentiability

differentiable at every point of its
domain

Intervals where f is increasing

(_ﬂ—i D]

Intervals where f is decreasing

(0,7)

Relative extrema

absolute max at T = 0, located
at the point (0,2}

absolute minimums at £ = £,

located at the points (—%,0) and
(m, 0)

Concavity

concave down in (—w,m)

Inflection points

T

2 | located at the points

(2 e (3)

T =4




Optimization

Learning Objectives
A student will be able to:

« Use the First and Second Derivative Tests to find absolute maximum and minimum values of a function.

* Use the First and Second Derivative Tests to solve optimization applications.
Introduction

In this lesson we wish to extend our discussion of extrema and look at the absolute maximum and minimum
values of functions. We will then solve some applications using these methods to maximize and minimize
functions.

Absolute Maximum and Minimum

We begin with an observation about finding absolute maximum and minimum values of functions that are
continuous on a closed interval. Suppose that f is continuous on a closed interval [‘1: b]- Recall that we

can find relative minima and maxima by identifying the critical numbers of f in (a, b) and then applying
the Second Derivative Test. The absolute maximum and minimum must come from either the relative extrema

of f in (‘1: b] or the value of the function at the endpoints, f(ﬂ') or f(b) Hence the absolute maximum

or minimum values of a function f that is continuous on a closed interval [a., b] can be found as follows:
1. Find the values of & for each critical value in (@) :

2. Find the values of the function 4 at the endpoints of [a, B] :

3. The absolute maximum will be the largest value of the numbers found in 1 and 2; the absolute minimum
will be the smallest number.

The optimization problems we will solve will involve a process of maximizing and minimizing functions. Since
most problems will involve real applications that one finds in everyday life, we need to discuss how the
properties of everyday applications will affect the more theoretical methods we have developed in our
analysis. Let’s start with the following example.

Example 1:

A company makes high-quality bicycle tires for both recreational and racing riders. The number of tires that
the company sells is a function of the price charged and can be modeled by the formula

3 2
T(T) = —2" + 36.52" + a0z + 250, where Z is the priced charged for each tire in dollars. At what price
is the maximum number of tires sold? How many tires will be sold at that maximum price?

Solution:

Let’s first look at a graph and make some observations. Set the viewing window ranges on your graphing
calculator to [_10: 5U] for £ and [—EDU, IUUDD] for ¥- The graph should appear as follows:
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We first note that since this is a real-life application, we observe that both quantities, & and T(m], are
positive or else the problem makes no sense. These conditions, together with the fact that the zero of T(T)

is located at T = 37.9, suggest that the actual domain of this function is 0 <« < 37. This domain, which
we refer to as a feasible domain, illustrates a common feature of optimization problems: that the real-life
conditions of the situation under study dictate the domain values. Once we make this observation, we can
use our First and Second Derivative Tests and the method for finding absolute maximums and minimums

on a closed interval (in this problem, [U, 37] ), o see that the function attains an absolute maximum at
T = 25, at the point (25= 8687'5)' So, charging a price of $25 will result in a total of 8687 tires being
sold.

In addition to the feasible domain issue illustrated in the previous example, many optimization problems involve
other issues such as information from multiple sources that we will need to address in order to solve these
problems. The next section illustrates this fact.

Primary and Secondary Equations
We will often have information from at least two sources that will require us to make some transformations

in order to answer the questions we are faced with. To illustrate this, let’s return to our Lesson on Related
Rates problems and recall the right circular cone volume problem.

1
V = Ewrgh.



1
V = —arih
We started with the general volume formula 3 , but quickly realized that we did not have sufficient

dh

information to find dt since we had no information about the radius when the water level was at a particular
Zhit
. . rty — 249
height. So we needed to employ some indirect reasoning to find a relationship between r and h, ]

1 /2R\®’. 4«
(V=-x (—) h=_—_H
. We then made an appropriate substitution in the original formula 3 a 7> ) and

were able to find the solution.

1
. V=_ar’h _ . _
We started with a primary equation , 3 , that involved two variables and provided a general
model of the situation. However, in order to solve the problem, we needed to generate a secondary

2h(t)

equation, 5 |, that we then substituted into the primary equation. We will face this same situation
in most optimization problems.

Let’s illustrate the situation with an example.
Example 2:

Suppose that Mary wishes to make an outdoor rectangular pen for her pet chihuahua. She would like the
pen to enclose an area in her backyard with one of the sides of the rectangle made by the side of Mary's

house as indicated in the following figure. If she has 90 ft of fencing to work with, what dimensions of the
pen will result in the maximum area?
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Solution:

The primary equation is the function that models the area of the pen and that we wish to maximize,
A=umy.

The secondary equation comes from the information concerning the fencing Mary has to work with. In par-

ticular,

2z 4+ ¢y = 90.

Solving for ¥ we have

y =90 — 2z

We now substitute into the primary equation to get
A=y —==2(90 — 2z), .,
A =90z — 21°.

It is always helpful to view the graph of the function to be optimized. Set the viewing window ranges on your

graphing calculator to [_10: 1““] for £ and [_509: 1200] for ¥+ The graph should appear as follows:

1200

1000
800
600
400

200

-10 J
-20
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The feasible domain of this function is 0 <z <49, which makes sense because if £ is 45 feet, then the

figure will be two 45 -foot-long fences going away from the house with O feet left for the width, ¥- Using
our First and Second Derivative Tests and the method for finding absolute maximums and minimums on a

closed interval (in this problem, [ﬂ, 45] ), we see that the function attains an absolute maximum at = = 22.5,

at the point (22-5= 1012'5)' So the dimensions of the pen should be £ = 225, y =45 ; with those di-
mensions, the pen will enclose an area of 1012.5 jing

Recall in the Lesson Related Rates that we solved problems that involved a variety of geometric shapes.
Let's consider a problem about surface areas of cylinders.

Example 3:

|
A certain brand of lemonade sells its productin 16 -ounce aluminum cans that hold 473 ml (1 ml =1cm ]
Find the dimensions of the cylindrical can that will use the least amount of aluminum.

Solution:

We need to develop the formula for the surface area of the can. This consists of the top and bottom areas,
2

each ™7 : and the surface area of the side, 2atrh (treating the side as a rectangle, the lateral area is (cir-

cumference of the top)x(height)). Hence the primary equation is

A = 2xr? 4 2wrh

We observe that both our feasible domains require ¥ h>10.

In order to generate the secondary equation, we note that the volume for a circular cylinder is given by
473

V = nr’h, Using the given information we can find a relationship between T and h, " xr2 . We
substitute this value into the primary equation to get

473
A= 27!"['2 —+ 2 (—2) .
T or

946
_—

A =2xr% 4
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a4 946 af 946 d?A
dr r2 when dar . We note that @1 since ¥ > 0. Hence we

473

946 h= = 8.44 cm
T = f'a' — 2 4.22cm w{ &f Uz
have a minimum surface area when 470 and dm .

Lesson Summary

1. We used the First and Second Derivative Tests to find absolute maximum and minimum values of a
function.

2. We used the First and Second Derivative Tests to solve optimization applications.
Review Questions

In problems #1—4, find the absolute maximum and absolute minimum values, if they exist.

flz) =22 —6z+6 ., [0,5]

-_—

o flz)= z* 4+ 37? on 1—2,3]

flz) — 3¢4 —6z+2 ,, (1,8

w

4 3
4 flz) =2 — 2" o [-2,2]
5. Find the dimensions of a rectangle having area 2000 ft? whose perimeter is as small as possible.

6. Find two numbers whose product is D0 and whose sum is a minimum.

7. John is shooting a basketball from half-court. It is approximately 45 ft from the half court line to the hoop.

2
The function #{t) = —0.0252° + £ + 15 1 4els the basketball's height above the ground s{t) in feet,

whenitis t feet from the hoop. How many feet from John will the ball reach its highest height? What is that
height?

1
R{t) = ——t* + 47 + 25t + 4
8. The height of a model rocket t seconds into flight is given by the formula 3

a. How long will it take for the rocket to attain its maximum height?
b. What is the maximum height that the rocket will reach?
c. How long will the flight last?

9. Show that of all rectangles of a given perimeter, the rectangle with the greatest area is a square.



10. Show that of all rectangles of a given area, the rectangle with the smallest perimeter is a square.

Answers

3 (3) 3
z=,05)=5
1. Absolute minimum at 2 2 2 . Absolute maximum at £ = 9, f(5) = 26.

2. Absolute minimum at £ = 95 F{0) = 0. Apsolute maximum at £ = 3, f(3) = 54.

3. Absolute minimum at £ = 8, J(8) = —30. apsolute maximum at £ =1, f(1) = 3.

4. Absolute minimum at ¥ = 0.7, f(0.75) = —0.105. Absolute maximum at £ = —2; f(—2) =24
5 T=Y= 2075

6. T=1U%= 5v/2

7. At t = 20 f, the basketball will reach a height of 5(t) = 25 ¢

8. The rocket will take approximately £ =% 10.4 sec to attain its maximum height of 321.7 ft.; the rocket will
hit the ground at £ ~# 16.6 sec.

Approximation Errors

Learning Objectives
A student will be able to:

» Extend the Mean Value Theorem to make linear approximations.
* Analyze errors in linear approximations.
» Extend the Mean Value Theorem to make quadratic approximations.

* Analyze errors in quadratic approximations.
Introduction

In this lesson we will use the Mean Value Theorem to make approximations of functions. We will apply the
Theorem directly to make linear approximations and then extend the Theorem to make quadratic approxi-
mations of functions.

Let’s consider the tangent line to the graph of a function f at the point (‘11 f(“])- The equation of this line
is ¥ = f(ﬂ] + f'(“*] (E - ﬂ)- We observe from the graph that as we consider T near %: the value of
F(Z) is very close to fla).
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(a, f(a))

)

In other words, for  values close to @1 the tangent line to the graph of a function f at the point (a,, f(a)]
provides an approximation of (@) o flz) ™ fla) + f{a)(z — a). We call this the linear or tangent
line approximation of I at @ and indicate it by the formula L(z) = f{a) + f'(e)(z — a).

Slope = f~ (g}f"'vv-

_=Tx. L(x))

(a. f(a))
- -4

The linear approximation can be used to approximate functional values that deviate slightly from known
values. The following example illustrates this process.

Example 1:

Use the linear approximation of the function %) = ¥Z — 2 at g — 6 to approximate V'3.95 _

Solution:

We know that f(ﬁ) =v6—-2=2 g we wil find the linear approximation of the function and substitute
Z values close to 6.

L(z) = f(6) + f'(6)(z — 6).

f'l=) =

L £(6) =
We note that 2v/z — 2’ 4’

We also know that f(ﬁ] =2

By substitution, we have



f(z) = f(6) + f'(6)(z —6) tor z near 6.
Hence

1 1 1

We observe that to approximate ¥ 3.95 we need to evaluate the linear approximation at 5.95 | and we
have

1 1
L(5.95) =  + ;(5.95) = 1.9875

v3.95 /= 1.9874  we see that it is a very good approximation.

. If we were to compare this approximation to the actual value,

If we observe a table of £ values close to 6, we see how the approximations compare to the actual value.

=+r—2|T 1 1 |Actual
flz)= vz -2 Liry=-+-z
2 4
395 595(1.9875 1.9874
369 599(1.9975 1.9974
v"i 6 (2 2
V’E 601|2.0025 20024
1.05 605|2.0125 20124

Setting Error Estimates

We would like to have confidence in the approximations we make. We therefore can choose the  values
close to a to ensure that the errors are within acceptable boundaries. For the previous example, we saw
that the values of L{z) close to ¢ = 6, gave very good approximations, all within 0.0001 of the actual
value.

Example 2:

Let’s suppose that for the previous example, we did not require such precision. Rather, suppose we wanted
to find the range of Z values close to 8 that we could choose to ensure that our approximations lie within
0.01 of the actual value.

Solution:

The easiest way for us to find the proper range of £ values is to use the graphing calculator. We first note

1
|¢z—2—(5+§)|<um.

that our precision requirement can be stated as

1 1
L{z) = g+ 1%

If we enter the functions £ () = V2 — 2 znq 4 intothe Y=menuasY, andY,, respec-

tively, we will be able to view the function values of the functions using the TABLE feature of the calculator.
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In order to view the differences between the actual and approximate values, we can enter into the Y = menu
the difference function Y, =Y, — Y, as follows:

1. Go to the Y = menu and place cursor on the Y, line.

2. Press the following sequence of key strokes: [VARS] [FUNCTION] [Y, ]. This will copy the function Y,
onto the Y, line of the Y = menu.

3. Press [-] to enter the subtraction operation onto the Y, line of the Y = menu.

4. Repeat steps 1-2 and choose Y, to copy Y, onto the Y, line of the Y = menu.

Your screen should now appear as follows:

i Flak Flak=
Hne22
4+

Now let’s setup the TABLE function so that we find the required accuracy.

1. Press 2ND followed by [TBLSET] to access the Table Setup screen.

2. Set the TBLStart value to 5 and A Tbl to 0.1.

Your screen should now appear as follows:

Now we are ready to find the required accuracy.

Access the TABLE function, scroll through the table, and find those Z values thatensure Y, . At £ = 5.24
we see that Y, = 0.01115. At T = 6.84, e see that Y, =0.00911. Hence if 5.24 < z < 6.84,

1
Wz —2— (§+E) | < 0.0L

= Yz V= - = V=
= 1.7E -.0i7g9 5.5 z.1zE - Q07
£ 8% |e 8.7 =% | SAREy

. ) -. 6.8 zz = na ]
£5 igeE" | -oae 8.8 £22c | Toiin
Ec 1B7E -la04Z o ZEE -lo1zg
6 19 - A0z e § Z.27E - 0167

YMxz=-.811145512 YMz=-.88318375335

Non-Linear Approximations

It turns out that the linear approximations we have discussed are not the only approximations that we can
derive using derivatives. We can use non-linear functions to make approximations. These are called Taylor
Polynomials and are defined as



f"(a)

T.(o) = o) + e —a)+ LD —af .+ DD p e

We call this the Taylor Polynomial of f centered at a.

For our discussion, we will focus on the quadratic case. The Taylor Polynomial corresponding to 7z = 2 is
given by

Tyfz) = £(a) + fa)(z — a) + 5/ "()(z —a)’

Note that this is just our linear approximation with an added term. Hence we can view it as an approximation

of f for & values close to a.

Example 3:

Find the quadratic approximation of the function f(E) =V —2 at . = B and compare them to the linear
approximations from the first example.

Solution:

1 1

Recall that

Ty(z) = Liz) + 31"(6)z — 6

Hence
1 ; 1 1
T p—S— VT
Wiz -2 . 4,/(6 —2) 32
Hence
1 1 1 1 1 7 1
To()=L{z)— —(z—62=-4+-2— —(z—-62=——2>+ —2— —.
3(z) = L(z) — g (2 -8 = 5+ T~ gge 6 ea° T16" 16
1 T 1
Toz)=——2+ —z— —
3(z) 64 16 16 . If we update our table from the first example we can see how the

quadratic approximation compares with the linear approximation.

F@= Vo2 L) = G+ o | B0 = g+ o=
305 591.9875 1.9874 1.9874
369 599(1.9975 1.9974 1.9974

\-"‘Z 6 |2 2 2

V’E 601|2.0025 2.0024 20024
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V4.05 ‘6.(5‘2.0125 2.0124 ‘2.0124‘

As you can see from the graph below, T(T] is an excellent approximation of f(E) near T = 6.

10
Bl
el
ol f(x)
Pr T(x)
g 2 2 4 6 8 10 12 14 16 18 20
Tl
I
Bl
==

We get a slightly better approximation for the quadratic than for the linear. If we reflect on this a bit, the
finding makes sense since the shape and properties of quadratic functions more closely approximate the
shape of radical functions.

Finally, as in the first example, we wish to determine the range of & values that will ensure that our approx-
imations are within 0.01 of the actual value. Using the TABLE feature of the calculator, we find that if
4.444 < z < 7.87, tpen |*..-‘$ —2— T(m]| <001

Lesson Summary

1. We extended the Mean Value Theorem to make linear approximations.

2. We analyzed errors in linear approximations.

3. We extended the Mean Value Theorem to make quadratic approximations.

4. We analyzed errors in quadratic approximations.

Review Questions
In problems #1—4, find the linearization L(E) of the function at £ = .
4 a
1. f(z)=22" — 62" hoqra = -2
2
2. flz) =Tign g =27

3. Find the linearization of the function -ﬁg) =va—=z near a = 1 and use it to approximate ¥ 4.01

4. Based on using linear approximations, is the following approximation reasonable?

1.001* = 1.004

5. Use a linear approximation to approximate the following:



a
16.084

6. Verify the the following linear approximation at @ = 1. Determine the values of Z for which the linear
approximation is accurate to 0.01.

k|
L

G| b3

+

Ll 8

7. Find the quadratic approximation for the function in #3, f(m) =Vi—z near ¢ = 1.

8. Determine the values of £ for which the quadratic approximation found in #7 is accurate to 0.01.

4 3
9. Determine the quadratic approximation for (@) =22 — 61" eqra=—2. Do you expect that the
quadratic approximation is better or worse than the linear approximation? Explain your answer.

Answers
1. F(—2) =80, f'(—2) = —136 . L(z) = —192 — 136z
2 F(21) =9, f(27)=2/9. L(z) = 45+ 2z

, 1 g 1
3. f(1) =2, Fy=-3 K2)= 1~ 2% /201l ~20025

4
4. Yes; using linear approximation on flg) =7 near a=1 we find that L{z)=4z—3 :
L{1.001) = 1.004.

3 3
Lir)=8+—-(r—16) =2+ -z
near 2 = 16 we find () 8( ) 8

[N

5. Using linear approximation on f{m] =T

L(16.08) = 8.03.

6.084< <114

g 0.87 < z < 2.56

.
9. T(ﬁ) = 481" + S6z ; we would expect it to be a better approximation since the graph of

4 3
F(T) = 22" — 6T is gimilar to the graph of a quadratic function.

flz) = 22" — 62 T(z) = 482 4 562
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4. Integration

Indefinite Integrals Calculus

Learning Objectives

A student will be able to:

+ Find antiderivatives of functions.

* Represent antiderivatives.

* Interpret the constant of integration graphically.
» Solve differential equations.

» Use basic antidifferentiation techniques.

» Use basic integration rules.

Introduction

In this lesson we will introduce the idea of the antiderivative of a function and formalize as indefinite
integrals. We will derive a set of rules that will aid our computations as we solve problems.

Antiderivatives

F F =
Definition : A function (T) is called an antiderivative of a function f if (E] = f (T) for all Z in the
domain of I

Example 1:

2
Consider the function 4 (&) = 3%". can you think of a function F(z) suchthat F'(z) = f(z) ? (Answer:

3 3
F(z) =1, F(z) =1" -6, many other examples.)

3
Since we differentiate ¥ (%) to get F(T) we see that F(2) =2 +C will work for any constant €.

3
Graphically, we can think the set of all antiderivatives as vertical transformations of the graph of Flz) =1
The figure shows two such transformations.
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J

With our definition and initial example, we now look to formalize the definition and develop some useful rules
for computational purposes, and begin to see some applications.

Notation and Introduction to Indefinite Integrals

The process of finding antiderivatives is called antidifferentiation , more commonly referred to as integra-
tion. We have a particular sign and set of symbols we use to indicate integration:

jf(z]dm = F{z)+ C.

We refer to the left side of the equation as “the indefinite integral of f(m) with respect to . " The function

f (E) is called the integrand and the constant &' is called the constant of integration. Finally the
symbol dZ indicates that we are to integrate with respect to .

Using this notation, we would summarize the last example as follows:

j3mzd$=$3+c

Using Derivatives to Derive Basic Rules of Integration

As with differentiation, there are several useful rules that we can derive to aid our computations as we solve

L3
problems. The first of these is a rule for integrating power functions, flz) =2" [n#-1], and is stated
as follows:

1
z) = 2 COm £ —1
We can easily prove this rule. Let n+1 . We differentiate with respect to =
and we have:



+0

(n
(5

E“

i
The rule holds for f[m] = [‘”’ # _1]- What happens in the case where we have a power function to

integrate with # = —15 say

“ldz —/ dx
/ T . We can see that the rule does not work since it would result in division by O .
F{z) =

1
However, if we pose the problem as finding F (E] such that z , we recall that the derivative of

d 1

—lInz
logarithm functions had this form. In particular, dz T . Hence

jldmzhm+c.
T

T
In addition to logarithm functions, we recall that the basic exponentional function, -ﬂ:T) = €& ; was special

in that its derivative was equal to itself. Hence we have

je“dm=e”+0.

Again we could easily prove this result by differentiating the right side of the equation above. The actual
proof is left as an exercise to the student.

As with differentiation, we can develop several rules for dealing with a finite number of integrable functions.
They are stated as follows:

if £ and 9 are integrable functions, and € is a constant, then

1@+ saas— [ s+ [ ataas
[ - gtoaz - [ siziaz - [ garas,

[ier@z —c [ ey
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Example 2:

Compute the following indefinite integral.
3 1

[ 2D
T T

Solution:

Using our rules we have

2$3+i__1 dr dz +3 ldm— 1ﬂf:r:
2 - el T

Tt zt

EQ—

3
=————Ilnz+C.
2 T

Sometimes our rules need to be modified slightly due to operations with constants as is the case in the fol-
lowing example.

Example 3:

Compute the following indefinite integral:

j e dr.

Solution:

Eeﬂz _ 3832
We first note that our rule for integrating exponential functions does not work here since dz '
However, if we remember to divide the original function by the constant then we get the correct antiderivative

and have

Az ESE

We can now re-state the rule in a more general form as

. Ek:
dr = — + .
/"' kT

Differential Equations

We conclude this lesson with some observations about integration of functions. First, recall that the integration

i
process allows us to start with function f from which we find another function F(E) such that F (T) = f(T]



This latter equation is called a differential equation. This characterization of the basic situation for which
integration applies gives rise to a set of equations that will be the focus of the Lesson on The Initial Value
Problem.

Example 4:

F 2
Solve the general differential equation f(z) = 27 + /=
Solution:

We solve the equation by integrating the right side of the equation and have

f(g)=/f*(z)dm=fm%dm+/ﬁdz.

L
F]

= I%; and have

We can integrate both terms using the power rule, first noting that V,E

flz) = /z%dm—l—fr%dm: ?—]z

wad|ew
bl

+ +C.

Lal b2

Lesson Summary

1. We learned to find antiderivatives of functions.

2. We learned to represent antiderivatives.

3. We interpreted constant of integration graphically.

4. We solved general differential equations.

5. We used basic antidifferentiation techniques to find integration rules.

6. We used basic integration rules to solve problems.
Review Questions

In problems #1-3, find an antiderivative of the function

1 flz)=1-32"—6z

) fz) =z o}
3. f(z) = V2 +1

In #4—7, find the indefinite integral

j 2z — 3)%dx

5.
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6.

S )

8. Solve the differential equation

fllg) =42 — 32> + £ — 3
2z
9. Find the antiderivative () of the function F{Z} = 26" 4+ — 2 4t satisfies & (0) = 5.

j z|dz
10. Evaluate the indefinite integral (Hint: Examine the graph of flz) = |zl. )

Flz)=z—¢"- 3"+ C

—

3
F(m]z——gz%—kc
5 1

j(2+¢5)d$=2$+¢5m+0

/2(z—3]3dm=(m_T3yl+c

2
f[m]=s:4—$3+$——3z—|—0
8 2
2
o F(T)=62E+E——2$+4
2

alds = 5 +C

10.
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The Initial Value Problem

Learning Objectives
» Find general solutions of differential equations
» Use initial conditions to find particular solutions of differential equations

Introduction

In the Lesson on Indefinite Integrals Calculus we discussed how finding antiderivatives can be thought of

I
as finding solutions to differential equations: F (T] = f[m] We now look to extend this discussion by
looking at how we can designate and find particular solutions to differential equations.

Let’s recall that a general differential equation will have an infinite number of solutions. We will look at one
such equation and see how we can impose conditions that will specify exactly one particular solution.

Example 1:

Suppose we wish to solve the following equation:

Flz) = ¥ — 6+/x.

Solution:

We can solve the equation by integration and we have

1
flz) = 3333 —4ri 40

We note that there are an infinite number of solutions. In some applications, we would like to designate exactly
one solution. In order to do so, we need to impose a condition on the function T We can do this by speci-

fying the value of f for a particular value of Z. In this problem, suppose that add the condition that f{D] =1
This will specify exactly one value of &' and thus one particular solution of the original equation:

13 a 1 ap a
)= e —dg? + 1= 4oz 40
Substituting floy=1 into our general solution f(z) 3 gives 3 ©

1 2 1 2
C=1—_-=_. f(z]=—esm—4m%+—
or 3 3 Hence the solution 3 3 is the particular solution of the
. ion F(z) = €% — 6T st — sion F(0) =1
original equation satisfying the initial condition :

We now can think of other problems that can be stated as differential equations with initial conditions. Consider
the following example.

Example 2:
Suppose the graph of f includes the point (2: 5) and that the slope of the tangent line to f at any point
T is given by the expression 3z + 4. Find f(—2].

Solution:
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We can re-state the problem in terms of a differential equation that satisfies an initial condition.
f’(I) = 3T —+ 4 with f(2] = B,

By integrating the right side of the differential equation we have

3 4
g)=—-3 +4z4+C _
fz) 2 as the general solution. Substituting the condition that f(2) =6 gives

3
6=S@" +42+C,
6=6+8+C,
=8

3 g
T)=—-2"+4dr — 8 ; .
Hence fiz) 2 is the particular solution of the original equation Fz) = 37 + 4 g4
fying the initial condition f (2] = 6.

Finally, since we are interested in the value f (-2), we put -2 into our expression for f and obtain:

f(=2)=-10

Lesson Summary
1. We found general solutions of differential equations.

2. We used initial conditions to find particular solutions of differential equations.

Review Questions

In problems #1-3, solve the differential equation for -ﬂ:T]

1 [lz) =26 —2¢/z

, [(z) =sinz — e—lz

3. [(z) =2+ 2z

In problems #4—7, solve the differential equation for f‘:g) given the initial condition.

* _ 5 2 Z
4.f($]—6$ —Ar +3andf(1]=4

5. F'(z) = 3z” + &= and F(0) =3.



/(§)-v+}

8. Suppose the graph of f includes the point {—2, 4] and that the slope of the tangent line to f at T is
—2z + 4. Find f(5)-

In problems #9-10, find the function f that satisfies the given conditions.

. 5]
o J'(z) =sinz —e ¥ L TO =54 F0) =0

g — L
10. o) = VT yith F(4) =7 ang f(4) =25
Answers
4 a
| f(z) = 2% _ EE“ +C

2.
8
3 flz) = EE; —|—£$= +
flz) ==f — E:r:'ti—|——z—|—2
4 3 3

37 1 7
fe)=gve+2+3

7 f(z) =2sinz + cosz

g f(z)=—2" +4z+16. f(5) =11

1, 1
= i _ = z 4 —_
o f{z) sing — e 4z + o

L

4
0. fz) =3z
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The Area Problem

Learning Objectives
« Use sigma notation to evaluate sums of rectangular areas
» Find limits of upper and lower sums

* Use the limit definition of area to solve problems
Introduction

In The Lesson The Calculus we introduced the area problem that we consider in integral calculus. The basic
problem was this:

7 g
flz)=1" Suppose we are interested in finding the area between the  -axis and the curve of flz) =7,
fromz =0to z = 1.

We approximated the area by constructing four rectangles, with the height of each rectangle equal to the
maximum value of the function in the sub-interval.

R1 R2 R3 R4

v

EN S
| —
PN

—_
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We then summed the areas of the rectangles as follows:

Ri= () =5
et
eyl
Re=3 J)=3,
and R1+R2+R3+R4=g=£ﬁﬂ.4ﬁ.

We call this the upper sum since it is based on taking the maximum value of the function within each sub-
interval. We noted that as we used more rectangles, our area approximation became more accurate.

We would like to formalize this approach for both upper and lower sums. First we note that the lower sums

of the area of the rectangles results in B+ Hy+ Hg+ Ry = 131"64 72 0.20 oyr intuition tells us that

the true area lies somewhere between these two sums, or 0.20 < Area < 0.46 and that we will get closer
to it by using more and more rectangles in our approximation scheme.

In order to formalize the use of sums to compute areas, we will need some additional notation and terminology.
Sigma Notation

In The Lesson The Calculus we used a notation to indicate the upper sum when we increased our rectangles

16
195
A= Z R = 5~ 0.38
to N = 16 and found that our approximation 1 . The notation we used to enabled

us to indicate the sum without the need to write out all of the individual terms. We will make use of this no-
tation as we develop more formal definitions of the area under the curve.

A= :
Let’'s be more precise with the notation. For example, the quantity Z i was found by summing the

areas of /N = 16 rectangles. We want to indicate this process, and we can do so by providing indices to
the symbols used as follows:

16
A=Y "Ri=Ri+Ry+Rs+..+ Ris + Ris.

i=1

The sigma symbol with these indices tells us how the rectangles are labeled and how many terms are in
the sum.

Useful Summation Formulas
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We can use the notation to indicate useful formulas that we will have occasion to use. For example, you

may recall that the sum of the first 2 integers is ﬂ(“ + 1]»"2- We can indicate this formula using sigma
notation. The formula is given here along with two other formulas that will become useful to us.

i

. o nfn+1
3= (2 );

=1

~ 5, namr+1){(2n+1)
S -

6 3

i=1

We can show from associative, commutative, and distributive laws for real numbers that

D (a+b) = (@) + Y (B

i=1 i=1 i=1 and
Z(km] =k Z(ai]-

Example 1:

Compute the following quantity using the summation formulas:
10

> " 2i(i — 6i).

i=1

Solution:

10 10 10 10
Y ozi—6) =) (2F—120)=2) #-12) i
=1

i=1 i=1 i=1

6
= 770 — 660 = 110.

Another Look at Upper and Lower Sums

We are now ready to formalize our initial ideas about upper and lower sums.

Let £ be a bounded function in a closed interval 8 8] and £ = [To, - - - Zn] the partition of [2, 8] into
12 subintervals.
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We can then define the lower and upper sums, respectively, over partition £ | by

S(P) = Zmi(Ei—Ei—l] = ml(El _$U)+m2(T2_E1)+---+mn($n—ﬂ?n_l],

T(P) == ZMi(Ei_Ei—l) = Mliml—ﬁg)+M2($g—E1]+. . .+Mn(En—En_]_].

where T is the minimum value of f in the interval of length Ti — Ti-1 and M, is the maximum value of

£ in the interval of length Ti — Ti-1-
The following example shows how we can use these to find the area.

Example 2:

2
Show that the upper and lower sums for the function fE) =2 tomz =010 T=1, approach the
A=1/3.

value

Solution:

Let # be a partition of 72 equal sub intervals over [D, 1]- We will show the result for the upper sums. By
our definition we have

T(P) == ZMi(Ei_Ef.—l] == M:L(El —Tg)+Mg(Eg —E1]+...+M“{I“—En_1].

: ()G Gy
o - LN . ' . T LT
We note that each rectangle will have width 72" and lengths \™ L Lo "7 asindi-
cated:
| >
1 2 n
7w w !
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- Z'::M"(T" —2i1) = Mi(z1 —x0) + Ma(Za — Z1) + ... + Mp(2r — T 1)
Vi) @) i

()

1

% (1P +2°+ 3+ ...+ n’)
) (12428 3% in?) — (l) (n(n—l— 1){2n + 1)) _ ((ﬂ+1)(2n+ 1)) _

n2 6 6n?

X

We can re-write this result as:
(n—|—1)(2n—|—1)=1 nt+ly{2n+1y 1 1+1 2+1 .
6m? 6 n n 6 n
We observe that as
1 1 1 1
z—o oo, - | 14— 24+ -] — -
6 1 1 3

We now are able to define the area under a curve as a limit.

Definition: Let f be a continuous function on a closed interval [ﬂ': b]- Let P be a partition of 2 equal sub

intervals over [ﬂs b]' Then the area under the curve of f is the limit of the upper and lower sums, that is

A= lim S(P)= lim T{P).

i—s—0 i—-0a

Example 3:

Use the limit definition of area to find the area under the function flz)=4—=z from1to z = 3.
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1 1 2 3 4\

Solution:
3—1 . 2
If we partition the interval [1: 3] into 12 equal sub-intervals, then each sub-interval will have length & n
2
aht 3— AT a6 i vari L
and height @ — ¥2T 35 4 varies from 1 to .. So we have 71 and
S(P) =) (B—iAz)Az =) (3Az) — ) i(Az)?
1 1 1
nin+1
YN Gl NS
n
2
AT = —
Since 1 | we then have by substitution
1 2 2
@Az — M DA g (2+ —) —4+2 4
i L as 11 —* 00 . Hence the areais A = 4.

This example may also be solved with simple geometry. It is left to the reader to confirm that the two methods
yield the same area.

Lesson Summary
1. We used sigma notation to evaluate sums of rectangular areas.

2. We found limits of upper and lower sums.
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3. We used the limit definition of area to solve problems.
Review Questions

In problems #1-2 , find the summations.

10

> if2i—3)

1. =1

> E-de+9)

2. i=1

In problems #3-5, find S(P) and T(P) under the partition P.

1 3
S f@=1-a 1 " {0’ 5’1’5’2}

1 1
o f@ =22 T {‘l=‘5=“=a=1}

1
s & =0 p_y 4321}

In problems #6-8, find the area under the curve using the limit definition of area.

6. f(2)=3T+5 fomz =210 ¢ =6.

7. f($]=rgfrom$=1tomz3.

flz) =2

8. Efromx=1tom=4.

In problems #9-10, state whether the function is integrable in the given interval. Give a reason for your answer.

9. f(2) =1z —2| o1 the interval [1:4]

flz) =

10 —1 if z is irrational

{1 if z is rational
on the interval [0: 1]

Answers

10

> (2 — 3) — 605

1. i=1

T

pREEDIPETE %(19 —n?)

2. i=1
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3. 8(P) =

—1.75 : T{P) =0.25 (note that we have included areas under the x-axis as negative values.)

§(P)=05.T(P) =25

N

5. S(P) = ~1.83 . T(P) = —1.08

6. Areq = 68
26

Areg — —
7 T ELlL 3
15

Areg — —
8. "%~ 16

9. Yes, since f(z) =z —2| is continuous on [1:4]

10. No, since S(P] =-1 : T(P] =1

Definite Integrals

Learning Objectives
* Use Riemann Sums to approximate areas under curves

« Evaluate definite integrals as limits of Riemann Sums
Introduction

In the Lesson The Area Problem we defined the area under a curve in terms of a limit of sums.

A= lim S(P)= lim T(P)

ni—-0oa n—-40oa

where

S(P) = Z mi($£ — Ti—l) = ml(ﬁ — Tu] -l—mz(mg S El] +... —|—mn(zn - En—ﬂ,

T(p) = ZMi(Ii_Ei—l] = Mi{T) —20) + Ma(zg — 1)+ ...+ Mp(T0 — Tr 1),

pF G

S(P], and T(P] were examples of Riemann Sums . In general, Riemann Sums are of form &1

- "
where each i is the value we use to find the length of the rectangle in the i™ sub-interval. For example,
we used the maximum function value in each sub-interval to find the upper sums and the minimum function
in each sub-interval to find the lower sums. But since the function is continuous, we could have used any
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points within the sub-intervals to find the limit. Hence we can define the most general situation as follows:

Definition: If f is continuous on [a, b], we divide the interval [a, ] into 1= sub-intervals of equal width
b—a
with T n . Welet o=, F1,Eg, .., Tn = po e endpoints of these sub-intervals and let

L3 L] L]
Z15Tg; - - 3Ty be any sample points in these sub-intervals. Then the definite integral of f fromz =a
tox=">0is

/bf(E]dz i n]j_{';;‘qu(EE)&E-

i=1

Example 1:

3
Evaluate the Riemann Sum for J{Z) =T fromz =0toz = 3 using 72 = 6 sub-intervals and taking the
sample points to be the midpoints of the sub-intervals.

Solution:

If we partition the interval ['3:3] into = = 6 equal sub-intervals, then each sub-interval will have length

J3—-10 1 1
—_— =, AT ==
] 2 So we have 2 and
A
| >
1 2 3

6
Rs =Y f(z}) Az — f(0.25)Az+ f(0.T5) Az+f{1.25)Az+f(1.75) Az+ f(2.25) Az+ f(2.T5) Az
1

“(an) () (80) (2) (&) (2) (&) )+ (&) () () (2)

_ 2556 39.93
— 64 — 0 0
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Now let's compute the definite integral using our definition and also some of our summation formulas.

Example 2:

a
/ lds

Use the definition of the definite integral to evaluate v0

Solution:

Applying our definition, we need to find

fﬂ *dzr lim Z flzl) Az,
o =

Ti—=Do &
=1

] into ¢ sub-intervals of
3i
=

We will use right endpoints to compute the integral. We first need to divide [D:
a—-0 3
Nr=—=

length n oon Since we are using right endpoints,

Bl oW

]
EQZQ,EJ_: g = —, 0
n

i

3 _ 3 3 33, . B3NN2T.4 . BlxN 4
= S S ACE) = Jm Y = Jim D3 G = lim S

i=1 i=1 i—=1

:| 2
Recall that 1 . By substitution, we have

a F 2
jf‘:ﬁ: 1im=§{—“(“+1]} =]jm§{1+1} LY
a

Ti—oxd ﬂd' 2 Fi— D 4 T 4 as 11 — 0O

Hence

Before we look to try some problems, let's make a couple of observations. First, we will soon not need to
rely on the summation formula and Riemann Sums for actual computation of definite integrals. We will develop
several computational strategies in order to solve a variety of problems that come up. Second, the idea of
definite integrals as approximating the area under a curve can be a bit confusing since we may sometimes

get results that do not make sense when interpreted as areas. For example, if we were to compute the
3

a
zdr, .
definite integral j—3 then due to the symmetry of f[m] = Z about the origin, we would find that

3
f Eadﬂ: == 0 " »
—3 This is because for every sample point Tiz we also have ~ %4 is also a sample point with
a

3
“w = T dz
f(_m:i) - _f(m.‘f]' Hence, it is more accurate to say that _/—3 gives us the net area between
T = —3 and £ = 3. If we wanted the total area bounded by the graph and the = -axis, then we would
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i
2] ride = —
compute o 2 .

Lesson Summary

1. We used Riemann Sums to approximate areas under curves.
2. We evaluated definite integrals as limits of Riemann Sums.
Review Questions

In problems #1-7 , use Riemann Sums to approximate the areas under the curves.

1. Consider -ﬂ:T) =2—Z fom £ =0to £ = 2. Use Riemann Sums with four subintervals of equal
lengths. Choose the midpoints of each subinterval as the sample points.

2. Repeat problem #1 using geometry to calculate the exact area of the region under the graph of

flz)=2-z from £ = 0 to £ = 2. (Hint: Sketch a graph of the region and see if you can compute its
area using area measurement formulas from geometry.)

3. Repeat problem #1 using the definition of the definite integral to calculate the exact area of the region

under the graph of fT)=2—T tomz =010z =2.

2
4. f(Z)=2"—2% from £ =1to £ =4. Use Riemann Sums with five subintervals of equal lengths.
Choose the left endpoint of each subinterval as the sample points.

5. Repeat problem #4 using the definition of the definite intergal to calculate the exact area of the region

2
under the graph of flo)=2" -2 gomz =110z =4

2
6. Consider f[m] = 3z Compute the Riemann Sum of f on ['3: 1] under each of the following situations.
In each case, use the right endpoint as the sample points.

a. Two sub-intervals of equal length.
b. Five sub-intervals of equal length.

c. Ten sub-intervals of equal length.

d. Based on your answers above, try to guess the exact area under the graph of f on [D, 1]-

7. Consider f(x) = e*x. Compute the Riemann Sum of f on [0, 1] under each of the following situations. In
each case, use the right endpoint as the sample points.

a. Two sub-intervals of equal length.
b. Five sub-intervals of equal length.

c. Ten sub-intervals of equal length.

d. Based on your answers above, try to guess the exact area under the graph of f on [D, 1]'

3
8. Find the net area under the graph of flz)=2"—=z . £ = —1 to z = 1. (Hint: Sketch the graph and
check for symmetry.)



3
9. Find the total area bounded by the graph of flz) =2"— 2 sndthe z -axis, fromto T = —l to £ = 1.

10. Use your knowledge of geometry to evaluate the following definite integral:

3
/ V9 — zidz
0

from geometry.)

— 4/ ]
(Hint: set ¥ = 99—z and square both sides to see if you can recognize the region

Answers

1. Area =2
2. Area =2
3. Area =2

4. Area = 10.08

5. Area = 15.5
6.5 Area = 1875, | Area =132, . Area =115, § Areg =1
7 5 Area =218, Area =1.89, . Area =180, 4 Areq =" — 18 1.71
8. The graph is symmetric about the origin; hence Area = 0.
1
A N
Tea 9
el
Area = —.
10. The graph is that of a quarter circle of radius 3 ; hence 4

Evaluating Definite Integrals

Learning Objectives
» Use antiderivatives to evaluate definite integrals
* Use the Mean Value Theorem for integrals to solve problems

» Use general rules of integrals to solve problems

Introduction

In the Lesson on Definite Integrals, we evaluated definite integrals using the limit definition. This process
was long and tedious. In this lesson we will learn some practical ways to evaluate definite integrals. We
begin with a theorem that provides an easier method for evaluating definite integrals. Newton discovered

this method that uses antiderivatives to calculate definite integrals.

Theorem:
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If f is continuous on the closed interval [ﬂs b], then

f flz)dz = F(5) — Fla),

where F is any antiderivative of f.

/ f(z)dz — F(b) — Fla)

We sometimes use the following shorthand notation to indicate

' fm)dz = P&

The proof of this theorem is included at the end of this lesson. Theorem 4.1 is usually stated as a part of
the Fundamental Theorem of Calculus, a theorem that we will present in the Lesson on the Fundamental
Theorem of Calculus. For now, the result provides a useful and efficient way to compute definite integrals.
We need only find an antiderivative of the given function in order to compute its integral over the closed in-
terval. It also gives us a result with which we can now state and prove a version of the Mean Value Theorem
for integrals. But first let’s look at a couple of examples.

Example 1:

Compute the following definite integral:

3
j rider.
0

Solution:

_ 81

3
f e — —.
Using the limit definition we found that v© 4 We now can verify this using the theorem as follows:

4 a
We first note that T /4 is an antiderivative of flz)=1" Hence we have

3

ey TT_8L 0 _®
ﬁ$2_40_4 PR

We conclude the lesson by stating the rules for definite integrals, most of which parallel the rules we stated
for the general indefinite integrals.

ff@)@:n

jjf(z]dm = —lﬂf{m]dm
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[hf@)ﬁ:k[f@]@

)= g(allae = [ fiaytat [ glasas

[ s@is = [ saris s [ sio e

Given these rules together with Theorem 4.1, we will be able to solve a great variety of definite integrals.

Example 2:
2
j (z — V/T)d.
Compute -2
Solution:

4 4 4 7274 2 3¢ 1y 2 15 14 17
[ (I—ﬁ}df = -/1 Idx—l \/Edﬁ = E:| 1—§Iz:|1 = (8— E)—E(S—l] = ?—E = F

Example 3:
%’
j (z + cosz)dz.
Compute Jo
Solution:
a ar it ?_ ar . s 2
3 7 7 T sin T 2 44
(z+cosz)dz = (z)dz = (cosz)dz = —] gt } =T 1= :
0 0 0 2 1o 1 Jo 4 4
Lesson Summary
1. We used antiderivatives to evaluate definite integrals.
2. We used the Mean Value Theorem for integrals to solve problems.
3. We used general rules of integrals to solve problems.
Proof of Theorem 4.1
b—a
. e @8 . Az =
We first need to divide [*2 %] into m sub-intervals of length n . Welet
Tg=8,T1,T9,...,%n =B pethe endpoints of these sub-intervals.
Let # be any antiderivative of T
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Consider ¥ &) — F(a) = F(zy) — F(zo).

We will now employ a method that will express the right side of this equation as a Riemann
Sum.

In particular,

F(b) — F(a) = F(za) — F(zo)

= F(z,) — Flrp 1)+ F(znn) — FzZa_g) + F{Ta-3) — ... — Flz) + F(z1)

— > [F(m:) — Pz ).

Note that # is continuous. Hence, by the Mean Value Theorem, there exist & € [Ei —1, Ti]
such that F(Z:) — Flzi1) = F'le)zi — 1) = fla)Az.

Hence
F(b) - Fla) = ) Fed(m—zs) = ) fle) A,

Taking the limit of each side as 1 — 00 we have

i— 04

lim, [F(5) — F(@)] = Tim ) fle)am.

b
f f(z)dz
We note that the left side is a constant and the right side is our definition for Ja .

Hence

F®) - Fla) = lim ) fedds = [ faye.

Proof of Theorem 4.2
F(z) — j Flz)de.
Let 2

By the Mean Value Theorem for derivatives, there exists © S [a., b] such that

P - PO




Flz) =

From Theorem 4.1 we have that F' is an antiderivative of f. Hence, (E] - f(r] and in particular,
r

F'lc) = flc). Hence, by substitution we have

- FO= 1@

Pla)— [ fla)z—o.

Note that Hence we have

fo =20

and by our definition of F(z) we have
b
fley= 2 F®)= — [ fa)d
)= —— = — T)dz.
b—ea b—ea f,
This theorem allows us to find for positive functions a rectangle that has base [a,, b] and height _f(c] such

b
j f(z)dez.
that the area of the rectangle is the same as the area given by J= In other words, _f(c] is the

average function value over [a, b]-

Review Questions

In problems #1-8, use antiderivatives to compute the definite integral.

) Ll(t —t5)dt
AT

j 4 1) + )iz

4.

T

e

84
f(—+$2—|—z]dr
5. J2

203



4
2
/ dr
7. J1 T+ 3

8. Find the average value of flz)= vz over [1:9].

/ " iz~

9.If f is continuous and show that f takes on the value 3 at least once on the interval

[1,4].
10. Your friend states that there is no area under the curve of J (Z) = 8T o [0, 27] gince he computed

2
/ sinzdr = 0
0 Is he correct? Explain your answer.

Answers
g
3
—ldr =6
1.L (ﬁ)

1 2 1
) l (1:—t]aht=ﬁ

v”
X / (— v,_)dz —2v5 - 2v/2 +
f A& — 1) + iz = —

2
4 9417
/ -+ 2® + z)dr = —— =3 196.19
2

48
4 gl2 _ B
(e")de = —————
6. j:; 3

t 9
1 T+3

13

8. 6

de=2In7—-2In4

N

o

. Apply the Mean Value Theorem for integrals.

2rr
j 8in r dzx

10. He is partially correct. The definite integral o computes the net area under the curve.

However, the area between the curve and the £ -axis is given by
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A= /si_nzdz=—cosz]o=2.
0

The Fundamental Theorem of Calculus

Learning Objectives

* Use the Fundamental Theorem of Calculus to evaluate definite integrals

Introduction

In the Lesson on Evaluating Definite Integrals, we evaluated definite integrals using antiderivatives. This
process was much more efficient than using the limit definition. In this lesson we will state the Fundamental

Theorem of Calculus and continue to work on methods for computing definite integrals.

Fundamental Theorem of Calculus:

Let f be continuous on the closed interval [a, b]-

Flr) = ) t)dz, r
1. If function # is defined by () L fe)dz on (@, bl ,then ¥ (z) = f{z} on [a,B].

2.1f 4 is any antiderivative of f on [8:8]; then

j )it = g(5) — gla).

We first note that we have already proven part 2 as Theorem 4.1. The proof of part 1 appears at the end of
this lesson.

Think about this Theorem. Two of the major unsolved problems in science and mathematics turned out
to be solved by calculus which was invented in the seventeenth century. These are the ancient problems:

1. Find the areas defined by curves, such as circles or parabolas.
2. Determine an instantaneous rate of change or the slope of a curve at a point.

With the discovery of calculus, science and mathematics took huge leaps, and we can trace the advances
of the space age directly to this Theorem.

Let’s continue to develop our strategies for computing definite integrals. We will illustrate how to solve the
problem of finding the area bounded by two or more curves.

Example 1:

1
Find the area between the curves of flz)==z and glz) ==
Solution:

We first observe that there are no limits of integration explicitly stated here. Hence we need to find the limits
by analyzing the graph of the functions.
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We observe that the regions of interest are in the first and third quadrants from £ = —1to z = 1. Wealso
observe the symmetry of the graphs about the origin. From this we see that the total area enclosed is

1
1 1 1 P 4
1 1 1 1

2 | (z—2Nde =2 gdr — | odz| =2 |Z| — 2| = =2|z_=|=2|3| ==

0 0 0 2 o 4 2 4 4 2
Example 2:
Find the area between the curves of f[m] = |T - 1| and the T -axis from £ = —11t0 z = 3.
Solution:

We observe from the graph that we will have to divide the interval [—1, 3] into subintervals [—1, 1] and
[1,3].

\ X
! 1 1 »l
I T T T T >

-5.0 4.0 -3.0 -2.0 -1.0 1.0 2.0 3.0 4.0 5.0
-1.01

-2.0 1

-3.01

Hence the area is given by
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/_11(_“1}41“[3@_ 1)dz — (_i; n z)

Example 3:

2
Find the area enclosed by the curves of flz) =2 +22+1 5

glz) = —® — 2z +1.

Solution:

The graph indicates the area we need to focus on.

f(x)=x"2+2x+1

g(x)=-x"2-2x+1

0 0 3
/ (—$2—2m+1)dx—/ (2%+2z+1)de = (_E — 4 a:)
-2 -

—2

Before providing another example, let’s look back at the first part of the Fundamental Theorem. If function

F = i d;
F is defined by (=) Lf(t} :

tiate the integral with respect to T: we have

& [ 108 =F@) - fa).

This fact enables us to compute derivatives of integrals as in the following example.

Example 4:

Use the Fundamental Theorem to find the derivative of the following function:

o(z) = j 0+ P

on [a, B] then F’(E] = f(z) on e, B]. Observe that if we differen-
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Solution:

While we could easily integrate the right side and then differentiate, the Fundamental Theorem enables us
to find the answer very routinely.

g’(z)=%f:(1+%)dt=1+ef5.

This application of the Fundamental Theorem becomes more important as we encounter functions that may
be more difficult to integrate such as the following example.

Example 5:

Use the Fundamental Theorem to find the derivative of the following function:

gl{z) = j:(tz cost)dt.

Solution:

In this example, the integral is more difficult to evaluate. The Fundamental Theorem enables us to find the
answer routinely.

d T
gl{z) = EL (t? cost)dt = =’ cos z.

Lesson Summary

1. We used the Fundamental Theorem of Calculus to evaluate definite integrals.

Fundamental Theorem of Calculus

Let f be continuous on the closed interval [ﬂ-= b]-

Fia) - [ (o ,
1. If function ¥ is defined by a , on [2,8], then F'(Z) = F(T}, on [2.8].
2. If 4 is any antiderivative of f on [2,B], then
b
| 10— 506}~ o).

We first note that we have already proven part 2 as Theorem 4.1.

Proof of Part 1.

Flx) = i d
1. Consider (=) L feyd, on [, B].




2. T,CE [ﬂ':b]': < T

/f@ﬂ=ff@ﬁ+/f@ﬁ
Then Je o by our rules for definite integrals.

5. Then sz(f]fﬁ—ff(t]dt=lzf(t)dt e, F(z}—F(c)zlz Fle)dt.

4. Since £ is continuous on (% 8 and T:€ € [3,B], ¢ < T then we can select #: ¥ € [€:%] such that
f(“) is the minimum value of and f(”] is the maximum value of f in [C: E]- Then we can consider

Fa){Z — €} a5 alower sum and F{PHT =€) 45 an upper sum of f from ¢ to . Hence

Ha)z— ¢ < f " s < fw)z—c).
5. e

6. By substitution, we have:
flu)(z —c) £ Flz) — Fle) < fv)z — o).
7. By division, we have

) < T

r—c

8. When T is close to & then both J (%) and (¥} are close to J(€} by the continuity of f

Flx) - F Flx) - F
lim —{m] () = fle). lim —(ﬁ) () = fle}.

9. Hence z—c* T—cC Similarly, if T < €; then =—c~ T—cC Hence,
. F{z) - F(c)
lzlﬂ T—cC = fle).
10. By the definition of the derivative, we have that

’ . F(z) — F(c)
Flc) =lim —— = f(c

(©) zoe T —C 1 for every € € [2,B]. Thus, F is an antiderivative of  on [2, B].

Review Questions

In problems #1-4, sketch the graph of the function -ﬁg) in the interval [a, b]' Then use the Fundamental
Theorem of Calculus to find the area of the region bounded by the graph and the £ -axis.

1 flz) =2z + 3, [0,4]
2. _f(T) = EEJ [ﬂ: 2]

3. f($)=$2—|—$, 1, 3]
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2
4. f(E) =i — I, [0:2]
(Hint: Examine the graph of the function and divide the interval accordingly.)

In problems #5—7 use antiderivatives to compute the definite integral.

+1
f |z|dx
5 v-1

3
j 12* — 2/dz
6. VO

(Hint: Examine the graph of the function and divide the interval accordingly.)

+4
j [|lz— 1|+ |z + 1| d=z
7.

-2
(Hint: Examine the graph of the function and divide the interval accordingly.)

In problems #8-10, find the area between the graphs of the functions.
g f(z) =z, g{z}) ==, [0,2]

0. flz) = 2*, glz) =4, [0,2]

10 fl@) =2" +1, glz) =3z, [0,3]

Answers

1. Area =28

A
15.01Y
14.01
13.0T
1201
1.0+
10.0t

5 Area =¢€> — 1



3.0 4.0 5.0

= _ 1

SNWAROONPOOINWAG

ocoooo|| cooooocoooocooooo

oy >

4, Area =1

504y
40+

3.0T

oy #
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+4
j l|$—1|—|—|$—|—1|}dm=22
7. 9—

30T
2071

101

»l

3.0 -20 -1.0

1.0+

>

5.0

Area
10
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Integration by Substitution

Learning Objectives

» Integrate composite functions

» Use change of variables to evaluate definite integrals

+ Use substitution to compute definite integrals

Introduction

In this lesson we will expand our methods for evaluating definite integrals. We first look at a couple of situations
where finding antiderivatives requires special methods. These involve finding antiderivatives of composite
functions and finding antiderivatives of products of functions.

Antiderivatives of Composites

Suppose we needed to compute the following integral:

j 32?2V1 + z3dz.
Our rules of integration are of no help here. We note that the integrand is of the form flg(z)) * §'(2) where
g(z) = 1+2° and flz) = V.

Since we are looking for an antiderivative # of i and we know that F = [, we can re-write our integral
as

/v‘1+z'3-3mzdz=§( 1+28)7 4+ C.

In practice, we use the following substitution scheme to verify that we can integrate in this way:

1. Llete=1+z
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2. Differentiate both sides so du = 3z de.

3. Change the original integral in £ to an integral in 1 :

/v1+m3-3$2dm=jﬁdu,

where & = 1 + £° and du = 3¢°de.

4. Integrate with respect to 1 :

fﬁdﬂ - /u%duz

5. Change the answer back to & :

balea

+

i

Ll b

gu%+0= 5( 1+m3)%+C.

jv’idu _

While this method of substitution is a very powerful method for solving a variety of problems, we will find
that we sometimes will need to modify the method slightly to address problems, as in the following example.

Example 1:

Compute the following indefinite integral:

fmgemada:.

Solution:

We note that the derivative of z° is 3z? ; hence, the current problem is not of the form

[Pl y@s.
But we notice that the derivative is off only by a constant of 3 and we know that
constants are easy to deal with when differentiating and integrating. Hence

Let i =$3.

Then du = 3z°dz.

Changing back to & , we have

jmzezadm = %e“a +



We can also use this substitution method to evaluate definite integrals. If we attach limits of integration to
our first example, we could have a problem such as

4
j V1 4+ 23 . 3z2dr.
1

The method still works. However, we have a choice to make once we are ready to use the Fundamental
Theorem to evaluate the integral.

f\/l—l—zﬂ - 3r%dz =f\/z_xdu
Recall that we found that for the indefinite integral. At this point, we

could evaluate the integral by changing the answer back to & or we could evaluate the integral in 1. But
we need to be careful. Since the original limits of integration were in £ , we need to change the limits of
integration for the equivalent integral in . Hence,

4 65
j V1 + 2% . 32dz = Vudu,
1

u=2 wherea =1+
: L 2 % 2
/ V14 28 . 32%dz = Vuduzgui = Z(v65% — /B)
1 n=32 n—=0

Integrating Products of Functions

[ r@atayas
We are not able to state a rule for integrating products of functions, but we can get a rela-
tionship that is almost as effective. Recall how we differentiated a product of functions:

ﬁf{m]g(m) = f(z)g'(g) + g(ﬂf’(m)_

So by integrating both sides we get

/ [f(z)g'(z) + g(2)f'(z)]dz = f(z)g(z),

or

/ F(z)g(@)dz = f(z)e(z) — f (@) f'(@).

In order to remember the formula, we usually write it as

judﬂ =uv—/ﬂdu.

We refer to this method as integration by parts. The following example illustrates its use.

Example 2:
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Use integration by parts method to compute

j retder.

Solution:

We note that our other substitution method is not applicable here. But our integration by parts method will
enable us to reduce the integral down to one that we can easily evaluate.

Letw = £ and dv = €°dx then du = dz and v = €°

By substitution, we have

f:r:e“ds: =zt — /e’dm.

We can easily evaluate the integral and have

fmezﬁzxe”—je“dmzmez—em+c.

And should we wish to evaluate definite integrals, we need only to apply the Fundamental Theorem to the
antiderivative.

Lesson Summary
1. We integrated composite functions.
2. We used change of variables to evaluate definite integrals.

3. We used substitution to compute definite integrals.
Review Questions

Compute the integrals in problems #1-10.

fm]_nmdr
1.

3
/ vzlnzdr

2./1

T
—d
3./1,"2$—|—1 *

1
/ /1 — z2dx
4. J0
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/m cos zdT
5.

1
j /23 1 9dz
6. /0

/ (l . e%) dr
7 z?
/zae”zda:
1
j I
£1
f Lz
10. J1 T

20 lnz — 1
/rhlrdm=¥+c
1.

3 2 2 2
/ v’ilnmx=—(m3%——-3%+—)
o 3 3

(z —1)v2z+1

T
" gr—
3. /\I2T—|—1 o 3

1
szVI—zgdzzi
4 Jo 15

fECDSEdI = TENT+ COST+ €

/ W@—E[UE—ET}

1
/msemzda: = 52(22 —1)+e¢

_dﬂ: — 7 N
0. arz 9

Inz —An+ /T 4
T e
T2
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£1]
/—dz=l
10. J1 ¥

Numerical Integration

Learning Objectives

» Use the Trapezoidal Rule to solve problems
» Estimate errors for the Trapezoidal Rule

+ Use Simpson’s Rule to solve problems

» Estimate Errors for Simpson’s Rule

Introduction

Recall that we used different ways to approximate the value of integrals. These included Riemann Sums
using left and right endpoints, as well as midpoints for finding the length of each rectangular tile. In this lesson
we will learn two other methods for approximating integrals. The first of these, the Trapezoidal Rule, uses
areas of trapezoidal tiles to approximate the integral. The second method, Simpson’s Rule, uses parabolas
to make the approximation.

Trapezoidal Rule

Let’s recall how we would use the midpoint rule with 72 = 4 rectangles to approximate the area under the

2
graph of FE) ="+l gomz =0tz =1.

F(x) =%

NV
N =
EN[&)

-

Ifinstead of using the midpoint value within each sub-interval to find the length of the corresponding rectangle,
we could have instead formed trapezoids by joining the maximum and minimum values of the function within
each sub-interval:
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N

NN
-

FERLCRA)
The area of a trapezoid is 2 , Where B1 and B2 are the lengths of the parallel sides and h

is the height. In our trapezoids the height is Az and B1 and B2 are the values of the function. Therefore in
finding the areas of the trapezoids we actually average the left and right endpoints of each sub-interval.
Therefore a typical trapezoid would have the area

_,ﬁm

A=— (Flzioa) + fl=i))

b
/ f(z)dz
To approximate Ja with 12 of these trapezoids, we have

l flz)dr ~ % [Z Flo Az + Z flz) Az

A

= - Lf(Za) + fl21) + flaa) + flza) + fl22) + ..+ f(En1) fl2n)]

2 (o) + 26(m) +26(20) + . + 2 (w2} @n)], Bz = =

[/ 4

Example 1:

a
f 2 dr
Use the Trapezoidal Rule to approximate 0 with 12 =6 |

Solution:

FAY: }
We find T 6 2
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[ IO+ 31G)+200) 21D + 212 + 21D + £3)

1

=20+2- P+ D+2-D+2-9+2- P +9
1 73
= E[%} =g =912
)
Of course, this estimate is not nearly as accurate as we would like. For functions such as f(z] =T we

can easily find an antiderivative with which we can apply the Fundamental Theorem that

3
3 1

f T’dr = m_] =g,
0 3

o But it is not always easy to find an antiderivative. Indeed, for many integrals it is
impossible to find an antiderivative. Another issue concerns the questions about the accuracy of the approx-

a
f 2 dr
imation. In particular, how large should we take n so that the Trapezoidal Estimate for +0 is accurate

to within a given value, say 0.001 ? As with our Linear Approximations in the Lesson on Approximation
Errors, we can state a method that ensures our approximation to be within a specified value.

Error Estimates for Simpson's Rule
We would like to have confidence in the approximations we make. Hence we can choose 7 to ensure that

the errors are within acceptable boundaries. The following method illustrates how we can choose a sufficiently
large 1.

U
Suppose |f (EN <k for & < T < B. Then the error estimate is given by

k(b —a)®

|ErrarTrmpeznidn£| S 12“2

Example 2:

3
/ 2dz
Find 12 so that the Trapezoidal Estimate for 10 is accurate to 0.001.

Solution:

13
We need to find 1= such that | ETTorrropesaiam| < 0.001. We start by noting that ()| =2 for
0 <z < 3. Hence we can take K = 2 to find our error bound.

2(3—0)% 54
12n?  12n?

|Ererrn.peznidnl | E

We need to solve the following inequality for 7z :

o < 0.00,



. 54

™ 2 12{0.001)’
> M 6708
"2\ 1200001 T 0T

Hence we must take 712 = 68 to achieve the desired accuracy.

From the last example, we see one of the weaknesses of the Trapezoidal Rule—it is not very accurate for
functions where straight line segments (and trapezoid tiles) do not lead to a good estimate of area. It is
reasonable to think that other methods of approximating curves might be more applicable for some functions.
Simpson’s Rule is a method that uses parabolas to approximate the curve.

Simpson’s Rule :

As was true with the Trapezoidal Rule, we divide the interval [, B] into ¢ sub-intervals of length
b—a
Ar = . . .
1 We then construct parabolas through each group of three consecutive points on the graph.

The graph below shows this process for the first three such parabolas for the case of 12 = 6 sub-intervals.
You can see that every interval except the first and last contains two estimates, one too high and one too
low, so the resulting estimate will be more accurate.

A

XD X1 XZ X3 X4 X5 XE

Using parabolas in this way produces the following estimate of the area from Simpson’s Rule:

/ Ha)dz =~ % [F(zo) + 4f(21) + 2/ (22) + 4 (@a) + 2f (2a)... + 2(Zn-a) + 4f (Zn1) + flan)].

We note that it has a similar appearance to the Trapezoidal Rule. However, there is one distinction we need
to note. The process of using three consecutive Zi to approximate parabolas will require that we assume
that 1 must always be an even number.

Error Estimates for the Trapezoidal Rule

As with the Trapezoidal Rule, we have a formula that suggests how we can choose 7 to ensure that the
errors are within acceptable boundaries. The following method illustrates how we can choose a sufficiently

large 1.
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4
Suppose |f (T” <k for & < T < B. Then the error estimate is given by

k(b —a)®

|Err0rsim.psm| E 18[]?14

Example 3:
4
1
/ —dz

a. Use Simpson’s Rule to approximate 1 z with 12 = 6 .
Solution:

b—a 4-1 1
We find w62

[ Lan = gl - 403) 27 41D - 2@ + 41 Q)+ 1)

—g+ @ Br@ D@ D@ Pr@ P+

= %[%} — 1.3956.

This turns out to be a pretty good estimate, since we know that

4 1 4
/ —dr = ]nz] = In(4) — In{1} = 1.3863.
1 I

1

Therefore the error is less than 0.01 .

—dz
b. Find 12 so that the Simpson Rule Estimate for fl T s accurate to 0.001.

Solution:

We need to find © such that |Ermr*“'"‘i“-"’"| < 0.001. We start by noting that
1 <z < 4. Hence we can take K = 24 to find our error bound:

24(4—1)° 5832
180nt  180n*

| Errwsimpsm | S

Hence we need to solve the following inequality for 1 :

|4z =

24

P

for



5832
180m*

< 0.001.

We find that

., 5532
n —
180(0.001)"

> a0 1349
™ 180(0.001)

Hence we must take 72 = 14 to achieve the desired accuracy.

Technology Note: Estimating a Definite Integral with a TI-83/84 Calculator

4

1
f —dr
We will estimate the value of /1 T

1
==
1. Graph the function T with the [WINDOW] setting shown below.

2. The graph is shown in the second screen.

3. Press 2nd [CALC] and choose option 7 (see menu below)

limits.

4. When the fourth screen appears, press [1] [ENTER] then [4] [ENTER] to enter the lower and upper

5. The final screen gives the estimate, which is accurate to 7 decimal places.|_#tr==

i
1T
c
M
u

2N
e
37
o}
K;
c
K;

EU‘-M-&MM

SFCxIdx=1.ZHa=944

Lesson Summary

1. We used the Trapezoidal Rule to solve problems.

2. We estimated errors for the Trapezoidal Rule.
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3. We used Simpson’s Rule to solve problems.

4, We estimated Errors for Simpson’s Rule.

Review Question

1
j e %dx
1. Use the Trapezoidal Rule to approximate 0 with 2 = 8.

l " Iny/zds

2. Use the Trapezoidal Rule to approximate with 1 = 6.

1
/ v1+ ridr

3. Use the Trapezoidal Rule to approximate +0 with 12 = 4.
a
1
/ —dz
4. Use the Trapezoidal Rule to approximate /1 z with 2 = 8.
3
1
/ —dzr

. How large should you take 7 so that the Trapezoidal Estimate for J/1 %

~N O

1
/ e “dr
6. Use Simpson’s Rule to approximate 0 with 12 = 8.

/ " Jalnzdz

7. Use Simpson’s Rule to approximate 1 with 2 = 6.

d:

|
——ilx
8. Use Simpson’s Rule to approximate l Vet +1  with n = 6.

1
/ V14 ridr
0

9. Use Simpson’s Rule to approximate with 12 = 4.

is accurate to within 0.001

2
/ edr

10. How large should you take 1 so that the Simpson Estimate for ~/0 is accurate to within 0.00001

?

Answers

1
/ e Tdz == 0.16
1.Jo

4
/ Inv/zdz = 1.26
2.J1
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1
/ V1 4+ zids =2 1.10
3. 70

3

1
j—dﬂ:ml.l[]

4.J1 T

5.Take n = 19
1
f e Tdz =2 0.16
6. J1o
4
j vzlnzdr = 1.28
7.J1
/2 ! de = 1.36
8. Jo vz*+1 '
1
/ V1 + zdz = 1.09
9. J0

10. Take 7 = 9
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5. Applications of Definite Integrals

In this chapter, we will explore some of the many applications of the definite integral by using it to calculate
areas between two curves, volumes, length of curves, and several other applications from real life such as
calculating the work done by a force, the pressure a liquid exerts on an object, and basic statistical concepts.

Area Between Two Curves

Learning Objectives

A student will be able to:

Compute the area between two curves with respect to the T - and ¥ -axes.
In the last chapter, we introduced the definite integral to find the area between a curve and the T - axis

over an interval [ﬂs b]' In this lesson, we will show how to calculate the area between two curves.

Consider the region bounded by the graphs f and ¥ between z =a and T = B, as shown in the figures
below. If the two graphs lie above the £ -axis, we can interpret the area that is sandwiched between them

as the area under the graph of 9 subtracted from the area under the graph I

y
A

f(x)

Ty

b X

Figure 1a
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g(x)

a2 b X
Figure 1b
y
A
f(x)
a2 b - X

Figure 1c

Therefore, as the graphs show, it makes sense to say that

[Area under f (Fig. 1a)] — [Area under § (Fig. 1b)] = [Area between f and 8 (Fig. 1c)],



Lhﬂm]dﬁ_ lbg(m] = [i[fiﬁ)l — g{z))dz.

This relation is valid as long as the two functions are continuous and the upper function _f(m] > g{z) on

the interval [a, B].

The Area Between Two Curves (With respect to the T -axis)

it £ and 9 are two continuous functions on the interval (& B and f(E) = 8{Z) for all values of Z in the
interval, then the area of the region that is bounded by the two functions is given by

A= [1rte) - glada.

Example 1:

2
Find the area of the region enclosed between ¥ =Z and ¥ = + 6.

!

Figure 2

Solution:

We first make a sketch of the region (Figure 2) and find the end points of the region. To do so, we simply
equate the two functions,
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* =z +8,
and then solve for .

2z —8 =0

(z+2){z—3) =0

from which we get £ = —2 and = = 3.
So the upper and lower boundaries intersect at points {—2, 4] and (3: 9)-

a _ a2
As you can see from the graph, £+ 9 2 Z° and hence (£} =2+6 3nq 9(T) =2 i the interval

[~2,3]. Applying the area formula,

A [}
_ j [f(z) — gle)lde

_ f_ 2+ 6) - (z")lds.

Integrating,
A [Ez 6 $3‘| i
= S T — —
2 a3 .
B 125
=5

)
So the area between the two curves § (Z) = T+ 6 ang 9(z) = 7° 5 125/6.
Sometimes it is possible to apply the area formula with respect to the ¥ -coordinates instead of the £ -co-

ordinates. In this case, the equations of the boundaries will be written in such a way that ¥ is expressed
explicitly as a function of & (Figure 3).
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v(y) w(y)

- X

Figure 3

The Area Between Two Curves (With respect to the y-axis)

If w and v are two continuous functions on the interval e, 4] and w(y) 2 v(y) for all values of ¥ in the
interval, then the area of the region that is bounded by T = v(¥} on the left, T = w{¥) on the right, below

by ¥ = € and above by ¥ = d, is given by

A= f [w(y) — v(y)]dy.

Example 2:

2
Find the area of the region enclosed by £ =¥ and ¥ =€ — 6.

Solution:
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Figure 4

g
As you can see from Figure 4, the left boundary is £ = ¥ and the right boundary is ¥ = Z — 8. The region

extends over the interval —2 < ¥ < 3. However, we must express the equations in terms of ¥- We rewrite

T =y2
Thus

A 3 2
=f [y+6—y'|dy

-2
2 373
Z[y_%y_y_]
-2

125
8

Review Questions

In problems #1—7, sketch the region enclosed by the curves and find the area.

p)
1. 9=, 4= \/'E, on the interval [0-251 1]
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2 ¥=0, y=co82Z, jtheinterval L4’ 2

s y=|—1+z|+2, ¥=F=+7

4 Yy=cosz, y=s8nz, =0, p —ox

P!
5T =4, ¥y=T— 2, integrate with respect to ¥
6 Y —dz=4,4z—y=16

2 y=8cosz, y = sec’z, —7/3<z<xf3

3
8. Find the area enclosedby € =¥ and T = ¥

9
9. If the area enclosed by the two functions ¥ = kcosz gng ¥ = R is 2, what is the value of k ?

2
10. Find the horizontal line ¥ = ¥ that divides the region between ¥ = Z" and ¥ = Jinto two equal areas.

Answers

| 49/192

2. 1/2
3.24

4 42

5. 9/2

30

9 k= 1.83

10, 9/V4
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Volumes

Learning Objectives

* Learn the basic concepts of volume and how to compute it with a given cross-section
* Learn how to compute volume by the disk method

* Learn how to compute volume by the washer method

* Learn how to compute volume by cylindrical shells
In this section, we will use definite integrals to find volumes of different solids.
The Volume Formula

A circular cylinder can be generated by translating a circular disk along a line that is perpendicular to the
disk (Figure 5). In other words, the cylinder can be generated by moving the cross-sectional area A (the
disk) through a distance k. The resulting volume is called the volume of solid and it is defined to be

V = Ah

u
=SSe

Figure 5




Figure 6

The volume of solid does not necessarily have to be circular. It can take any arbitrary shape. One useful
way to find the volume is by a technique called “slicing.” To explain the idea, suppose a solid & is positioned

on the Z -axis and extends from points £ = & to £ = b (Figure 6). Let A(T) be the cross-sectional area
of the solid at some arbitrary point Z. Just like we did in calculating the definite integral in the previous

chapter, divide the interval [‘11 b] into 12 sub-intervals and with widths
Az, Axg, AT, ..., AT,.
Eventually, we get planes that cut the solid into n slices

Sl;SE: Sﬂ-: 000 JS!'I.'

Take one slice, Sk. We can approximate slice Sk tobe a rectangular solid with thickness Agy and cross-

sectional area Alzy). Thus the volume ¥& of the slice is approximately
Vk o A{Ek].&Ek.
Therefore the volume V¥ of the entire solid is approximately

V=Vi+W+...+V,
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L1}

R Z Alzy ) Ay

k=1
If we use the same argument to derive a formula to calculate the area under the curve, let us increase the

number of slices in such a way that Mgy —0 . In this case, the slices become thinner and thinner and,
as a result, our approximation will get better and better. That is,

V= lim = > Alzy) Az

k=1

Notice that the right-hand side is just the definition of the definite integral. Thus

V i
= lim =ZA[mk]ﬂ.mk
k=1

Hr—0

= f: Afz)dz.

The Volume Formula (Cross-section perpendicular to the & -axis)

Let & be a solid bounded by two parallel planes perpendicular to the £ -axis at Z =& and £ = b. If

each of the cross-sectional areas in [‘11 b] are perpendicular to the x- axis, then the volume of the solid is
given by

b
V- / Alz)dz.
a where A(T) is the area of a cross section at the value of x on the x-axis.

The Volume Formula (Cross-section perpendicular to the ¥ -axis)
Let S be a solid bounded by two parallel planes perpendicular to the ¥ -axisat ¥ =C and ¥ = 4. |f each

of the cross-sectional areas in [C: d] are perpendicular to the ¥ -axis, then the volume of the solid is given
by

d
V= / Aly)dy. A
e where A{¥) is the area of a cross section at the value of ¥ on the ¥ -axis.

Example 1:

Derive a formula for the volume of a pyramid whose base is a square of sides @& and whose height (altitude)
is k.

236



Figure 7a

b/2

a/2
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Figure 7b
Solution:

Letthe ¥ -axis pass through the apex of the pyramid, as shown in Figure (7a). At any point ¥ in the interval

[[], h]: the cross-sectional area is a square. If & is the length of the sides of any arbitrary square, then, by
similar triangles (Figure 7b),

b _h—y
3¢ h
b @

—g(h—y]-

Since the cross-sectional area at ¥ is A[-y] = sz

Aly) =¥ = %(h —y)".

Using the volume formula,

v d
=/ Aly)dy
ko
i o
= | Z(h_y)%d
lhg( y) dy
412 i
=E£ (h—y]zdy-

Using 1 -substitution to integrate, we eventually get

1
V =-d’h
Therefore the volume of the pyramid is 3 , Which agrees with the standard formula.

Volumes of Solids of Revolution

The Method of Disks
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Figure 8a
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f(x)

- ™

Figure 8b

Suppose a function f is continuous and non-negative on the interval [a, b], and suppose that # is the
region between the curve f and the £ -axis (Figure 8a). If this region is revolved about the & -axis, it will

generate a solid that will have circular cross-sections (Figure 8b) with radii of f(m) at each . Each cross-
sectional area can be calculated by

A(z) =« f(@)]".

Since the volume is defined as

V= L b Alz)dz,

the volume of the solid is

v [ i)
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Volumes by the Method of Disks (revolution about the T -axis)

v [ i)

Because the shapes of the cross-sections are circular or look like the shapes of disks, the application of this
method is commonly known as the method of disks .

Example 2

Calculate the volume of the solid that is obtained when the region under the curve V’E is revolved about

the T -axis over the interval [1= 7]-
Solution:

As Figures 9a and 9b show, the volume is

Vo [ el

-/ v

[
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Figure 9a
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Figure 9b

Example 3:

Derive a formula for the volume of the sphere with radius 7.
Solution:

One way to find the formula is to use the disk method. From your algebra, a circle of radius ¥ and center
at the origin is given by the formula

TE_'_yE:TB

If we revolve the circle about the = -axis, we will get a sphere. Using the disk method, we will obtain a formula
for the volume. From the equation of the circle above, we solve for ¥ :

flz) =y =+vr?—z?

thus
V ]
R

243



This is the standard formula for the volume of the sphere.
The Method of Washers

To generalize our results, if f and g are non-negative and continuous functions and

flz) > g{z)
for

a<zT<h,

Then let &£ be the region enclosed by the two graphs and bounded by £ = & and £ = & When this region
is revolved about the = -axis, it will generate washer-like cross-sections (Figures 10a and 10b). In this case,

we will have two radii: an inner radius Q(T) and an outer radius f(T]- The volume can be given by:

V(z) = / 7 ((F@)? — [g(@)]?) dz.
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Figure 10a

Figure 10b

Volumes by the Method of Washers (revolution about the T -axis)‘
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Viz)= [ = (F@)P - o)) de.

Example 4:

2
Find the volume generated when the region between the graphs Flz) =2"+1 g3ng 9(Z) =T overthe

interval [D: 3] is revolved about the & -axis.

Solution:
Ay f(x)
g(x)
N
- o\ - X
v
Figure 11a
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Figure 11b

From the formula above,

V&)=fﬂﬂﬂﬂF—Mﬂﬂﬂ

= i T ((EE + 1)2 — (E]z) dr

K|
=j TF(E4+E2+1}€£I
0

303w

5

The methods of disks and washers can also be used if the region is revolved about the ¥ -axis. The analogous
formulas can be easily deduced from the above formulas or from the volumes of solids generated.

Disks:

v = [(wmtra
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Washers:

V=ff%@@ﬁ—mwﬂ@-

Example 5:

What is the volume of the solid generated when the region enclosed by ¥ = \/Ev ¥=3 andz=0is
revolved about the ¥ -axis?

Solution:
: : . - , =T — o2
Since the solid generated is revolved about the ¥ -axis (Figure 12), we mustrewrite ¥ = VI as T =¥ -
.3
Thus 2{¥) =¥"- The volume is

\

- [ rintsaray
= ﬁ E"?f['.eaf”]ﬂrrfzt,r

3
= f ny dr
0
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Figure 12a
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Figure 12b
Volume By Cylindrical Shells

The method of computing volumes so far depended upon computing the cross-sectional area of the solid
and then integrating it across the solid. What happens when the cross-sectional area cannot be found or

the integration is too difficult to solve? Here is where the shell method comes along.

To show how difficult it sometimes is to use the disk or the washer methods to compute volumes, consider
2

the region enclosed by the function flz) == — 2% | ot us revolve it about the line £ = —1 to generate

the shape of a doughnut-shaped cake. What is the volume of this solid?
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Figure 13a
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Figure 13b

If we wish to integrate with respect to the ¥ -axis, we have to solve for £ in terms of ¥- That would not be
easy (try it!). An easier way is to integrate with respect to the & -axis by using the shell method. Here is
how: A cylindrical shell is a solid enclosed by two concentric cylinders. If the inner radius is ¥1 and the outer

one is T2: with both of height h, then the volume is (Figure 14)
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(rg + rl]] R (rg— 1),

2

1
2

|

(

wlrg — 711

V = [area of the cross-section] - [height]
=af{rg +r1)(rg — T )k
— O -

is the average radius of the

(’-"‘2 + Tl)

1

Notice however that (ra —r1) is the thickness of the shell and 2

shell.

Figure 14
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Thus
V = 2« - [average radius] - [height| - [thickness].
Replacing the average radius with a single variable T and using & for the height, we have
V =2x .7 - h - [thickness].
In general the shell’s thickness will be 4z or dy depending on the axis of revolution. This discussion leads

to the following formulas for rotation about an axis. We will then use this formula to compute the volume V'
of the solid of revolution that is generated by revolving the region about the & -axis.

Volume By Cylindrical Shell about the y-Axis

Suppose f is a continuous function in the interval [a., b] and the region R isbounded above by = f(T)
and below by the T -axis, and on the sides by the lines £ = & and £ = b. If K is rotated around the ¥

-axis, then the cylinders are vertical, with ¥ = & and k= -ﬁg) The volume of the solid is given by

V= Lh 2arhdz = f: 2nzf(z)de.

Volume By Cylindrical Shell about the = -Axis

Equivalently, if the volume is generated by revolving the same region about the x-axis, then the cylinders
are horizontal with

d
v = j 2nrhdy,

where £ = f_l(ﬂ'] and d = f_l(b]- The values of ¥ and & are determined in context, as you will see

in Example 6.

Note: Example 7 shows what to do when the rotation is not about an axis.

Example 6:

A solid figure is created by rotating the region I (Figure 15) around the Z -axis. & is bounded by the

z
curve ¥ =T andthelines £ = 0 and £ = 2. Use the shell method to compute the volume of the solid.
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f(x)

Figure 15

Solution:

From Figure 15 we can identify the limits of integration: ¥ runs from 0 to 4. A horizontal strip of this region

would generate a cylinder with height Z— \/?} and radius ¥+ Thus the volume of the solid will be

v d
= / 2nrhdy

= fl 2ny(2 — /y)dy

a

4
=2r / (2y — y**)dy
a
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Note: The alert reader will have noticed that this example could be worked with a simpler integral using
disks. However, the following example can only be solved with shells.

Example 7:

1
: . . _ Y + i
Find the volume of the solid generated by revolving the region bounded by 2 4 4,

and T =1, about z = 3.

f(x)

Figure 16
Solution:
s 1 1
Y= tort+ . .
As you can see, the equation 2 4 cannot be easily solved for £ and therefore it will be

necessary to solve the problem by the shell method. We are revolving the region about a line parallel to the
¥ _axis and thus integrate with respect to Z. Our formula is

b
V=/ dxrhder.

1 1 1
/A, IR
In this case, the radius is 3 — T and the height is 2 4 4  Substituting,

14 ! 1 1 1
— _ 3 — —_ -
—2’1‘T£(3 I](E + 5%+ 7 4)dm
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Review Questions

In problems #1—4, find the volume of the solid generated by revolving the region bounded by the curves
about the x-axis.

1, y=v9—-z%y=0
2_';,t=3—|—r,y=1—|—r2
3_y=secm,y=\-"§,—?r,r’45z57rj4

4 ¥=L y=z,z_0

In problems #5-8, find the volume of the solid generated by revolving the region bounded by the curves
about the ¥ -axis.

5_‘y=E, E:ﬂ}'y:l

6_E=y2, y=r—2

7 T =cicy,y =%f4,y=3xf4, =0

8.y=ﬂ;y=ﬁ:$=4

In problems #9-12, use cylindrical shells to find the volume generated when the region bounded by the
curves is revolved about the axis indicated.

1
gy le ?T :E

* about the ¥ -axis
2
10. ¥ =T, =LY =0, gpoutthe = -axis

11.¥=22—-Ly=-"22+3,2=2, 5p0utthe ¥ -axis
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2
12. =2, =12 =0, gpoutthe z -axis.

13. Use the cylindrical shells method to find the volume generated when the region is bounded by

3
y=1z",y =12 =05 reyolved about the line ¥ = 1-
Answers

1. 3BT

117x

2. 5

3. e — 21

7. 2m

128x

SIE

SIE

iy
13.14
The Length of a Plane Curve

Learning Objectives
A student will be able to:

» Learn how to find the length of a plane curve for a given function.
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In this section will consider the problem of finding the length of a plane curve. Formulas for finding the arcs
of circles appeared in early historical records and they were known to many civilizations. However, very little

z
was known about finding the lengths of general curves, such as the length of the curve ¥ = T in the interval

[0,2], until the discovery of calculus in the seventeenth century.

In calculus, we define an arc length as the length of a plane curve ¥ = f(T] over an interval [‘11 b] (Figure
17). When the curve f(E) has a continuous first derivative f' on [“: b]: we say that f is a smooth function

(or smooth curve) on [, b].

y
A

f(x)

Figure 17

The Arc Length Problem

it ¥ = J{Z) is a smooth curve on the interval [2:Bs then the arc length L of this curve is defined as

szwﬂzfﬂ/u(g)h

Example 1:

3
Find the arc length of the curve ¥ = T /2 on [1,3] (Figure 18).
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f(x)

- T 3 B X

Figure 18

Solution:
3
Since ¥ = T /2,

dy 3 1/2
iz~ 2%

Using the formula above, we get

RGEriciy Y R
[

u=1 .
Using 1 -substitution by letting 4 then 4 Substituting, and remembering to change
the limits of integration,

L 4 [3L/4
_: Jadu

9 Jiaps
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T
T 97 1374

=t 4.65.

Review Questions

1. Find the arc length of the curve

(2 + 2)3{2
3

on [0 3]-

2. Find the arc length of the curve

1, 1
FoEY oy

on ¥ € [1,2].

3. Integrate
Yy w e
$=/ Vsectt — 1dt, — 3 Sy= 1
g

4. Find the length of the curve shown in the figure below. The shape of the graph is called the astroid because

2/3 2/4
it looks like a star. The equation of its graphis £ T¥ " = 1.
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5. The figure below shows a suspension bridge. The cable has the shape of a parabola with equation

)
kz” =y. The suspension bridge has a total length of 28 and the height of the cable is & at each end.
Show that the total length of the cable is

. 4h2
0
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Answers

1.11

2. (17/12)
3.2

4.6

Area of a Surface of Revolution

Learning Objectives

A student will be able to:

* Learn how to find the area of a surface that is generated by revolving a curve about an axis or a line.
In this section we will deal with the problem of finding the area of a surface that is generated by revolving a
curve about an axis or a line. For example, the surface of a sphere can be generated by revolving a semicircle

about its diameter (Figure 19) and the circular cylinder can be generated by revolving a line segment about
any axis that is parallel to it (Figure 20).
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Figure 20
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Area of a Surface of Revolution

If fis a smooth and non-negative function in the interval [a, B], then the surface area & generated by re-

volving the curve ¥ = F(Z) between £ =& and = = b about the T -axis is defined by

8= fzwf(z)\/wnzz =b21ry1/1+ (%)gdz.

Equivalently, if the surface is generated by revolving the curve about the ¥ -axis between ¥ = € and
¥ =€, then

8= /: 2rg(y) /1 + [g'(y)]Pdy = jj?:-mq‘,ﬁl—i— (‘%) zdy.

Example 1:

3
Find the surface area that is generated by revolving ¥ = % on [0,2] about the T -axis (Figure 21).

Solution:




} f(x)

A
pot
y
=

Figure 21

b )
S=L 2my 1+(g) de
2
= [ an? T @
o]

2
:2«] TB(1+9$4]1"'20{2_
0

The surface area S is

4
Using % -substitution by letting % = 1 + 927,
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145 dﬂ
§=2 LR _—
"Tl " 3

2 2 145
1

3 1

- 3% g [(145)%2 — 1]

A5

bt —[1'?'45]
108

2 203

Example 2:

z
Find the area of the surface generated by revolving the graph of f{m] =T onthe interval [U= V,E] about
the ¥ -axis (Figure 22).

C:AD
- 5 : >
\ V3
A
- 5 : >
Y \/§

Since the curve is revolved about the ¥ -axis, we apply
d dr) 2
Szj 2rzy il + (—) dy.
e V dy
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2 —
Sowewrite ¥ =Z as T = \/3_"' . In addition, the interval on the T -axis [U: \/E] becomes [ﬂ, 3]' Thus

8= ﬁszﬁﬁ 1+ (%)zdy.

Simplifying,
|
8= '?I'/ 2/ dy + 1dy.
0

With the aid of % -substitution, let ¥ = 4¥ + 1,

13
Szif ' 2du
4/,

g [(13)*2 — 1]
2[46.88 —1]

24

Review Questions

In problems #1-3 find the area of the surface generated by revolving the curve about the x-axis.

1. 4=3z,0<z<1
o y=+vzT,1<z<9
3 y=vd—2? 1<z<1

In problems #4-6 find the area of the surface generated by revolving the curve about the ¥ -axis.

4 T=Ty+2,0<y<3

7. Show that the surface area of a sphere of radius ¥ is Agr? .

8. Show that the lateral area & of a right circular cone of height & and base radius 7 is
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S =arvr?+ B2,
Answers

1. 3TV 10
2. /2112

3. B

4. Thmy/ bl

5.~ B23165.5

6. 2dm

Applications from Physics, Engineering, and Statistics

Learning Objectives
A student will be able to:

» Learn how to apply definite integrals to several applications from physics, engineering, and applied
mathematics such as work, fluids statics, and probability.

In this section we will show how the definite integral can be used in different applications. Some of the
concepts may sound new to the reader, but we will explain what you need to comprehend as we go along.
We will take three applications: The concepts, of work from physics, fluid statics from engineering, and the
normal probability from statistics.

Work
Work in physics is defined as the product of the force and displacement. Force and displacement are vector

quantities, which means they have a direction and a magnitude. For example, we say the compressor exerts

a force of 200 Newtons () upward. The magnitude here is 200 N and the direction is upward. Lowering
a book from an upper shelf to a lower one by a distance of 0.5 meters away from its initial position is another
example of the vector nature of the displacement. Here, the magnitude is 0.3 m and the direction is downward,

usually indicated by a minus sign, i.e., a displacement of —0.5m. The product of those two vector quantities
(called the inner product, see Chapter 10) gives the work done by the force. Mathematically, we say

W = Fd,
where F' is the force and & is the displacement. If the force is measured in Newtons and distance is in
meters, then work is measured in the units of energy which is in joules (J)

Example 1:

You push an empty grocery cart with a force of 44 N for a distance of 12 meters. How much work is done
by you (the force)?



Solution:

Using the formula above,

W =Fd
= (44)(12)
= H28 J.
Example 2:

A librarian displaces a book from an upper shelf to a lower one. If the vertical distance between the two
shelves is 0.5 meters and the weight of the book is 8 Newtons. How much work is done by the librarian?

Solution:
In order to be able to lift the book and move it to its new position, the librarian must exert a force that is at

least equal to the weight of the book. In addition, since the displacement is a vector quantity, then the direction
must be taken into account. So,

g = —0.5 meters.

Thus
W = Fd
= (8){(—0.5)
=-251.

Here we say that the work is negative since there is a loss of gravitational potential energy rather than a
gain in energy. If the book is lifted to a higher shelf, then the work is positive, since there will be a gain in
the gravitational potential energy.

Example 3:

A bucket has an empty weight of 23 N. It is filled with sand of weight 80 N and attached to a rope of weight
5.1 N/m. Then it is lifted from the floor at a constant rate to a height 32 meters above the floor. While in

flight, the bucket leaks sand grains at a constant rate, and by the time it reaches the top no sand is left in
the bucket. Find the work done:

1. by lifting the empty bucket;

2. by lifting the sand alone;

3. by lifting the rope alone;

4. by the lifting the bucket, the sand, and the rope together.

Solution:

1. The empty bucket. Since the bucket’s weight is constant, the worker must exert a force that is equal to

the weight of the empty bucket. Thus

W =Fd
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= (23)(+32)
— 736 J.

2. The sand alone. The weight of the sand is decreasing at a constant rate from 80 N to O N over the 32
-meter lift. When the bucket is at T meters above the floor, the sand weighs

P{z) = [original weight of sand|[proportion left at elevation] z
- (32 — m)
32

—8:)(1 E)
- - 32

=80 — 2.5z N.

The graph of F(z) =80—25z represents the variation of the force with height £ (Figure 23). The work
done corresponds to computing the area under the force graph.

y

Work

Figure 23

Thus the work done is
W b
= / F(z)dz
44
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32
= [80 — 2.5z]dz

2.5 ,|*
= [BDE == —m"!]
2 a

3. The rope alone. Since the weight of the rope is 5.1 N/m and the height is 32 meters, the total weight of
the rope from the floor to a height of 32 meters is

(5.1)(32) = 163.2 N.

But since the worker is constantly pulling the rope, the rope’s length is decreasing at a constant rate and
thus its weight is also decreasing as the bucket being lifted. So at T meters, the (32 - E) meters there

remain to be lifted of weight F(E] = (5-1)(32 - E) N. Thus the work done to lift the weight of the rope is

v =EBF(T)4¢=f5(5.1)(32_m)dg

W

— (5.1) [32m — %j :2

= 2611.2 J.

4. The bucket, the sand, and the rope together. Here we are asked to sum all the work done on the empty
bucket, the sand, and the rope. Thus

wietsl _ 736 1 1280 + 2611.2 = 4627.2 J.

Fluid Statics: Pressure

You have probably studied that pressure is defined as the force per area

P= A
9
which has the units of Pascals (Pa] or Newtons per meter squared, Pa = Nf’m * In the study of fluids,

such as water pressure on a dam or water pressure in the ocean at a depth h, another equivalent formula
can be used. It is called the liquid pressure F atdepth h :

P =uwh.
where ! is the weight density, which is the weight of the column of water per unit volume. For example, if

you are diving in a pool, the pressure of the water on your body can be measured by calculating the total
weight that the column of water is exerting on you times your depth. Another way to express this formula,

the weight density ¥': is defined as

w = pg,
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2
where 2 is the density of the fluid and & is the acceleration due to gravity (which is § = 9.8 m/sec” o,
Earth). The pressure then can be written as

P = wh = pgh.
Example 4:
What is the total pressure experienced by a diver in a swimming pool at a depth of 2 meters?
Solution
First we calculate the fluid pressure the water exerts on the diver at a depth of 2 meters:

P = pgh.
The density of water is # = 1000 kg/m? thus

P —{1000}(9.8)(2)
— 19600 Pa.

The total pressure on the diver is the pressure due to the water plus the atmospheric pressure. If we assume

that the diver is located at sea-level, then the atmospheric pressure at sea level is about 10° Pa. Thus the
total pressure on the diver is

Piotst = Pyater + Patm
— 19600 + 10°
= 119600
—1.196 x 10° Pa.

Example 5:

What is the fluid pressure (excluding the air pressure) and force on the top of a flat circular plate of radius
3 meters that is submerged horizontally at a depth of 10 meters?

Solution :

The density of water is # = 1000 kg/m3. Then

P = pgh
= (IDDD] (9.8] (1[]]
= 98000 Ps=.
Since the force is F = PA, then

F =PA
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= P.qr’
— (98000)(x)(3)®
=277 x 105 N.

As you can see, it is easy to calculate the fluid force on a horizontal surface because each point on the
surface is at the same depth. The problem becomes a little complicated when we want to calculate the fluid
force or pressure if the surface is vertical. In this situation, the pressure is not constant at every point because
the depth is not constant at each point. To find the fluid force or pressure on a vertical surface we must use
calculus.

The Fluid Force on a Vertical Surface

Suppose a flat surface is submerged vertically in a fluid of weight density w and the submerged portion of
the surface extends from & = & to = = b along the vertical T -axis, whose positive direction is taken as

downward. If L(E) is the width of the surface and h(m] is the depth of point £: then the fluid force F
is defined as

F= f b wh(z)L{z)dz.

Example 6:

A perfect example of a vertical surface is the face of a dam. We can picture it as a rectangle of a certain

height and certain width. Let the height of the dam be 100 meters and of width of 300 meters. Find the total
fluid force exerted on the face if the top of the dam is level with the water surface (Figure 24).
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Water Surface / Top of Dam

100m

- L(x)=300m >

+X

Figure 24

Solution:

Let £ = the depth of the water. At an arbitrary point £ on the dam, the width of the dam is L(E) = 300

m and the depth is h(z) =2 m The weight density of water is

Wernter = 0F

— {1000)(9.8)
— 9800 N/m”.

Using the fluid force formula above,

. / b wh{z)L{z)dz

— / v (9800)(z)(300)dz
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100
=2.94 x 1[15/ rdr
0

5 100
_294x 108 | Z
2 4]

= 1.47 x 10'' N.

Normal Probabilities

If you were told by the postal service that you will receive the package that you have been waiting for
sometime tomorrow, what is the probability that you will receive it sometime between 3:00 PM and 5:00 PM
if you know that the postal service’s hours of operations are between 7:00 AM to 6:00 PM?

If the hours of operations are between 7 AM to 6 PM, this means they operate for a total of 11 hours. The
interval between 3 PM and 5 PM is 2 hours, and thus the probability that your package will arrive is

P _ 2 hours _ 0182
11 hours

= 18.2%

So there is a probability of 18.2% that the postal service will deliver your package sometime between the
hours of 3 PM and 5 PM (or during any 2-hour interval). That is easy enough. However, mathematically, the
situation is not that simple. The 11-hour interval and the 2-hour interval contain an infinite number of times.

So how can one infinity over another infinity produce a probability of 18.2% 2 To resolve this issue, we

represent the total probability of the 11-hour interval as a rectangle of area 1 (Figure 25). Looking at the 2-
2

hour interval, we can see that it is equal to 11 of the total rectangular area 1. This is why it is convenient
to represent probabilities as areas. But since areas can be defined by definite integrals, we can also define

the probability associated with an interval [a, ] by the definite integral
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1 2345678091011

Figure 25
b
P=f flz)dz,

where f (E) is called the probability density function (pdf). One of the most useful probability density
functions is the normal curve or the Gaussian curve (and sometimes the bell curve ) (Figure 26). This
function enables us to describe an entire population based on statistical measurements taken from a small

sample of the population. The only measurements needed are the mean ( # ) and the standard deviation
(@ ). Once those two numbers are known, we can easily find the normal curve by using the following formula.

Figure 26

The Normal Probability Density Function

The Gaussian curve for a population with mean p and standard deviation @ is given by
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1 2
_ —(z—u)?/(202)
T) = e .
f( ) o 2

where the factor 11" (U v 2'”] is called the normalization constant. It is needed to make the probability over
the entire space equal to 1. That is,

+a
]_ 2 2
Plcroo<r <o) = gl /2e%) _
( ) f_m o 2ar

Example 7:

Suppose that boxes containing 100 tea bags have a mean weight of 10.2 ounces each and a standard
deviation of 0.1 ounce.

1. What percentage of all the boxes is expected to weigh between 10 and 10.5 ounces?
2. What is the probability that a box weighs less than 10 ounces?

3. What is the probability that a box will weigh exactly 10 ounces?

Solution:

1. Using the normal probability density function,

1 2
_ —(z—u)?/(202)
) = e )
f( ] o 2T

Substituting for # = 10.2 gng & = 0.1, e get

f(T] #E_[E_IU'E)EI(EEU.I)E)

~ (01)ver '

The percentage of all the tea boxes that are expected to weight between 10 and 10.5 ounces can be cal-
culated as

10.5
P(10 < z < 10.5) = / 1 -uzreeny,

0 (0.1)v2x

The integral of e‘r‘! does not have an elementary anti-derivative and therefore cannot be evaluated by
standard techniques. However, we can use numerical techniques, such as The Simpson’s Rule or The
Trapeziod Rule, to find an approximate (but very accurate) value. Using the programing feature of a scientific
calculator or, mathematical software, we eventually get

10.5 1 2 2
j _ - o E12%e00) g o 0,976
il

o (0.1)vV2r

That is,
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P(10 < £ < 10.2) = 97.6%.

Technology Note: To make this computation with a graphing calculator of the TI-83/84 family, do the fol-
lowing:

* From the DISTR menu (Figure 27) select option 2, which puts the phrase "normalcdf" in the home screen.
Add lower bound, upper bound, mean, standard deviation, separated by commas, close the parentheses,
and press ENTER. The result is shown in Figure 28.

%IEIIE ORAL
tnormal Fdey

hiormalcdf o
finuHorm
drinuTe
2 LEdf
G2 Lodf
VR ERdE ]

Figure 28

2. For the probability that a box weighs less than 10.2 ounces, we use the area under the curve to the left

of & = 10.2. Since the value of (9 is very small (less than a billionth),

fO _ 1 —woareenn,,
(0.1)v/2

=1.35 x 107%,

getting the area between 9 and 10 will yield a fairly good answer. Integrating numerically, we get

PO<z<I0) jm 1 ewapieenn g,
2 (0.1)v2x

P(9< £ <10.2) = 0.02275
— 2.28%,

which says that we would expect 2.28% of the boxes to weigh less than 10 ounces.

3. Theoretically the probability here will be exactly zero because we will be integrating from 10 to 10, which
is zero. However, since all scales have some error (call it € ), practically we would find the probability that

the weight falls between 10 — € and 10+ €



Example 8:

An Intelligence Quotient or 1Q is a score derived from different standardized tests attempting to measure
the level of intelligence of an adult human being. The average score of the test is 100 and the standard
deviation is 15.

1. What is the percentage of the population that has a score between 85 and 115 ?
2. \What percentage of the population has a score above 140 ?
Solution:

1. Using the normal probability density function,

1 2
- —(z—p)? f(2a2)
T)= ——& ,
flz) = =
and substituting # = 100 gng @ = 15,

flz) — 1 —(=1002/G087)

15y 2% '

The percentage of the population that has a score between B and 115 is

s 4
g~ (2—100)2/(2(15)%)

PBr <z <115) = —
LIS ) Ls 15+/27

_ 2
Again, the integral of & " does not have an elementary anti-derivative and therefore cannot be evaluated.
Using the programing feature of a scientific calculator or a mathematical computer software, we get

115 1 ] 2
j e (@ 1002 /(2018)) 4. - 0 68,
B

5 19v2w
That is,

P(85 < z < 115) ~ 68%.

Which says that 68% of the population has an IQ score between 85 and 115.

2. To measure the probability that a person selected randomly will have an IQ score above 140,

=1

Plr > 140) =
( - ) 140 15‘."2"11:’

This integral is even more difficult to integrate since it is an improper integral. To avoid the messy work, we
200

g~ (z—100)7 /(2015)%) 4,

can argue that since it is extremely rare to meet someone with an |Q score of over ? we can approximate

the integral from 140 to 200. Then

200 1

Pz >140) = T
(z 2 ) _[4,0 156/ 2%

g~ @ 10m2/(2(18)?) 1.
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Integrating numerically, we get

P{z > 140) = 0.0039.

So the probability of selecting at random a person with an IQ score above 140 is 0.39%. That's about one
person in every 250 individuals!
Review Questions

1. A particle moves along the & -axis by a force

1
2 1’

F(z) =

If the particle has already moved a distance of 10 meters from the origin, what is the work done by the
force?

nE

COs
2. A force of ( 2 ) acts on an object when it is £ meters away from the origin. How much work is
done by this force in moving the object from £ = 1 to = 5 meters?

3. In physics, if the force on an object varies with distance then work done by the force is defined as (see
Example 5.15)

W = Lb F(r)dr.

That is, the work done corresponds to computing the area under the force graph. For example, the strength
of the gravitational field varies with the distance T from the Earth’s center. If a satellite of mass m is to be
launched into space, then the force experienced by the satellite during and after launch is

mM
2

Plry=G

Nm?
G =667 x 1071 —
o4
where M=6x10 kg is the mass of the Earth and ]{gﬂ is the Universal Gravita-

tional Constant. If the mass of the satellite is 1000 kg and we wish to lift it to an altitude of 35, 780 kmn
above the Earth’s surface, how much work is needed to lift it? (Radius of Earth is 6370 kin. )

4. Hook’s Law states that when a spring is stretched T units beyond its natural length it pulls back with a
force

F(z) =kr,

where & is called the spring constant or the stiffness constant. To calculate the work required to stretch the
spring a length £ we use

W — f ' Pz,



where & is the initial displacement of the spring ( @ = 0 if the spring is initially unstretched) and b is the
final displacement. A force of & N is exerted on a spring and stretches it 1 Tn beyond its natural length.

(a) Find the spring constant k.
(b) How much work is required to stretch the spring 1.8 m beyond its natural length?

5. When a force of 30 N is applied to a spring, it stretches it from a length of 12 cm to 15 e¢m. How much

work will be done in stretching the spring from 12 cm to 20 cm ? (Hint: read the first part of problem #4
above.)

6. A flat surface is submerged vertically in a fluid of weight density 4. If the weight density W is doubled,
is the force on the plate also doubled? Explain.

7. The bottom of a rectangular swimming pool, whose bottom is an inclined plane, is shown below. Calculate
the fluid force on the bottom of the pool when it is filled completely with water.

Am 16m

Figure 29

8. Suppose f(m) is the probability density function for the lifetime of a manufacturer’s light bulb, where =
is measured in hours. Explain the meaning of each integral.

5000
/ flz)dz
(a) /1000

" flaia

(b) 3000

9. The length of time a customer spends waiting until his/her entre is served at a certain restaurant is modeled
by an exponential density function with an average time of B minutes.

(a) What is the probability that a customer is served in the first 3 minutes?
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(b) What is the probability that a customer has to wait more than 10 minutes?

10. The average height of an adult female in Los Angeles is 63.4 inches (  feet 3.4 inches) with a standard
deviation of 3.2 inches.

(a) What is the probability that a female’s height is less than 63.4 inches?
(b) What is the probability that a female’s height is between 63 and 64 inches?
(c) What is the probability that a female’s height is more than 6 feet?

(d) What is the probability that a female’s height is excatly 5 feet?

Answers

1. 1471 J
2.01J

3. 5x 10" ]
4.a. E=5N/m
b.8.1J

5.321]

6. Yes. To explain why, ask how @ and F* are mathematically related.

63,648 N

~

(o]

. a. The probability that a randomly chosen light bulb will have a lifetime between 1000 and 3000 hours.

(op

. The probability that a randomly chosen light bulb will have a lifetime of at least 3000 hours.

9.a. 31%
b. 29%
10. a. 50%
b. 24%

.. 0.36%

d. almost 0%
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6. Transcendental Functions

Inverse Functions

Functions such as logarithms, exponential functions, and trigonometric functions are examples of transcen-
dental functions. If a function is transcendental, it cannot be expressed as a polynomial or rational function.
That is, it is not an algebraic function. In this chapter, we will begin by developing the concept of an inverse
of a function and how it is linked to its original numerically, algebraically, and graphically. Later, we will take
each type of elementary transcendental function—logarithmic, exponential, and trigonometric—individually
and see the connection between them and their respective inverses, derivatives, and integrals.

Learning Objectives
A student will be able to:

» Understand the basic properties of the inverse of a function and how to find it.
» Understand how a function and its inverse are represented graphically.

* Know the conditions of invertabilty of a function.
One-to-One Functions

A function, as you know from your previous mathematics background, is a rule that assigns a single value
in its range to each point in its domain. In other words, for each output number, there is one or more input
numbers. However, a function never produces more than a single output for one input. A function is said to

.
be a one-to-one function if each output is associated with only one single input. For example, f{m] et

—3

assigns the output 9 for both 3 and » and thus it is not a one-fo-one function.

One-to-One Function The function f L€} is one-to-one in a domain B if (@) # f(&): whenever @ # b-

There is an easy method to check if a function is one-to-one: draw a horizontal line across the graph. If the
line intersects at only one point on the graph, then the function is one-to-one; otherwise, it is not. Notice in

z
the figure below that the graph of ¥ = Z is not one-to-one since the horizontal line intersects the graph

3
more than once. But the function ¥ = Z s a one-to-one function because the graph meets the horizontal
line only once.
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\ 16
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08 Horizontal line it ing
the graph at two points.
The function is not one-to-one.
a6l [ [ [
24 /
vl /
16

0.8 T

0.8

[ Horizontal and intersecting the graph of the
T function y =x only at only one point. The
4 function, therefore, is one-to-one:
16

Example 1:

— -
Determine whether the functions are one-to-one: (a) flz) = |z| (b) h{z) =z"".

Solution:

It is best to graph both functions and draw on each a horizontal line. As you can see from the graphs,

- — pl/2
f{m] - |T| is not one-to-one since the horizontal line intersects it at two points. The function h'(T) =T,
however, is indeed one-to-one since only one point is intersected by the horizontal line.
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Y=|x|

NN

-4 -32 24 -l o8 0 ols 106 24 32 4 X

08 The horizontal line cutting the
graph through two points. Thus
the function y = x| is not
one--to-one

&

The horizontal line intersecting
the graph at only one point.

The Inverse of a Function

We discussed above the condition for a one-to-one function: for each output, there is only one input. A one-
to-one function can be reversed in such a way that the input of the function becomes the output and the

-1

output becomes an input. This reverse of the original function is called the inverse of the function. If f is
-1

an inverse of a function 1 then £~ ©F =T For example, the two functions flz) =2x+3 5q

h(z]=m_3

2 are inverses of each other since

T —3

foh:f(h(m))zzl }+3=$—3—|—3=m,

(2z+3)-3 2z

hof=h(fe) =12y

Thus
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feh=hof=r=

and f and ft are inverses of each other.

A

Note: In general, f

When is a function invertable? Itis interesting to note that if a function -ﬁg) is always increasing or always

decreasing over its domain, then a horizontal line will cut through this graph at one point only. Then fin
this case is a one-to-one function and thus has an inverse. So if we can find a way to prove that a function
is constantly increasing or decreasing, then itis invertable or monotonic . From previous chapters, you

!’ !’
have learned that if f (T] >0 then f must be increasing and if f (T] <D then f must be decreasing.

I
To summarize, a function has an inverse if it is one-to-one in its domain or if its derivative is either f (T] >0
o f'{z) <0.

Example 2:

5
Given the polynomial function flz) =3z" + 2z + 1, show that it is invertable (has an inverse).

Solution:

, 4
Taking the derivative, we find that Fz) =152"+2> 05 a1l z. We conclude that f {F) is one-to-one

5
and invertable. Keep in mind that it may not be easy to find the inverse of flz)=3z" +2z+1 (try ith),
but we still know that it is indeed invertable.

How to find the inverse of a one-to-one function: To find the inverse of a one-to-one function, simply

-1
solve for = interms of ¥ and then interchange  and ¥- The resulting formula is the inverse ¥ = (z).

Example 3:

Find the inverse of J{Z) = vz +1

Solution:

From the discussion above, we can find the inverse by first solving for Z in ¥ = ¥ dr+1

¥  —=vaz+1,
yz =4z + 1,
L B ,yﬂ -1
4
Interchanging T € ¥ |




-1
Replacing ¥ = f (z),

2 1
4

FHz) =

which is the inverse of the original function flz)=vdzr+1

Graphs of Inverse Functions

What is the relationship between the graphs of f and f_l ? If the point (a, b) is on the graph of f(z],
then from the definition of the inverse, the point (b,a) is on the graph of f_l(ﬁ)' In other words, when we
reverse the coordinates of a point on the graph of f(E) we automatically get a point on the graph of f_l(m]-
We conclude that £ (%) and F7(z) are reflections of one another about the line ¥ = T That is, each
is a mirror image of the other about the line ¥ = Z- The figure below shows an example of ¥ = z’ and,

when the domain is restricted, its inverse ¥ = \/E and how they are reflected about ¥y=zT

.
Y 7’
/
.
.
.
.
’
| .
B
.

§k2 A function and its inverse, reflected
i abouty = x.

z
It is important to note that for the function f(T] = to have an inverse, we must restrict its domain to

0 € 2 < 90, gjnce that is the domain in which the function is increasing.

Continuity and Differentiability of Inverse Functions

Since the graph of a one-to-one function and its inverse are reflections of one another about the line ¥ = T
=)
it would be safe to say that if the function I has no breaks (no discontinuities) then S will not have breaks

-1
either. This implies that if f is continuous on the domain D, then its inverse f is continuous on the
range i of I For example, if flz) = e , then its domain is £ 2 0 and its range is ¥ 2 0. This means
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—1 2
that F{Z) is continuous for all T = 0. The inverse of F{Z) is [~ (Z) = T, where its domainis all Z > 0

anditsrangeis ¥ > 0. We conclude that if f is a function with domain 7 and range & anditis continuous
D

-1
and one-to-one on *: then its inverse f is continuous and one-to-one on the range & of f.

D

Suppose that f has adomain £) andarange H. If f is differentiable and one-to-one on ““: then its inverse

-1 -1
F™" is differentiable at any value £ in B for which P (=) #0404

d 1

D)) = e

T)| = .

dz P ()

The formula above can be written in a form that is easier to remember:

dy 1
de  dz/dy

y] F -1
In addition, if f on its domain is either f (T) >0 or f (E) < 0, then f has an inverse function f and

-1 -1
f is differentiable at all values of & in the range of f. In this case, f is given by the formula above.
The example below illustrate this important theorem.

Example 4:

5
In Example 3, we were given the polynomial function f(T) = 32" + 27 + 1 3ng we showed that it is in-
vertable. Show that it is differentiable and find the derivative of its inverse.

Solution:

, 4 -1
Since (&) =152 +2> 0 o o 2 € K, F (%) is differentiable at all values of Z. To find the
—1
derivative of & 1 ifwelet T = fly), then

z=f(y) =3y +2p+1.

So
dr _ 15y* + 2
dy
and
dy 1 1

dz dz/dy T 15yt 2

Since we are unable to solve for ¥ in terms of T: we leave the answer above in terms of ¥- Another way
of solving the problem is to use Implicit Differentiation:



Since

T = 3y5 + 2y +1,
differentiating implicitly,

d d
EM = 5[3?!5 + 2y + 1],

dy
— 4 —
= (15y" + 2)dm'

dy
Solving for €z we finally obtain

dy 1
de  15y*+2°

which is the same result.

Review Questions

1 -1
In problems #1-3, find the inverse function of I and verify that fof " =f of==

1 flz) =3z+1

2. ¥z

5. 9(z) = |z + 4] — [z — 4|

6. flz) = —2zv16 — 2

In problems #7-8, use the functions Flz) =7 +4 5ng 9(2) =22 — 5 {4 find the specified functions.
; g—l o f—l

g (fog)™

In problems #9—10, show that  is monotonic (invertable) on the given interval (and therefore has an inverse.)
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0. fz) = (z —5)",[5,00)

10, (2} = cos, [U‘ g}

Answers

r—1

" FHz) = 3

2. zs

3.3z +1

4. Function has an inverse.

5. Function does not have an inverse.
6. Function does not have an inverse.

r+1
7. 2

r+1
8. 2

9. flz)=2(z—5)> 04,z >5

F -
10, F{z) = —sinz, yhichis negative on the interval in question, so F(z) i monotonically decreasing.

Exponential and Logarithmic Functions

Learning Objectives
A student will be able to:

» Understand and use the basic definitions of exponential and logarithmic functions and how they are related
algebraically.

» Distinguish between an exponential and logarithmic functions graphically.
A Quick Algebraic Review of Exponential and Logarithmic Functions
Exponential Functions

Recall from algebra that an exponential function is a function that has a constant base and a variable expo-

I
nent. A function of the form f(r] =0 where B isaconstantand & > 0 and b#1 is called an exponential
1

€T
@ -(3)
€T T
function with base b. Some examples are flz) =27, 2 and F{T) =€ pj exponential
functions are continuous and their graph is one of the two basic shapes, depending on whether 0<b<l



orb>1.The graph below shows the two basic shapes:

Y

Y

o<
Al
o<

<1

/ \

| —

-4 -32 -24 -1.6 -0.8 0 08 116 2l4 312 4(8 X

The two basic shapes of the
exponential function.

Logarithmic Functions

Recall from your previous courses in algebra that a logarithm is an exponent. If the base b >0 and b# 1,

then for any value of >0, the logarithm to the base & of the value of Z is denoted by
y = log, .
This is equivalent to the exponential form

=z

For example, the following table shows the logarithmic forms in the first row and the corresponding exponential
forms in the second row.

Logarithmic Form — |log, 16 = 4 1 log,n 100 =2 (log,e =1
logs, o5 = —2

1 102 =100 |el=¢

Exponential Form — |52 _ 154

Historically, logarithms with base of 10 were very popular. They are called the common logarithms. Recently

the base 2 has been gaining popularity due to its considerable role in the field of computer science and the
associated binary number system. However, the most widely used base in applications is the natural logarithm,

which has an irrational base denoted by €: in honor of the famous mathematician Leonhard Euler. This irra-

1f
tional constant is € /2 2.718281. Formally, it is defined as the limit of A+ as T approaches zero.
That is,

lim{1 4 z)"/* — e.

x—(
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We denote the natural logarithm of £ by Inz rather than log, . 54 keep in mind, that In z is the power
to which & must be raised to produce Z. That is, the following two expressions are equivalent:

y=Inz<+=z==¢"

The table below shows this operation.

Natural Logarithm In In2=0693|In1=0|lne=1||ln =3

Equivalent Exponential Form| ;0.693 _ 0 _ 1 a a

A Comparison between Logarithmic Functions and Exponential Functions

Looking at the two graphs of exponential functions above, we notice that both pass the horizontal line test.
This means that an exponential function is a one-to-one function and thus has an inverse. To find a formula
for this inverse, we start with the exponential function

y = b~
Interchanging Z and ¥:
=t
Projecting the logarithm to the base B on both sides,

log, = = log, ¥
=ylog, b

= y(1)

Thus ¥ = f (z) =log,z is the inverse of ¥ = flz) =%

-1
This implies that the graphs of f and f are reflections of one another about the line ¥ = Z- The figure
below shows this relationship.



i

The graphs of log x and y = b* are /
reflections of one another about the line 2.4
y=x. / v =x
16
y = log,x [ —]
/ /"/

Similarly, in the special case when the base b=e, the two equations above take the forms
y=flz)=¢

and
fHz)=Inz.

The graph below shows this relationship:

Y A /

4
4

@

N

4 v=Inx
¥

kN

[

Before we move to the calculus of exponential and logarithmic functions, here is a summary of the two im-
portant relationships that we have just discussed:
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The function ¥ = B* is equivalentto * = logyy ity >0angz € R

The function ¥ =€ is equivalentto T = Iny iy >0,qzch

You should also recall the following important properties about logarithms:

log, v = log, v + log, w
log, — =1 !
08y, = 108V — logp W

log, w™ = nlog, w

To express a logarithm with base in terms of the natural logarithm:

L Im 2w
OZ, W = ——
jx Inb
To express a logarithm with base b in terms of another base & :
log, w
log,w = —=
= log, b

294

Review Questions

Solve for T.

w

& T4+ 10=10
—4(3)" = —36

Inz—Im3=2

2
=51 -
y Oy (Z—E)




—2z/3

10. ¥ = 3e
Answers
1.z=-3
2.1n3
3.2=28

4. /%

5 = = —0.707

6.1In2 and In 5

7.2 =12

8.$=3¢32

T =2 1—L

9 10%/5
3 y
21 (3)

107772 \3

Differentiation and Integration of Logarithmic and Exponential Functions

Learning Objectives
A student will be able to:

* Understand and use the rules of differentiation of logarithmic and exponential functions.

» Understand and use the rules of integration of logarithmic and exponential functions.

In this section we will explore the derivatives of logarithmic and exponential functions. We will also see how
the derivative of a one-to-one function is related to its inverse.

The Derivative of a Logarithmic Function

Our goal at this point to find an expression for the derivative of the logarithmic function ¥ = logy Z. Recall
that the exponential number € is defined as

(where we have substituted @& for & for convenience). From the definition of the derivative of f (E) that
you already studied in Chapter 2,
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Pla) - g FEER=IE) o f) — f(z)

h—0 h wv— T w—=T

We want to apply this definition to get the derivative to our logarithmic function ¥ = log, z. Using the defi-
nition of the derivative and the rules of logarithms from the Lesson on Exponential and Logarithmic Functions,

d . log,w—log, z
ey
log, (w/x)

I 1 w—T
— lim |—— _log, {1 .
ame | z(w — ) g"( T )}

At this stage, let 2 = (w — 2)/(Z); the limit of w — T then becomes @ — 0. Substituting, we get

g— 0

11
= lim |—=log,[1
[ma og,( "’ﬂ)]

1 1
= — lim |—log(1
T u—u;ﬂ[] L; ng( +a)]

1. 1fa
= — lim [logy(1 +a)*/*].
Inserting the limit,
1 : 1_{!1i|
~ logy | im {1+ a)"/*].
e = lim (1 + a)"/®,

But by the definition a— 0

d 1
dr [lf’gb 3'] = Elogb £.

From the box above, we can express log; in terms of natural logarithm by the using the formula
logyw = Inw/Inb. 1pep
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8= 105 Inb
Thus we conclude

d 1

aﬂogbg] = zlnb > U':
and in the special case where
h=e,

d 1

. =—10

g ozl = — >

To generalize, if # is a differentiable function of £ and if “(E) >0, then the above two equations, after
the Chain Rule is applied, will produce the generalized derivative rule for logarithmic functions.

Derivatives of Logarithmic Functions

d B 1 du
dz o&Y = g
ad lda
= nyl = ——= = —
dz[ ul udt u

Remark: Students often wonder why the constant & is defined the way it is. The answer is in the derivative
) =
T =—-7
of (&) =Inz. i any other base the derivative of flz) =logu T would be equal zlnb’

a more complicated expression than 1er- Thinking back to another unexpected unit, radians, the derivative
- F
of f{z) =8In{zZ) i the simple expression F'(z) = cos(z) only if £ is in radians. In degrees,

fi(z) = icos(z]

180 , which is more cumbersome and harder to remember.

Example 1:

2
Find the derivative of ¥ = In{2z° — 4z + 3).

Solution:
d = 1 du .
Since 4z e T udr for ¥ =2z —4z+3,

dy 1 d

- [24% _ 47+ 3
dar 2$2—c1:r:—|—3r£..":[E +]
1
=2m2—4m—|—3(4m_4]
A z-1)
92z _4r 1 3
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Example 2:

d .
Fing dz 2SR Z)]

Solution:

—— ln(sinz)] =

dr

Example 3:

o 3
Find 32 [In(cos 52)°] .

Solution:

Here we use the Chain Rule:

d 3
T []n(cos 5z) }

Example 4:

3
Find the derivative of ¥ = Z~ l0gs 2z.

Solution:

— - [cos Z]
sin z
COST

Bin T

cot .

1

cos® 5T

= 1 . [—15 cos® He.sin 5T]
cosd 5z

—155in bz
cos Hr

= —15tan bz,

1 du_

d
—ogu| = ———:
Here we use the Product Rule along with dz[l &t wlnbdz

d d
E[mﬂ logs 2z] =z o

2

" 2lnb

Example 5:
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d
logs 2] + E[Ea] logs 2

+ 322 - logs 2z

+ 3z logg 2z.

= - [3(cos5z)? - (— sin 5z) -



T

y = ]ﬂ_ 5
Find the derivative of z+1

Solution:

We use the Quotient Rule and the natural logarithm rule:

y = 1 (z+1)(1) - ()(=)
B (z+1)?
r+1 1
Tz (z+1)?
1
T z(z+1)

Integrals Involving Natural Logarithmic Function

In the last section, we have learned that the derivative of ¥ = Inu(z) i u{z) . The antiderivative

IS

u’(z] = 1n |ulx
jﬂﬂﬁ—lHM+G

d
If the argument of the natural logarithm is T1 then dr

Inz] =1/z

" thus
1

f—dm=]11|z|—|—C.
T

Example 6:

1
j dr
Evaluate / T+ 1

Solution:

In general, whenever you encounter an integral with an integrand as a rational function, it might be possible
that it can be integrated with the rule of natural logarithm. To do so, determine the derivative of the denom-
inator. If it is the numerator itself, then the integration is simply the \In of the absolute value of the denomi-
nator. Let’s test this technique.

j ! dr
r+1

Notice that the derivative of the denominator is 1, which is equal to the numerator. Thus the solution is
simply the natural logarithm of the absolute value of the denominator:

/ L de=In|z+1|+C.
r+1
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The formal way of solving such integrals is to use % -substitution by letting # equal the denominator. Here,
let ¥ =T+ 1, and du = dz. Substituting,

/ 1 dmzjldu
z+1 i

=In|u|+C
=In|z+ 1]+ C.

Remark: The integral must use the absolute value symbol because although £ may have negative values,
the domain of IB{Z} is restricted to T = 0.

Example 7:

dr 4+ 1
Evaluate / 472 +2z+1

Solution:

As you can see here, the derivative of the denominator is 8z + 2. Our numerator is 4T + 1. However,

2

when we multiply the numerator by “: we get the derivative of the denominator. Hence

472 1 2¢ 41 2 f 42241 2¢x 11
1 8 1 2

2) 4z24+ 2241

4 1 1 2(4 1
f T + rr (4z + 1)
1 2
=§]ﬂ|4m +2z+1|+C.

Again, we could have used % -substitution.

Example 8:

/ tan zdzt
Evaluate .

Solution:

To solve, we rewrite the integrand as

/tanzdx=/mnmd:c.
COST

Looking at the denominator, its derivative is — BINT . So we need to insert a minus sign in the numerator:

—sinz
— — dr
COS T
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= —In|cosz| + C.

Derivatives of Exponential Functions

We have discussed above that the exponential function is simply the inverse function of the logarithmic

T
function. To obtain a derivative formula for the exponential function with base b, we rewrite ¥ = b as

T = log, y.
Differentiating implicitly,
e 1 dy
~ ylnd dzx’

dy
Solving for €z and replacing ¥ with b",

dy z
E_y]nb_b Inb.

Thus the derivative of an exponential function is

d 4 €T
6] =" Iub.

T T
In the special case where the base is b*=e", since In& = 1 the derivative rule becomes

To generalize, if & is a differentiable function of %1 with the use of the Chain Rule the above derivatives
take the general form

d . " du
Andif B = &

d . o Ou

dg[e]—e o

Derivatives of Exponential Functions
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d L 0 dlu' 2 EL

E[b]_b -]nb-a—ub Inb

d[u]_u dj_ 7 on

dme —e-dm—ue
Example 9:

2
Find the derivative of ¥ = 2~ .
Solution:

Applying the rule for differentiating an exponential function,

Y = (2£)2 In2

— 95"+ 2. In2.

Example 10:

2
Find the derivative of ¥ = e

Solution:
Since
2 (e .
dr
¥ — 276"
Example 11:
’
Find § (E) if

1

f($]=ﬁ

E—uk(z—zu)z.

where 9> @ L0, and k are constants and & # U-
Solution:

We apply the exponential derivative and the Chain Rule:
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_ZCE]E(E — Eu)e—mk[z—zu)z

J

Integrals Involving Exponential Functions

Associated with the exponential derivatives in the box above are the two corresponding integration formulas:

u 1 "
/b du —Eb +C.,
/e“du =e +C.

The following examples illustrate how they can be used.

Example 12:

/ 5%dz
Evaluate .

Solution:

f5rd$ =—5"+C

Example 13:

/ e“dr.

Solution:

/e“da:=e”—|—C’.

j 2e® de

In the next chapter, we will learn how to integrate more complicated integrals, such as , with
the use of # -substitution and integration by parts along with the logarithmic and exponential integration
formulas.

Review Questions

Bz
1.Find ¥/dz sy =e
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_Find 9y/dz
_Find 9y/dz

_Find 9y/dz
_Find 9y/dz

_Find 9y/dz
. Evaluate /

. Evaluate

. Evaluate /

10. Evaluate

B
11. Evaluate jn;

In3
[
12. Evaluate J—1n3 € +4

Az 22216
of Y =€

y—er?-ln (l)
T

e —e =

y_e=+e—z

of

of
of ¥ = cos(e”)
of ¥ = In{sin{In z))

1

ez

f oo

4z — 3
47? 6z + 7

e +e T

et — e F

dr

dr
T+e

ez

1 yr — ﬁeﬁz

2§/ = (927 — )t -s

5 ¢ = —ze® [21n(z) + 1]
- 4

4 y (ez + E—:)B

5 ¥ = —€e sine’
, tan(lnz)

6.° T



7. e " +C

8. 265 1 C

1 2

—In[dz® —6z+ 7| +C
9.2

10. ]l:l|€z —€_=| +C

11.1n2

1 21
12. 013

Exponential Growth and Decay

Learning Objectives
A student will be able to:

* Apply the laws of exponential and logarithmic functions to a variety of applications.

* Model situations of growth and decay in a variety of problems.

When the rate of change in a substance or population is proportional to the amount present at any time t,
we say that this substance or population is going through either a decay or a growth, depending on the sign
of the constant of proportionality.

This kind of growth is called exponential growth and is characterized by rapid growth or decay. For example,
a population of bacteria may increase exponentially with time because the rate of change of its population
is proportional to its population at a given instant of time (more bacteria make more bacteria and fewer
bacteria make fewer bacteria). The decomposition of a radioactive substance is another example in which
the rate of decay is proportional to the amount of the substance at a given time instant. In the business
world, the interest added to an investment each day, month, or year is proportional to the amount present,
so this is also an example of exponential growth.

Mathematically, the relationship between amount ¥ and time t is a differential equation:

dy B

dt ky.

Separating variables,

d
Y _ kdt,

¥

and integrating both sides,
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d
j¥3=j}@
y

gives us

Iny =kt+0C,

y = e"e”
=Le

Kt
So the solution to the equation (dy,r’dt] = ky has the form ¥ = Ce™. The box below summarizes the
details of this function.

The Law of Exponential Growth and Decay

ket
The function ¥ = Ce is a model for exponential growth or decay, depending
on the value of k.

* If £ > 0 : The function represents exponential growth (increase).

* If k < 0 The function represents exponential decay (decrease).

Where % is the time, € is the initial population at =0, and ¥ is the population
after time £.

Applications of Growth and Decay

Radioactive Decay

In physics, radioactive decay is a process in which an unstable atomic nucleus loses energy by emitting
radiation in the form of electromagnetic radiation (like gamma rays) or particles (such as beta and alpha
particles). During this process, the nucleus will continue to decay, in a chain of decays, until a new stable
nucleus is reached (called an isotope). Physicists measure the rate of decay by the time it takes a sample
to lose half of its nuclei due to radioactive decay. Initially, as the nuclei begins to decay, the rate starts very
fast and furious, but it slows down over time as more and more of the available nuclei have decayed. The
figure below shows a typical radioactive decay of a nucleus. As you can see, the graph has the shape of

an exponential function with & < 0.
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y-axis:

The mass of a
radivactive
sample after t
years, Or the
number of
nuclii after t
years.

The graph of a radioactive decay of a
nucleus. The equation y = Ce* is used 1o
describe the decay.

25 ¥

t-axis:
The time axis
in years

2.8 32 3.6 4 4.4

ki
The equation that is used for radioactive decay is ¥ = Ce™. We want to find an expression for the half-life
of an isotope. Since half-life is defined as the time it takes for a sample to lose half of its nuclei, then if we

starting with an initial mass €' (measured in grams), then after some time £ ¥ will become half the amount

that we started with, 0/2. Substituting this into the exponential decay model,

Y =Ce
C = Ce™
2
Canceling €' from both sides,
1
- — g
2

Solving for £; which is the half-life, by taking the natural logarithm on both sides,

1 =Ine™
]1:12
—In2 = kt.

Solving for £ and denoting it with new notation tiz2 for half-life (a standard notation in physics),

_1n2  —0.693
hp=—F =%
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This is a famous expression in physics for measuring the half-life of a substance if the decay constant £ is

known. It can also be used to compute k if the half-life ti/2 is known.

Example 1:

A radioactive sample contains 2 grams of nobelium. If you know that the half-life of nobelium is 25 seconds,
how much will remain after 3 minutes?

Solution:

Before we compute the mass of nobelium after 3 minutes, we need to first know its decay rate k. Using
the half-life formula,

12 —In2
k

k —In2
L9

—In2

25
= —0.028 sec !

So the decay rate is k = —0.028 ."'BE'C- The common unit for the decay rate is the Becquerel (Bg] .1 Bq
is equivalent to 1 decay per sec. Since we found k, we are now ready to calculate the mass after 3 minutes.
We use the radioactive decay formula. Remember, C' represents the initial mass, C' = 2 grams,and t = 3
minutes = 180 seconds. Thus

Y = Ce®

_ 9gl—0.028)(180)

= (0.013 grams.

So after 3 minutes, the mass of the isotope is approximately 0.013 grams.

Population Growth

xet
The same formula ¥ = Ce can be used for population growth, except that k>0, since itis an increasing
function.

Example 2:

A certain population of bacteria increases continuously at a rate that is proportional to its present number.
The initial population of the bacterial culture is 140 and jumped to 720 bacteria in 4 hours.

1. How many will be there in 10 hours?
2. How long will it take the population to double?

Solution:



From reading the first sentence in the problem, we learn that the bacteria is increasing exponentially.
Therefore, the exponential growth formula is the correct model to use.

1. Just like we did in the previous example, we need to first find k, the growth rate. Notice that
C'=140,1 =4, 5pq ¥ = T20. Substituting and solving for k.

Y = Ce®
720 — 140e"9,

Dividing both sides by 140 and then projecting the natural logarithm on both sides,

720 =1Ine*
140

In5.143 =4k

k = 0.409.

Now that we have found k, we want to know how many will be there after 10 hours. Substituting,

y = e
_ 1400-409)10)

= 8364 bacteria.

2. We are looking for the time required for the population to double. This means that we are looking for the

time at which ¥ = 2C. Substituting,

Y = (e®
20 = e
2 = ¥,

Solving for t requires taking the natural logarithm of both sides:

In2 = Ine™
In2 = kit.
Solving for £,
t _ In2
-k
B In2
~0.409
t = 1.7 hours.
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This tells us that after about 1.7 hours (around 100 minutes) the population of the bacteria will double in
number.

Compound Interest

Investors and bankers depend on compound interest to increase their investment. Traditionally, banks added
interest after certain periods of time, such as a month or a year, and the phrase was “the interest is being
compounded monthly or yearly.” With the advent of computers, the compunding could be done daily or even

more often. Our exponential model represents continuous, or instantaneous, compounding, and it is a good
model of current banking practices. Our model states that

A= Pe?

where P is the initial investment (present value) and A is the future value of the investment after time
atan interest rate of ¥. The interestrate T is usually given in percentage per year. The rate must be converted

to a decimal number, and © must be expressed in years. The example below illustrates this model.

Example 3:

An investor invests an amount of $10,000 and discovers that its value has doubled in & years. What is the
annual interest rate that this investment is earning?

Solution:

We use the exponential growth model for continuously compounded interest,

A = Pe™
20,000 = 10, 000e™®
2 — &
In2 = by
Thus
T _ In2
5
=(.139
T = 13.9%

The investment has grown at a rate of 13.9% per year.
Example 4:
Going back to the previous example, how long will it take the invested money to triple?

Solution:

A = Pe™



30, 000 = 10, 000e©-139)()

3 _ ED.lHQt
In3 =0.139¢
t _ In3
©0.139
= 7.9 years.

Other Exponential Models and Examples

Kt
Not all exponential growths and decays are modeled in the natural base & or by ¥ = Ce™. Actually, in
everyday life most are constructed from empirical data and regression techniques. For example, in the
business world the demand function for a product may be described by the formula

11,000

p=12,400— o 2

where P is the price per unit and Z is the number of units produced. So if the business is interested in
basing the price of its unit on the number that it is projecting to sell, this formula becomes very helpful. If a

motorcycle factory is projecting to sell 7000 units in one month, what price should the factory set on each
motorcycle?

p 11,000
11, 000
= 12,400 — 2.9 + g—0-0008(7000)
. 11, 000
ST a940122
— 7,663,

Thus the factory’s base price for each motorcycle should be set at $7663.

As another example, let’s say a medical researcher is studying the spread of the flu virus through a certain
campus during the winter months. Let’'s assume that the model for the spread is described by

P 4500 6
= 1t 449008’ T =

where P represents the total number of infected students and T is the time, measured in days. Suppose
the researcher is interested in the number of students who will be infected in the next week ( T days).
Substituting £ = T into the model,

P B 4500
"~ 1+ 449008
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B 4500
T 1+ 449908

B 4500
1+ 4499(0.004)

= 255.

According to the model, 253 students will become infected with the flu virus. Assume further that the re-

searcher wants to know how long it will take until 1000 students become infected with the flu virus. Solving
for T

. 4500
"~ 14 4490e0-8="

Cross-multiplying,

P(1 -+ 4499 %82 = 4500
14 4499¢ % _ 4500
P
449998 4500 1
- -
_ 4500 — P
- P
=08z 4500 — P
~ 4499P
Projecting In on both sides,
—0.8z _ g | 4800 — P
B 4499 P
T 4500 — P
—In|—— | +(-08).
{ 4499P } (-08)

Substituting for P =1000,
z = 9 days.

So the flu virus will spread to 1000 students in 9 days.
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Other applications are introduced in the exercises.

Review Questions

1. In 1990, the population of the USA was 249 million. Assume that the annual growth rate is 1.8%. (a)
According to this model, what was the population in the year 2000? (b) According to this model, in which

year the population will reach 1 billion?

2. Prove that if a quantity A is exponentially growing and if A is the value at t1 and A2 at time ¥2: then
the growth rate will be given by

1 Ay
k= Inf =—|.
t, — iy H(Az)

3. Newton’s Law of Cooling states that the rate of cooling is proportional to the difference in temperature
between the object and the surroundings. The law is expressed by the formula

) = (Th —T.)e ™+ T,

where Lo is the initial temperature of the object at t =0, T, is the room temperature (the surroundings),
and £ is a constant that is unique for the measuring instrument (the thermometer) called the time constant.
Suppose a liter of juice at 23°C is placed in the refrigerator to cool. If the temperature of the refrigerator is

kept at 11°C" and k=0.417, what is the temperature of the juice after 3 minutes?

4. Referring back to problem 3, if it takes an object 320 seconds to cool from 40°C" above room temperature
to 22°C above room temperature, how long will it take to cool another 10°C" ?

5. Polonium-210 is a radioactive isotope with half-life of 140 days. If a sample has a mass of 10 grams,
how much will remain after 10 weeks?

6. In the physics of acoustics, there is a relationship between the subjective sensation of loudness and the
physically measured intensity of sound. This relationship is called the sound level Bt is specified on a

logarithmic scale and measured with units of decibels (dB) . The sound level B of any sound is defined

2
in terms of its intensity 4 (in the SI-mks unit system, it is measured in watts per meter squared, W,:’m )
as

1

For example, the average decibel level of a busy street traffic is 70 dB, normal conversation at a dinner

table is 55 dB , the sound of leaves rustling is 10 dB | the siren of a fire truck at 30 meters is 100 dB,
and a loud rock concert is 120 dB. The sound level 120 dB is considered the threshold of pain for the
human ear and 0 dB is the threshold of hearing (the minimum sound that can be heard by humans.)

a. If at a heavy metal rock concert a @B meter registered 130 dB, \hat is the intensity I of this sound
level?
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] z
b. What is the sound level (in €8 ) of a sound whose intensity is 2.0x10 W,’m ?

7. Referring to problem #6, a single mosquito 10 meters away from a person makes a sound that is barely
heard by the person (threshold O dB ). What will be the sound level of 1000 mosquitoes at the same dis-

tance?

8. Referring back to problem #6, a noisy machine at a factory produces a sound level of 90 dB. If an iden-
tical machine is placed beside it, what is the combined sound level of the two machines?

Answers

1. a. 298.1 million b. 2077

xtl
. Hint: use Ay =Ce

N

3. 14.4°C
4. 923 seconds, about 15 minutes

5. T grams

o l0W/m®, 634B

o

7. 30 dB

8. 93dB

Derivatives and Integrals Involving Inverse Trigonometric Functions

Learning Objectives
A student will be able to:

» Learn the basic properties inverse trigonometric functions.
» Learn how to use the derivative formula to use them to find derivatives of inverse trigonometric functions.

* Learn to solve certain integrals involving inverse trigonometric functions.
A Quick Algebraic Review of Inverse Trigonometric Functions

You already know what a trigonometric function is, but what is an inverse trigonometric function? If we ask
what is Biﬂ(ﬁf’ﬁ) equal to, the answer is (11"2)- That is simple enough. But what if we ask what angle has
a sine of (1/2)? That is an inverse trigonometric function. So we say sin{#/6) = (1/2), put

=1 _
S (1{’2] = (W{fﬁ]- The “ sin” ! ” is the notation for the inverse of the sine function. For every one of
the six trigopnometric functions there is an associated inverse function. They are denoted by

1 1 1 1

. —1 - - - - -1
5ln " f,cos " z,tan T Zz,sec T I,C8C T x,CO0t T T



Alternatively, you may see the following notations for the above inverses, respectively,
Arcsin T, AaTCCOS T, ATCLAN T, arcsec T, aTCcsc T, arccot ©

Since all trigonometric functions are periodic functions, they do not pass the horizontal line test. Therefore
they are not one-to-one functions. The table below provides a brief summary of their definitions and basic

_ -1
properties. We will restrict our study to the first four functions; the remaining two, csc 1 and 29t 7, are of
lesser importance (in most applications) and will be left for the exercises.

Inverse Function [Domain Range Basic Properties
sin —1<z<1 < y < il sin(sin *{z)) = =
2 — "7 2
cos ' —1<z<1 0<y<w cos “{cosz) = cos{cos '(£)) = =
tan~" al R —® W tan”"(tanz) = tan(tan"'(z)) = =
22
sec T (—o0, —1] L [1, +00) {ﬂ UR Y (f ﬂ} sec” (secz) = sec(sec {z)) = =
7 2 21

The range is based on limiting the domain of the original function so that it is a one-to-one function.

Example 1:

.1
What is the exact value of 8111 [VE/'Z) ?

Solution:

sine =
This is equivalent to

your scientific calculator.

V3
— . _1
2 . ThusS8ID (V@f’z) =7/3 Youcan easily confirm this result by using

Example 2:

Most calculators do not provide a way to calculate the inverse of the secant function, sec T z. A practical
trick however is to use the identity

BeC

T =COo8 ~ —
T

1
secf = .
(Recall that coséd )

-1
For practice, use your calculator to find 5€C (3.24).
Solution:

Since
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1_ 1 = 0.3086
r 324 :

sec” ' 3.24 — cos~ ' 0.3086 = 72°.
Here are two other identities that you may need to enter into your calculator:

CEC T = -1

cot 'z -1

The Derivative Formulas of the Inverse Trigonometric Functions

If & is a differentiable function of & then the generalized derivative formulas for the inverse trigonometric
functions are (we introduce them here without a proof):

d . 1 du

E[BID H}Zﬁa—l(ﬂ‘(l

d . -1 du

E[C{]E u]=ﬁa—l<u<1

d . 1 du

a[tﬂ.]l u]=m£—m<z(m

o e T B

dEEEC ﬂ—‘m‘ uz—][fﬂ:‘ |

d |: -1 i| . —1 dat 1

E CsEC  1U| = Wﬁa‘u| >

d 1 -1 du

E[C[ﬂ] 'U] Zma—m<$(m
Example 3:

R P
Differentiate ¥ = 80~ (22°)

Solution:

4
Let¥ = 2%, g
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dy 1

& " i@y )
83

1—4z8
Example 4:

—1; 3
Differentiate ban (e™).

Solution:

A
Let® =€ , 50

i 1
T A
dr 1+ (e¥)
B 3832
1 4 efe
Example 5:

Find 44/dz it y = sec™ (sinz).
Solution:

Let # = gin <.

d_y = 1 -CDB T
dzr ‘siuzh/si_nzm—l
COB T
N ‘sinm|ms:1:
1
N ‘sinz|'

The Integration Formulas of the Inverse Trigonometric Functions

The derivative formulas in the box above yield the following integrations formulas for inverse trigonometric

functions:

—gin lu +c

=

du I
17 — tan u+c
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-1
= HecC ‘ﬂ| +c

[ =

Example 6:

dT
Evaluate  1-+4z%

Solution:

Before we integrate, we use % -substitution. Let & = 2T (the square root of Ag? ). Then du = 2dz.
Substituting,

dz 1/2
= / du
1+ 4x? 1+ w2

1 1
— o g
21 1442

— —tan !
g tan u e

1
> tan~ " (2z) + <.

Example 7:

[ ==t
Evaluate 1—e?=

Solution:

f+rl
We use % -substitution. Let ¥ = € : so du = e*dz. Substituting,

/ et dr — / e du
" ) e

—f ! du
V1 —u?
=si11_1ﬂ.—|—c

— sin"'{e®) + €.

Example 8:

1n(2/+/3) &%
Evaluate the definite integral fhﬂ mdr
Solution:
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=z B
Substituting * = € > du = —e “d.

To change the limits,

1
z2=1n2 su=¢ " = E—lnﬂ :glnl-‘m = 5’
r=1In (i) —su=e° —n3/v3 —V.E
V3 2

Thus our integral becomes

n@/VE =

In2 V]_—E_ 1/2

/

[

—d'u

1—1:.2 u

V11— u?

! duz

V32
= — [Biﬂ_l 'u]
1/2

o

_ [“
=—|3-
T

o

Review Questions

1 Find @y/dz of y = sec™" 2°.

1
2 Find 89/2% ot ¥~ tan—1g

3. Find 4¥/dz o y = In{cos " z).
1 4z
4. Find 9Y/dz of y =sin e

5. Find 49/dz of y = 8in (z’Inz).

j dz
6. Evaluate J v9 — %

g

6

/3

%

2

]

) — sin™? {%)]
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[ 7=
7 Evaluate /1 VE{EZ+1)

j’ T—3
5 der.
8. Evaluate J £°+1

o
j 1 z gdm.
9. Evaluate /—vB 1 T T

10. Given the points A(2, 1] and B(5=4)= find a point ¢ in the interval [2= 5] onthe & -axis that maximizes
angle {LAQB .

Answers

2

—deg =

4. V1—e™

r+2rlne
5 v 1—7(lnz)?

1
Elﬂ(zz +1)—3tan 'z 4+ C

8.
9 —In2
10. 1+2v2

L’Hospital’s Rule

Learning Objectives

A student will be able to:
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Learn how to find the limit of indeterminate form (U."‘D) by L'Hospital’s rule.

If the two functions 4 () and 9{Z) are both equal to zero at T = @1 then the limit

im 1)
% g()

cannot be found by directly substituting Z = &. The reason is because when we substitute © = @: the

substitution will produce (Uf ﬂ): known as an indeterminate form , which is a meaningless expression.
To work around this problem, we use L'Hospital’s rule, which enables us to evaluate limits of indeterminate
forms.

]j - ]- = [] 4 r
L’Hospital’s Rule If zgzlzf(m] zﬂg(m] ,and £ (2) ang 9 (a) exist,

where g(a)#0 , then

o £@ _ o Fl2)
gz} e gz

The essence of L’Hospital’s rule is to be able to replace one limit problem with a simpler one. In each of the
examples below, we will employ the following three-step process:

@)
1. Check that ©~2 9{Z) is an indeterminate form 970 To do so, directly substitute Z = & into f(z) ang

g(z). If you get fla) = gla) =0, then you can use L'Hospital’s rule. Otherwise, it cannot be used.

2. Differentiate 4 () and 9(T) separately.

I i 1)

3. Find == 2(Z) " It the limit is finite, then it is equal to the original limit =~* glz}

Example 1:

V21— /2
Im —.

Find z—0 T

Solution:

When £ = 0 is substituted, you will get 0/0.

Therefore L'Hospital’s rule applies:

lim

x=—0

z—l

VZtz— 2 zﬁmkgwﬂz—val
z 2= (2)

_ {1}(2\/2 + m]}
1

—(
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Example 2:

. 1—rcos2x
Find ==0 2% + 2z

Solution:

We can see that the limit is []’m when £ = 0 is substituted.

Using L'Hospital’s rule,

1 —cos2z i
lim _ _ 28in 2«
-0 £° 4 2z 2 +2 | __,
=[]f2
= 0.
Example 3:
2 — 9

im
Use L'Hospital’s rule to evaluate =% T — 3

Solution:

= o
r—3 r—23 z—3 ]

Example 4:

gin 3z

m
Evaluate z=—0

Solution:
5in 3z 3cosdz
lim = lim =
z—0 T z—0 1
Example 5:
H—5HEinzT
Iim ——

Evaluate =*7/2 DOSZ
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Solution:

We can use L'Hospital’s rule since the limit produces the []’m once T = fr,/2 is substituted. Hence

b — 5ai 0-5 0
lim 2 280%E gy 2700 Y o
z—wf2 COBT z—wf2 —sine -1

A broader application of L'Hospital’s rule is when T = & is substituted into the derivatives of the numerator
and the denominator but both still equal zero. In this case, a second differentiation is necessary.

Example 6:

€ —COs T
lim —.

Evaluate =—0 x?

Solution:

e —COST e+ sing
Im——— =lim—F—.
r—] 22 z—0 T

As you can seeg, if we apply the limit at this stage the limit is still indeterminate. So we apply L’'Hospital’s rule
again:

. & —cosz
= lm—

_1—1_0_D
2 2 7

Review Questions
Find the limits.

. tan £
1_:1—]?% f

Inz

2. zltanwT

6. If k is a nonzero constant and Z > 0.
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a. Show that

| ¥ 1
dt = .
l tl—.’: k

b. Use L’Hospital’s rule to find

|
Iim
k—0

7. Cauchy’s Mean Value Theorem states that if the functions f and & are continuous on the interval (‘1: b]

r
and 9 ?‘é 0, then there exists a number € such that

e _ f(b)— fla)
g(c) g{b)—gla)

Find all possible values of € in the interval (‘1: b] that satisfy this property for

f(z) =cosz

g{z) =sinz

on the interval

Answers

324



7. Integration Techniques

Integration by Substitution

Each basic rule of integration that you have studied so far was derived from a corresponding differentiation
rule. Even though you have learned all the necessary tools for differentiating exponential, logarithmic,
trigonometric, and algebraic functions, your set of tools for integrating these functions is not yet complete.
In this chapter we will explore different ways of integrating functions and develop several integration techniques
that will greatly expand the set of integrals to which the basic integration formulas can be applied. Before
we do that, let us review the basic integration formulas that you are already familiar with from previous
chapters.

1. The Power Rule (B # —1) -

/m"dm=T 1 e
n+1

2. The General Power Rule (n#-1) :

nd‘h‘. n ﬂn+1
u Edzzju du=n+1—|—C‘

3. The Simple Exponential Rule:
j efdr = e + C.
4. The General Exponential Rule:
du
ef—dr = [ e*du=¢e"+C.
dz j +
5. The Simple Log Rule:
1
—dr =In|z|+ C.
T

6. The General Log Rule:

du/dz 1
/“" @:/Edu=ln|u|+c.

i

It is important that you remember the above rules because we will be using them extensively to solve more
complicated integration problems. The skill that you need to develop is to determine which of these basic
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rules is needed to solve an integration problem.

Learning Objectives

A student will be able to:

« Compute by hand the integrals of a wide variety of functions by using the technique of % -substitution.
* Apply the % -substitution technique to definite integrals.

* Apply the & -substitution technique to trig functions.

Probably one of the most powerful techniques of integration is integration by substitution. In this technique,
you choose part of the integrand to be equal to a variable we will call # and then write the entire integrand

in terms of . The difficulty of the technique is deciding which term in the integrand will be best for substitution
by 1. However, with practice, you will develop a skill for choosing the right term.

Recall from Chapter 2 that if % is a differentiable function of Z and if % is a real number and #—1,
then the Chain Rule tells us that

n+1 fn —1.
ju"du = :: +C, 7

Sometimes it is not easy to integrate directly. For example, look at this integral:

j{5$ — 2)%dz. |

One way to integrate is to first expand the integrand and then integrate term by term.

5z — 2)%dz = | (252® — 20z + 4)dz
[6s-2 / )

=25jz“dx-20fmdm+/4dx

25
= Ezﬂ 102 + Az + .

That is easy enough. However, what if the integral was

j (5z — 2)%dz .
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Would you still expand the integrand and then integrate term by term? That would be impractical and time-
consuming. A better way of doing this is to change the variables. Changing variables can often turn a difficult
integral, such as the one above, into one that is easy to integrate. The method of doing this is called inte-
gration by substitution, or for short, the & -substitution method . The examples below will show you
how the method is used.

Example 1:

/ (z +1)%dz.

Evaluate

Solution:

Let = £+ L. Then @t = d{z +1) = 1dz = dz. Substituting for % and du we get

j(m +1)%dz = /u5du.

Integrating using the power rule,

+

ub
]

Since ¥ = %+ 1, substituting back,

_ (x4 1)E

5 + .

Example 2:

f iz ¥ 3dz.

Evaluate

Solution:

Let ¥ = 4T + 3. Then du = 4dzT. Solving for dz,
dz = du/f4.

Substituting,

= fﬂ_liﬂ . Lgm
4
1
= —julmdz
|
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Simplifying,

1 4/
= = L
gt T

1

= sz + A 1o

Trigonometric Integrands

We can apply the change of variable technique to trigonometric functions as long as % is a differentiable
function of . Before we show how, recall the basic trigonometric integrals:

fcosudu =sinu+ C,
/Binudu = —cosu + O,
j sec” udu = tanu + ]
/cscgudu = —cotu+C,
f@wmmm@ =sece +C,
= —cscu+ O

/ (cscw)(cot )du

Example 3:

jcoa(3$ + 2)d.

Evaluate

Solution:

The argument of the cosine function is 3Z + 2. So we let # = 3Z + 2. Then du = 3dz, o dz = du/3.

Substituting,

/cos(3r—|— 2)dz /msu : %dx

= ljmsudm.
3

328



Integrating,

1
= Esinu—kC

1
=z sin(3z + 2) + C.

Example 4:

This example requires us to use trigonometric identities before we substitute. Evaluate

1
dz
cos23z

Solution:

1
secdr =
Since cos 3T | the integral becomes

1
f 5 dr = j sec? 3zdz.
cos*3z

Substituting for the argument of the secant, ® = 3%; then du = 3dz, o dz = duf3. Thys our integral
becomes,

1 1
sec? u. —du = _ | sec® udu
3 3

1
=§ta.nu+C

1
s tan{3z) + C.

Some integrations of trigonometric functions involve the logarithmic functions as a solution, as shown in the
following example.

Example 5:

f tan zdT
Evaluate .

Solution:

As you may have guessed, this is not a straightforward integration. We need to make use of trigonometric

identities to simplify it. Since tANLZ = 8in ] cos I,
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/tanmda:zfmnmdm.
COST

Now make a change of variable Z. Choose # = casZ. Then du = —sinrdr, , dT = —du/sing.
Substituting,
8in dz _ [sinz —-d'u
COS T u \sinz
du
N o

This integral should look obvious to you. The integrand is the derivative of the natural logarithm In %.

= —In|u| +C

= —In|cosz| + C.
1
—Inju|=In—
Another way of writing it, since |“| ,is

1
COST

|+C

=In|secz| + C.

Using Substitution on Definite Integrals

Example 6:

3 T
/ —r.
Evaluate /1 v2Z—1

Solution:

Let & = 22 — 1. Then @t = 2dT, ¢ dz = du/2. Before we substitute, we need to determine the new
limits of integration in terms of the 1 variable. To do so, we simply substitute the limits of integration into
w=2r—1.

Lower limit: For £ = Lu=2{1}) -1 =1

Upper limit; For £ = 3,4 = 2(3)—1=5.

We now substitute % and the associated limits into the integral:

S 1 du

Va2

330



As you may notice, the variable Z is still hanging there. To write it in terms of ¥: since & = 2% — 1

for L1 we get, T = (u+1)/(2). Substituting back into the integral,
B ®u+ 1du
o 2y/u 2
1 ffu+l :
“af m ™

1 5
= E_/ (u+ Dudu
1

1 solving

1

5
_ 1[ (ul"2+u_1"2]dﬂ

1 [2ud?  gyl/2]5
“1l73 T '

1

Applying the Fundamental Theorem of Calculus by inserting the limits of integration and calculating,

1 ([2(5]34’2 2(5]11’1 B {2(1)*”2 N 2(1]1f2D |

3 + 1 3 1

Calculating and simplifying, we get

44/5 —2

3

We could have chosen % = ¥ 2Z — 1 instead. You may want to try to solve the integral with this substitution.
It might be easier and less tedious.

Example 7:

Let’s try the substitution method of definite integrals with a trigonometric integrand.

w4
/ tan z sec? odz
Evaluate 0 .

Solution:

Try & = tan z. Then 4% = sec’ zdz, dr — du/sec’z.
Lower limit: For £ =9 & = tan0 = 0.

T
o z =4, 2 =tan— = 1.
Upper limit: For 4
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Thus

LIL! 1
/ tan z sec? odr =j udu
0 o
Z,
2 |y
(}—1
~0=3.

Review Questions

In the following exercises, evaluate the integrals.

W=

_/mdm

1
dr
—+ T

3./\"2—

2
T
/ dr
4.4 T+1

[ee
5. e T 42

IVE+D
/ﬁdﬁ

[A

=

~

jsinmmszdm

/cos T4/ 1 — cos® rdzx

j sin® £ cos odT
10.

/ 13 cos 4z*dr
1.
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/ sec?(2z + 4)dz

12.

2 2
/me’:d_ﬂ:
13. #0

N
j T sin o2dz
14. Jo

1
/z($—|—5]4dm
15. /10

—3

C'
1_I—8+

2
52 +z)? 40

3 2¢24+ 24+ C

2

3
~  _z——4In 1+ C
42 T 2+ |z + 1|+

5 —In|e"+2|+C

6 6Vt +5n|t| +C

4

1
Esiﬂzz—i-c

—1
Y cosc O

1
ginfr4
10. B

1
" Esiﬂ4$4+0

1
) 5tan(2z—|—4]—|—(:'
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1

4
-1
13. 2(8 )

14. 1

520
15.

Integration By Parts

Learning Objectives
A student will be able to:

« Compute by hand the integrals of a wide variety of functions by using technique of Integration by Parts.
+ Combine this technique with the £ -substitution method to solve integrals.

* Learn to tabulate the technique when it is repeated.

In this section we will study a technique of integration that involves the product of algebraic and exponential
or logarithmic functions, such as

/m]nmdz

and

j retder.

Integration by parts is based on the product rule of differentiation that you have already studied:

4B,
dr i _udz_'_ﬂdm'

If we integrate each side,

v du du
= /uadm+/uadm

/udﬂ,
Solving for
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/ﬂd‘ﬂ =uv—/ﬂdu.

This is the formula for integration by parts. With the proper choice of # and dv, the second integral may
be easier to integrate. The following examples will show you how to properly choose # and dw.

Example 1:
/ T 8in zdT
Evaluate .
Solution:
/ﬂdﬂ)=uﬂ—j'ﬂ)dﬂ

We use the formula .
Choose

©L=cT
and

dv = sin rdz.

To complete the formula, we take the differential of % and the simplest antiderivative of v = sin dz.

diu =dr

v = —COST.

The formula becomes

/TBiDEdE = —zmsz—j(—cosm]dx

= —TCOST + /coszd:z:

= —ToosT +sine + .

A Guide to Integration by Parts

Which choices of % and dv lead to a successful evaluation of the original integral? In general, choose %
to be something that simplifies when differentiated, and d¥ to be something that remains manageable when

integrated. Looking at the example that we have just done, we chose @ = £ and dv = ginzdz. That led
to a successful evaluation of our integral. However, let's assume that we made the following choice,

¥ —gxing
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dv = zdz.

Then

dit = cosTdr

v -3

Substituting back into the formula to integrate, we get

judv =u1;—/vdu

x? x?
= sin:r:i —/Ecosmdz

As you can see, this integral is worse than what we started with! This tells us that we have made the wrong
choice and we must change (in this case switch) our choices of % and duv.

wdv
Remember, the goal of the integration by parts is to start with an integral in the form / that is hard to

vdu
integrate directly and change it to an integral j that looks easier to evaluate. However, here is a
general guide that you may find helpful:

1. Choose ¥ to be the more complicated portion of the integrand that fits a basic integration formula.
Choose 1 to be the remaining term in the integrand.

2. Choose % to be the portion of the integrand whose derivative is simpler than . Choose d¥ to be the
remaining term.

Example 2:

j retder.
Evaluate

Solution:

/ﬂdﬂ)=uﬂ—j'ﬂ)dﬂ
Again, we use the formula .

Let us choose

and

dy = e°de.



We take the differential of % and the simplest antiderivative of dv = edr -

diu =dr
v =g

Substituting back into the formula,

judv =m;—jvdu
=zez—/emdz.

f vdu = f e*dr
We have made the right choice because, as you can see, the new integral is definitely
simpler than our original integral. Integrating, we finally obtain our solution

jme’dmzme”—em+c.

Example 3:

/ In zdz
Evaluate .

Solution:

Here, we only have one term, InZ. We can always assume that this term is multiplied by 1 :

jhzldz.

Solet ¥ =IDZ, ong do = 1dz. Thus 98 = 1/T4Z jnq v — 2. Substituting,
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=zghz—z4+C

Repeated Use of Integration by Parts
Oftentimes we use integration by parts more than once to evaluate the integral, as the example below shows.

Example 4:

/ > edx
Evaluate .

Solution:

2 ]
With & =T, dv = €°dz, du = 2zdz, 5nqv =€, o integral becomes

jmze”d:z: = 2% — 2]23“031

As you can see, the integral has become less complicated than the original, £?e® — €= _ This tells us

re“dr
that we have made the right choice. However, to evaluate f we still need to integrate by parts with
@ =1 and v = €°dz. Then de =dz and ¥ =€ and

frgezdm = z%e® — 2 / redr
= re® — 2 [ﬂﬂ—/udﬂ}
= g2e® — 2 [mez == /e’dx}

= %" — 276 + 2% + C.

T"e"dr

Actually, the method that we have just used works for any integral that has the form / , Where 12
is a positive integer. The following section illustrates a systematic way of solving repeated integrations by
parts.

Tabular Integration by Parts

Sometimes, we need to integrate by parts several times. This leads to cumbersome calculations. In situations
like these it is best to organize our calculations to save us a great deal of tedious work and to avoid making
unpredictable mistakes. The example below illustrates the method of tabular integration.

Example 5:

/ x? gin 3zdz
Evaluate .



Solution:

Begin as usual by letting & = z* and dv = sin 3zdz. Next, create a table that consists of three columns,
as shown below:

Alternate signs % and its deriva-|dy gand its antiderivatives
tives
+ AN sin 3¢
— 2 -1
7N ——cos 3z
3
+ 2 -1
N — sindz
9
- 0
— o8 3T
27

2
To find the solution for the integral, pick the sign from the first row (+); multiply it by # of the first row (z%)

and then multiply by the dv of the second row, —1/3cos 3z (watch the direction of the arrows.) This is
the first term in the solution. Do the same thing to obtain the second term: Pick the sign from the second

row, multiply it by the % of the same row and then follow the arrow to multiply the product by the dv in the
third row. Eventually we obtain the solution

-1 2 2
jmg sin 3zdr = ?mg cos 3T + gzsinih + Ecos:}m + C.

Solving for an Unknown Integral

There are some integrals that require us to evaluate two integrations by parts, followed by solving for the
unknown integral. These kinds of integrals crop up often in electrical engineering and other disciplines.

Example 6:

/ &% cos TdT
Evaluate .

Solution:

Let™ = €"; and dv = coszde. Then @4 = €7dZ, v =8Nz, 54

fe”mszdm =ezsinm—fezsinzdm.

Notice that the second integral looks the same as our original integral in form, except that it has a 8in « in-

T
stead of COEZ. To evaluate it, we again apply integration by parts to the second term with ¥ = € »
dv = sinzdz, v = —COSZ, 5q du — e“dr.

Then
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j ¢ conzdr — e sing — [_em cos T — j ( cosm)(e“dm]]

=e"ginr — ' caos T — /e“msmdx.

Notice that the unknown integral now appears on both sides of the equation. We can simply move the unknown
integral on the right to the left side of the equation, thus adding it to our original integral:

2/BECDSTdE =€esinr+ e“cosz + C.

2

Dividing both sides by “: we obtain

1 1 1
T d — L e T aT _C.
/e cos zdT 26 BlﬂE—|—28 cosz—|—2

&

— = C
Since the constant of integration is just a “dummy” constant, let 2

Finally, our solution is
T 1 = 1 T
e° coszdT = Eezsmz + —e®cosr+ .

2

Review Questions

Evaluate the following integrals. (Remark: Integration by parts is not necessarily a requirement to solve the
integrals. In some, you may need to use % -substitution along with integration by parts.)

/3$e”dm
1.

/zze_zdm
2.

) j In(3z + 2)dz

/ gin ! zdzT
4.

j sec zdx
5.
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/ 2z In{3z)ds

6.

8. Use both the method of % -substitution and the method of integration by parts to integrate the integral
below. Both methods will produce equivalent answers.

f /57 — 2dz

9. Use the method of tabular integration by parts to solve
j T2e5%de.

1
/ e dz
10. Evaluate the definite integral 0o .

f]n(m i

11. Evaluate the definite integral
Answers

1. 3ze® — 3+ C

o —€ (2 42z +2)+C

3r4+2
3. 3

4 zin Tz +V1—12+C

ln|3z+2|-1]+C

1 1
E[Becm](tanm] + E]_‘Il| secz + tanz| + C

1
2% 1n |3z| — Ezz +C

6.
1
, E(mm)-“ +C
2 4
o 72557 — 2)%/% 4 (52 — ¥4 ¢
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2z 2
€™ [T———E+—} +C
9

5 25 ' 125
10. e —2
11. 6Iln2 4 2

Integration by Partial Fractions

Learning Objectives
A student will be able to:

+ Compute by hand the integrals of a wide variety of functions by using technique of Integration by Partial
Fractions.

+ Combine the technique of partial fractions with % -substitution to solve various integrals.

This is the third technique that we will study. This technique involves decomposing a rational function into
a sum of two or more simple rational functions. For example, the rational function

44
24— 2

can be decomposed into

r+4 2 3

$2+$—2=$—|—2+m—1'

The two partial sums on the right are called partial factions. Suppose that we wish to integrate the rational
function above. By decomposing it into two partial fractions, the integral becomes manageable:

T+4 2 3
—dm:
jz5+z—2 f($—|—2+z—l)
1 1
=2 d. 3
f:r:—|—1 £t _/m—l

=2In|jz+1|+3n|z— 1|+ C.

dr

To use this method, we must be able to factor the denominator of the original function and then decompose
the rational function into two or more partial fractions. The examples below illustrate the method.

Example 1:

Find the partial fraction decomposition of

2r — 19
24+ —6
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Solution:

)
We begin by factoring the denominator as £ +z—-6= {T + 3) {T - 2)- Then write the partial fraction
decomposition as

2r — 19 A B

2+ —8 =$—|—3+z—2'

Our goal at this point is to find the values of A and B. To solve this equation, multiply both sides of the

equation by the factored denominator (T + 3) {T - 2)- This process will produce the basic equation.
2z — 19 = A(z — 2) + B(z+ 3).

This equation is true for all values of Z. The most convenient values are the ones that make a factor equal

to zero, namely, £ = 2 and £ = —3. Substituting T = 2,
2(2) —19 = A(2—2)+ B(2+ 3)
—15 =0+58
_3 — B
Similarly, substituting for Z = —3 into the basic equation we get

2(—3)—19 = A{-3—2)+ B{-3+3)
—25 — 5A+0
5 —A

We have solved the basic equation by finding the values of A and B. Therefore, the partial fraction decom-
position is

2z — 19 5 3

2 tr_6 <z+3 -2

General Description of the Method

To be able to write a rational function f(E)»"g(T) as a sum of partial fractions, must apply two conditions:

The degree of f(m) must be less than the degree of g{m]. If so, the rational function is called proper.

If it is not, divide f‘:g) by Q(T] (use long division) and work with the remainder term.

The factors of Q(T] are known. If not, you need to find a way to find them. The guide below shows how

you can write T2/ 9(T) as a sum of partial fractions if the factors of 2(Z) are known.

A Guide to Finding Partial Fractions Decomposition of a Rational Function
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1. To find the partial fraction decomposition of a proper rational function, -ﬂ:T] ,r’g(m], factor the denominator

Q(T] and write an equation that has the form

f{z) = (sum of partial fractions.)
9(z)

2. For each distinct factor 2 + B the right side must include a term of the form

A
ar+b

T
3. For each repeated factor (“ﬂ-"' + b) 1 the right side must include n terms of the form

A Ag As A,
(@z+b) (@t  (@+bP " (az b

Example 2:

r+1

2
Use the method of partial fractions to evaluate (T + 2) .

Solution:

According to the guide above (item #3), we must assign the sum of # = 2 partial sums:

z+1 A B
(2427 " (z+2)  @+2*

2.
Multiply both sides by (Z +2)°

z+1 = Alz+2)+ B
z+1 = Az + (2A + B).

Equating the coefficients of like terms from both sides,

1 =A

1 =2A+ 8.
Thus

A =1

B =-1

Therefore the partial fraction decomposition is



r+1 1 1
(z+22 z+2 (z+2)%

The integral will become

;Tzl)ﬂd“/(miz‘(rizﬁ)
- [ srate [ rapte
1

=mh+qy+———+q
z+1

where we have used % -substitution for the second integral.

Example 3:

3?2 +3r+1

R e dr
Evaluate 4 T~ +2Z°+
Solution:

2
We begin by factoring the denominator as E(E + 1) - Then the partial fraction decomposition is

3?2 +3r+1 _A B (8

= T + + .
24+ 272 4+ z z+1 {z+1)?
2
Multiplying each side of the equation by z{r +1)" e get the basic equation

32’ +3r+1 = Alz+ 1) + Be(z + 1) + Cz.

This equation is true for all values of Z. The most convenient values are the ones that make a factor equal
to zero, namely, Z = —1 and z = 0.

Substituting £ = —1

A1 +3(-1)+1 = A1 +12+ B(-1)(—1+1) + C(-1)
1 =0+0-0C
—1 =C.

Substituting Z = &
3(0)* + 3(0) +1 = A0+ 1)% + B{0)(0 + 1) + (D)
1 —A4+0+0

1 = A.
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To find B we can simply substitute any value of Z along with the values of A and C obtained.

Choose £ =1:
3% +3(1)+1 = A0+ 1)+ B((1 +1)+ (1)
7 =4+28B -1
2 = B.
Now we have solved for A, B, and €. We use the partial fraction decomposition to integrate.
3r2 + 3z +1 1 2 1
—————dr = = — dx
_/$3—|—2$2—|—m T_ j(z+z+1 (z—t—l)z)

=1n|$‘+2h1|z+1‘—|—%+1+0.

Example 4:

This problem is an example of an improper rational function. Evaluate the definite integral

/25:3—4z2—3z+3d
T.
1

2 — 3z
Solution:

This rational function is improper because its numerator has a degree that is higher than its denominator.
The first step is to divide the denominator into the numerator by long division and obtain

Now apply partial function decomposition only on the remainder,

—6z+3 —6z—|—3_A B

g2 —3x z(z—3) < =z—3

As we did in the previous examples, multiply both sides by T(E - 3] andthenset z=0and =3 to
obtain the basic equation

—6z+3 =A{z—3)+ Bz
For £=0,

3 =-—-3A+0

-1 = A
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For T =3,

—18+3 =0+38

Thus our integral becomes

2 _3 ] b
o — 47 — 3z + 3
dr = -1

Integrating and substituting the limits,

- |3 -

= (%—2—]1:12—5]1:11)— (%—1—]]:11—511:12)

1
— 4In2 -,
n4—75

Review Questions

Evaluate the following integrals.

1
f 54T
1. z4—1
o Jf z*—2x—3
1
J——
3 J B3+4+z% -2z

3
T
/T2+4dm
4,

g
5 Jo 1+¢

5 or—1
6.»/1 E2($+1)dm

d

7. Evaluate the integral by making the proper i -substitution to convert to a rational function:

e [

z — In|z] — 5la|z 3|]
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cosf
_/ sin? 4 4sinf — 5d9'

8. Evaluate the integral by making the proper % -substitution to convert to a rational function:

3¢’
[

A
9. Find the area under the curve ¥ = 1/{2+ €%}, over the interval [—103,In4]. (Hint. make a % -substi-
tution to convert the integrand into a rational function.)

10. Show that

1 1 i+ T
de = —In .
/az—ﬂ:ﬂ 20 |a—= +
Answers
1 z—1

1 3
, E]_n‘z—k 1]+ E]_n‘m—i}‘ +C

1 1 1
. E1u|m +2| + E1n|z -1| - Eln‘m‘ +C

1
A Emg —2n{z* +4) + C

5 1—1In2

—4 5
I 2].[[-
6. D U 3

1. [sinf —1
kP (sl B
ﬁﬂ(5+si_nﬂ)+

| ghl\eﬂ —1]+ gln\eﬂ +1|+C

N

1 14
“lm—
9.2 3

10. Hint. Decompose the integrand into partial fractions.
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Trigonometric Integrals

Learning Objectives

A student will be able to:

+ Compute by hand the integrals of a wide variety of functions by using the Trigonometric
Integrals.

+ Combine this technique with % -substitution.

Integrating Powers of Sines and Cosines

In this section we will study methods of integrating functions of the form
f sin™ zeos"rdz,

where T and 12 are nonnegative integers. The method that we will describe uses the famous trigonometric
identities

.9 1
SifY T
= —[]1 — cos 2T
2( )and

2 1
CosT — E[l—i—cost).

Example 1:

j sin? rdt / cos’ zdz.
Evaluate and

Solution:

Using the identities above, the first integral can be written as

jsinzzr:da: =/%[1—cos2m)dx
1
=/§—(1—cos2z]dm

1
(z — EsiuZz) +C

BB N =

1
— —gin2 C
7 5o T+

Similarly, the second integral can be written as
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/mszmdm =/%{1+0052m]da:

=1ju+mw@@

2
1 1
= (z+ 55i.112z) +

z 1
=§+Esm2m+0.

Example 2:

/ cos* zdz.
Evaluate

Solution:

/ms‘igdm :f(mgzg)zdm=f(%(l+ME2T])zd$

1
- Ej(l+2CDB2T+m522E]dT

1 1 1
= Ef (1—|—2ms2m+§+ ECDS‘H) dr

1 3 1
= 1/ (§+2cos2x+§cos4m) dez.

Integrating term by term,

13 1
= - {Em—ksinh—i— gsinflI] +C

4
B a 1 . 5 1 4 o
= 82—|—431n m—l—szsﬂn T + L.
Example 3:
jsmﬂ zdz.
Evaluate
Solution:

f gin® zdr = f gin® T sin TdT
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. 2 2
Recall that 810 £ + €08 T = 1, o4 by substitution,
_ 2 .
= /(1 — cos” z) sin zdz

= /sinmdx—/coszmsinzdm.

The first integral should be straightforward. The second can be done by the method of 1 -substitution by
letting ¥ = COBZ, 5o du = —sIn ZdT. The integral becomes

ey
= —COBXT — —U" Bl I —
51N x

= —msm—i—f‘uzdﬂ,

ud
=—cosz—|—i—|—C'

= —COST + Ecosﬁm—kﬁ
If m and m are both positive integers, then an integral of the form

f sin™ z cos™ zdr

can be evaluated by one of the procedures shown in the table below, depending on whether ™ and 12 are
odd or even.

_ Procedure Identities
sin™ x cos™ zdzx
12 odd Let w = Bin<T cosz—=1—sin’r
m odd Letu = co8T sin®z =1—cos’ z
fi and M even Use identities to reduce powers sinte = (1'/2] (1 — CD8 22)
cos’z = {1/2){1 + cos 2z)
Example 4:

. 8 4
Evaluate 5in” € cos™ zdz.

Solution:

Here, 1 is odd. So according to the second procedure in the table above, let % = CO8E; go du = —sinz.
Substituting,
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5N T
—— / u*sin? zdu.

. 2 2
Referring to the table again, we can now substitute 811 T = 1 —co8" Z inthe integral:

. . —1
j sind ¢ cos* zdr = / wisin® du

—— j 1*(1 — cos® z)du
= —/u4(1 —u?)du
= /(—'Mfl + u)du

17

-1
Z?HE—F?H +

1 1
=—5m55$+%00572+0.

Example 5:

/ sin® z cos® zdz
Evaluate .

Solution:

Here, m = n = 4. We follow the third procedure in the table above:
/ sin? z cos* zdz = f (sin’z)*(cos?z) dz
1 T 2
= j [E (1 —cos 22]} {5(1 + cos 2m)} dz
1 25,32
= — [ (1 —cos® 2z)°dz
16
1
— — { sin?2zdz.
16
At this stage, it is best to use 1 -substitution to integrate. Let & = 2%, so du = 2d.

1
/ sin® z cos* zdr = 37 / sin® udu
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j sin? u)2du — — E(l_mszu)rm

32
= L 51ﬂ2u—|— L sindu | + O
- 32 32

- nd L 8z + C
= o567 128 AT 1pgg MTEET L

Integrating Powers of Secants and Tangents

In this section we will study methods of integrating functions of the form
/ tan™ z sec” zdz,

where ™ and & are nonnegative integers. However, we will begin with the integrals

/tan zdz

and

f sec rdr.

The first integral can be evaluated by writing

gin m
j tanrdr = /
Cos m

Using % -substitution, let % = CO8ZT, 5o du = —sin zdT. The integral becomes
ginz — 1
/tan:r:da: / =—j—du=—]n|u|—|—(?
% sing o
=—In|cosz| +C
=In(1/|cosz|) + C
= In |secz| + C.

j sec zdr
The second integral , however, is not straightforward—it requires a trick. Let

secT +tanz
secrdr = [ sec z;dm
secT + tanz
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sec’r +secrtanz
Eec T +tanzT

2
Use & -substitution. Let & = 8€CE +tan e, yo, du = (sec” = + sec ztan £)de, o integral becomes,

d
fseczdm=j£
u
=In|u|+C
=In|secz + tanz| + C.

There are two reduction formulas that help evaluate higher powers of tangent and secant:

n—2 .
fsec“mdz _ sec” "atang 4+ 2 /sec"_z zdz,
n—1 nm—1
m—1
jtﬂﬂm rdr — tan™ "z = /tsmm_g .
m—1
Example 6:
jsms TdT
Evaluate .
Solution:

We use the formula above by substituting for 2 = 3.

sec” zdr = S6C Z LN & + 32 sec dT
3-1 3—-1

1 1
= Esecmtanm—k Efﬂecmdm

1 1
= Esecmtsmm + Eln |secz +tanz| + C.
Example 7:

/ tan’ zdz
Evaluate .

Solution:

We use the formula above by substituting for 72 = 3.

£ 4
/tanszdz = EI; T /tan‘“'zdm.
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/ tan® zdz
We need to use the formula again to solve the integral :

tantz
/ tan® zdr =

tan* T

= / tan® rdz

1

tan®
—lagm—/tanmdz]

1
= Etaﬂ‘lz—itaﬂgz—hﬂmsﬂ—ka

If ™ and 1 are both positive integers, then an integral of the form

j tan™ x sec™ rdz
can be evaluated by one of the procedures shown in the table below, depending on whether ™ and 12 are
odd or even.
Procedure Identities
tan™ x sec” zdr

n even Letw = tanz sec’s =tan’z + 1

i odd Let # = 82CT tanl e — sect 7 — 1

m even 1 odd Reduce powers of BBCT |12 7 cac 7

Example 8:

Evaluate

Solution:

Here m = 4 is even, and so we will follow the first procedure in the table above. Let ¥ = t&0T; g4

f tan® rsec* odz

du = sec® zdz. Before we substitute, split off a factor of sec’ .

f tan® rsec* odz = / tan® T sec’ T sec? zdz.

Since sec’ ¢ = tan®  + 1,
= j tan® z{tan® ¢ + 1) sec? zdz.

Now we make the 1 -substitution:
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= juz(ug + 1)du
1 1
= Eﬂ-s -+ E‘I'..I‘.3 -+ ()
1 1
= Etansm—k Etansz—i—(}'.
Example 9:
f tan® zsec® zdz
Evaluate .
Solution:

Here m = 3 is odd. We follow the third procedure in the table. Make the substitution, & = sec £ and
du = sec ¢ tanzdz. Our integral becomes

‘/tan3 rsec® zdr = ‘/tan2 r sec? r{sec ztan z)dz
= f[seczm — 1) sec? z({sec z tan z)dz

= /[uz — Duldu

15 13
—E‘L!- —E'h‘. —|—C

1 1
=Esec5m—§secsm+c’.

Review Questions

Evaluate the integrals.

j cos® £ sin zdz
1.

, [t

j sin? 2z cos® 22dz
3.

. / sin  cos(z,/2)dz
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/ sect rtan® zdz
/ tan* z sec zdT

/ v/tan z sec® zdz

{2
j tan® Edm
0 2

9. Graph and then find the volume of the solid that results when the region enclosed by ¥

y=cosz, =0, ynq T =74 i5 revolved around the = -axis.

10. a. Prove that
/cscmdm = —In|cscz+catz| + C

b. Show that it can also be written in the following two forms:

/cscmdsz = ln|taﬂ%$| +C

=In|escz —cotz| +C.

Answers

1
otz 4+ O
1.9

1. 1
58— 5o 5inl06+C

2 20
1 . 3 1 . 5

3_65111 2z—ﬁsm 2z 4+ C
-1 ar T

. ?cos[?]—ms[a)—l—c
lﬂecTﬁ——BECEE—FC

5.7 5
1 . 5 3
—sec ctanz — Ssecztanz + < ln|secz - tanz| + C

6. 4 8 8
2 2
—ta.nﬂ'mm—k—tan?mz—i-(}'

7.3 7

=ginz,
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-1
— +In2
g 2

9 V=r/2

Trigonometric Substitutions

Learning Objectives
A student will be able to:

» Compute by hand the integrals of a wide variety of functions by using technique of Trigonometric Substi-
tution.

+ Combine this technique with other integration techniques to integrate.

] 2 2 2 2 2
When we are faced with integrals that involve radicals of the forms va? —z?, Vz?—@?, and VIT° + 07,
we may make substitutions that involve trigonometric functions to eliminate the radical. For example, to
eliminate the radical in the expression

a2 _ 2
we can make the substitution

T = asinf,

—zf2 <8< w/f2,

(Note: \theta must be limited to the range of the inverse sine function.)

which yields,

) )
" =T —/a? — a%5in®@ = y/a?(1 — sin®#)
= aVcos?8 = acosl.

The reason for the restriction —717’2 <f#< 7rj2 is to guarantee that 8inL # is a one-to-one function on this
interval and thus has an inverse.

The table below lists the proper trigonometric substitutions that will enable us to integrate functions with
radical expressions in the forms above.

Expression in Integrand Substitution Identity Needed
2 _ o2 T =as8ind 1 —sin? 8 = cos’
Va2 1 2 r=gtand 1+tan?@ = sec’ z




2 _ g2 T = asect sec’f — 1 — tan? @

In the second column are listed the most common substitutions. They come from the reference right triangles,
as shown in the figure below. We want any of the substitutions we use in the integration to be reversible so
we can change back to the original variable afterward. The right triangles in the figure below will help us
reverse our substitutions.

Description: 3 triangles.

Example 1:

dr
Evaluate T2y/4 — 12
Solution:

Our goal first is to eliminate the radical. To do so, look up the table above and make the substitution
z=28ind, —=x/2 <8< x/2

so that
dz
E =2 CDSB

Our integral becomes

2 cos8d8

7=~ | G
/zﬂ 1—27  J (2s5in8)2\/4_ 4sin’@
_/ 2 cos 8d8
~J (25in6)2(2cos )
1 dff
4 f sin?f
= l/cscgﬂdﬂ
4
1

=—Ecotﬂ—|—C’.

Up to this stage, we are done integrating. To complete the solution however, we need to express €ot £ in
terms of Z. Looking at the figure of triangles above, we can see that the second triangle represents our

case, with@ = 2. So = 2&inf and 2¢co88 = V4 —z? thys

Va4 — 2

cot 8 = .
T
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since

cos
cotd = ——.
sin &
so that
dz 1
— = _—cotf+C
_/ T24/4 — 12 4
1+/4 — 2
=+ C
4 T
Example 2:
Vi —3
/ Ll P
Evaluate i
Solution:

Again, we want to first to eliminate the radical. Consult the table above and substitute T = Vﬁ sec®  Then
dz = \'@SEC @tanfdf Substituting back into the integral,

JE—3 V3520 —3
jEde =/ see /3 sec f tan 6d@

V3sec8

=3 / tan® gdf.
Using the integral identity from the section on Trigonometric Integrals,

tan™ 1z
/tsmm rdr = 7 = ftanm_z .
m —_—

and letting ¥ = 2 we obtain

N
/Eszz V3tanf 61 C.

Looking at the triangles above, the third triangle represents our case, with & = V,E .So & = \-"EBECQ
and thus CO8T = Vﬁ»‘rﬁ , which gives \tan f=vz®— 31""'/5 . Substituting,
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/\/zﬂ—sdm —3tand— 0+ C
T

vz —3
= V$2—3—tﬂ.]1_1 (%) -|—G
Example 3:

f dz
Evaluate / T24/z22 +1

Solution:

From the table above, let T = tan f then dz = sec” #d8. Substituting into the integral,

/ dz _ / sec? 8df
212 + 1 tan? @/tanZ0 + 1

2 2
But since tan” & + 1 = sec™f,

B sec’Bdp
] tan?8secd
sec
= f tanZg
1 cos?8
- _/ cos§ Singﬂdg
= j cot J csc 240,

d

. [,{Q(CBC £} = —cot#cach,
ince

dz
— = { pot8cac Odp
/zgvm“rl /

= —cscl +

Looking at the triangles above, the first triangle represents our case, with € = 1. So £ = tanf and thus
; z V14 z2
SMI=——, el = ———.
v1+2* which gives T Substituting,
/ dz = —cecd+
z2/r2 + 1
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Review Questions

Evaluate the integrals.
j vd — xidr
1
———dz
2. / v+
3
=
3. 122
/ ! dx
4 J Vv1—-9x2

/ 84 — 12dz

5

| ==t
6. J T2/r? — 36

[ @z

4
j /16 — z2dz
Jo

N

0
f e*V'1 — e¥drx

9 (Hint: First use 1 -substitution, letting & = € )

2
10. Graph and then find the area of the surface generated by the curve ¥ =T fromz =1to £ = 0 and
revolved about the T -axis.

Answers

1
1 2 5in ! (;) + Emv‘tl— T2 4 (7

1
) ]_11[§|v'9—|—$2—|—m|] +C

_2,"1_ 2 2
—T E —E'v'l—Ez—l—C

3. 3
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4,
4 1
; _5(4 2)3,f2+5(4 2)5f2+c
1 /22— 36
— ¢
6. 36 r -
1 T

! [E — sin (e™™) — e_“m]

= [18V5 —mn(2 4 v5)|

10. Surface area is

Improper Integrals

Learning Objectives
A student will be able to:

» Compute by hand the integrals of a wide variety of functions by using the technique of Improper Integration.
+ Combine this technique with other integration techniques to integrate.

» Distinguish between proper and improper integrals.

The concept of improper integrals is an extension to the concept of definite integrals. The reason for the
term improper is because those integrals either

+ include integration over infinite limits or

» the integrand may become infinite within the limits of integration.

b
[ ttayis
We will take each case separately. Recall that in the definition of definite integral we assume

that the interval of integration [‘11 b] is finite and the function f is continuous on this interval.

Integration Over Infinite Limits

If the integrand f is continuous over the interval [a, 00], then the improper integral in this case is defined
as
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[ swie = im [ sty

If the integration of the improper integral exists, then we say that it converges . But if the limit of integration
fails to exist, then the improper integral is said to diverge. The integral above has an important geometric

b
f f(z)dz
interpretation that you need to keep in mind. Recall that, geometrically, the definite integral /=

1
f flz)dz
represents the area under the curve. Similarly, the integral Ja is a definite integral that represents
the area under the curve f(m) over the interval [a, I], as the figure below shows. However, as { approaches

o0 |, this area will expand to the area under the curve of -ﬁg) and over the entire interval [a, oc] Therefore,

[a a
/ flz)dz
the improper integral can be thought of as the area under the function f‘:g) over the interval
[a,00).

4y

As 1 — e, calculuate the area

under the curve f(x) over the entire
area [a,«). This is the improper
integral.

Example 1:

/m dr
Evaluate J1 T .

Solution:

We notice immediately that the integral is an improper integral because the upper limit of integration ap-
proaches infinity. First, replace the infinite upper limit by the finite limit { and take the limit of { to approach

infinity:
< Jp .
— =lm § —
1 T —+oxa 1 T

= I]il:rl Inz]t



— lim (Inl —In1)

—+oxa

= lim In!

—ma

= 0.

Thus the integral diverges.

Example 2:

/m dr
Evaluate J2 Z% .

Solution:

Thus the integration converges to 2

Example 3:

/_m dz
0
Evaluate ++oa 1+z .

Solution:

What we need to do first is to split the integral into two intervals (—cx:, 0] and [U= "’0‘3]' So the integral

+no [f$ 0
j_m 1+ 2/_m1+m“

Next, evaluate each improper integral separately. Evaluating the first integral on the right,

0 dr 0
j:ml—FTB ziﬂglml

becomes
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1

= lim [tan_ z];]

l——na

= lim [taﬂ_l 0 —tan™? I}

o
= Jim [0 (-3)] =%

Evaluating the second integral on the right,

a 1+ 2 =I_]J'110 a 1—|—$2

i
i

= lim [1:&1.1:1_1 m}

i—na

Adding the two results,

—+oa dE _‘ﬂ'+
o l+z2 2

= T.

b2 |

Remark: In the previous example, we split the integral at £ = 0. However, we could have split the integral
at any value of £ = £ without affecting the convergence or divergence of the integral. The choice is com-
pletely arbitrary. This is a famous thoerem that we will not prove here. That is,

+oa

" faya = j D f@de+ [ floe

—oa

Integrands with Infinite Discontinuities

This is another type of integral that arises when the integrand has a vertical asymptote (an infinite disconti-
nuity) at the limit of integration or at some point in the interval of integration. Recall from Chapter 5 in the

Lesson on Definite Integrals that in order for the function f to be integrable, it must be bounded on the in-

terval [z, B]. Otherwise, the function is not integrable and thus does not exist. For example, the integral

4 dr
Az—l

develops an infinite discontinuity at £ = 1 because the integrand approaches infinity at this point. However,

it is continuous on the two intervals ['3: 1) and {1, 4]- Looking at the integral more carefully, we may split

the interval ['3=4] - [ﬂ, 1) M (11 4] and integrate between those two intervals to see if the integral converges.



Y de (N dz [ de
j;m—l_lm—l_'—j; r—1

We next evaluate each improper integral. Integrating the first integral on the right hand side,

o dg ] U de
= lim
0 E—]. i—l1- 0 E—].
= lim [].11|m—1|]f]
i—l1—

— lim([ln}i— 1] —ln|— 1]
—1-

= —O0.

The integral diverges because ]-U(_l] and ]ﬂ(D] are not defined, and thus there is no reason to evaluate
the second integral. We conclude that the original integral diverges and has no finite value.

Example 4:

=
Evaluate J1 ¥Z —1

Solution:

2 de 2 de
1 z—1 i—1+ i V’E—l

=Hm[2 m—l?

-1t
= lim {2\/5 — 21— 1}

— 2v/2.

So the integral converges to 2\/5 .

Example 5:

In Chapter 5 you learned to find the volume of a solid by revolving a curve. Let the curve be

—z
¥ =12€ ~,0 £ T < 00 gnq revolving about the T -axis. What is the volume of revolution?

Solution:
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P
&

0 0j4 0J8 12 1p 2 2.4 2. 3.\3*.€

From the figure above, the area of the region to be revolved is given by A=my

volume of the solid is

e} 'S
V = 'JT] ?e % de = 7 lim ’e *dr.
0

i—oa fp

As you can see, we need to integrate by parts twice:

2 . —2x z” —oz —oz
e dr =—Ee —+ | e “dx

x? T 1
S —Ee_zz — EE_EE — EE_EE —+ i
Thus
vV [ 2 1 £
—glim |- T e Lt —e_zz}
I—ox L 2 o
o (222 422417
=qglm | ———M—
— L —4622
I (212 +21+1 1
o ?TI_)E&] L —4821 - —480
(24241 1
=i T et

2
= ®T

—2
€ " Thus the



At this stage, we take the limit as { approaches infinity. Notice that the when you substitute infinity into the
212 121 +1

function, the denominator of the expression —4e 7 being an exponential function, will approach in-
finity at a much faster rate than will the numerator. Thus this expression will approach zero at infinity. Hence

1 T
Vexloo=-|=%
W{“LLJ Py

So the volume of the solid is /4.

Example 6:

/-i-m [fﬂ:
Evaluate /- € T €7

Solution:

This can be a tough integral! To simplify, rewrite the integrand as

1 1 er e”

e teT e=(elt]l) ex4+1 1+ (ew)2

Substitute into the integral:

j’ dr B / e i
e te= f 14 (e)? -

T
Using % -substitution, let ¥ = € » du = e"dz.

dz _ du
&5 Lg% 1+ u2

—tan Tu -+ C
—tan e 4+ C.

Returning to our integral with infinite limits, we split it into two regions. Choose as the split point the convenient

r=0.
e dy 0 dz T dy
_/_m e=—|—e—==_/_me=+e—=+_£ er + e =

Taking each integral separately,
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/n dr ] S de
——— = lim _—

o ez + B—.']: l——mo i ez + e—ﬂ:

Similarly,

j o dg . fl dz
———— = lim S E—
0 ef 4 e = i—oa fp €F e %

= I]irnn::- [taﬂ_l e"‘]:}

= lim [tsm_l g —tan? 1]

I—noa
@ 7 i
2 4 4
Thus the integral converges to
+ma o T
| =ity
g EF4 €T

Review Questions

1. Determine whether the following integrals are improper. If so, explain why.

7
2
/$+ dr
a' 1 E_g
7
2
/$+ dr
1
/]ﬂEdE
Cc. /0
o 1
/ ar
d. Jo T— 2
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arfd
j tan zdz
e. Jo

Evaluate the integral or state that it diverges.

e |
2[ Eg.mndT
—27 1 1
/ _ dz
3 Jma [E—1 z+1
o
j e%dz
4. J—oa

=

a2
j tan rdz
6. —arf2

¢

1
1
j—dx
7. J0 ‘\.‘].—Tz

—&
8. The region between the T -axis and the curve ¥ = €  for & 2 O 'is revolved about the Z -axis.
a. Find the volume of revolution, V.

b. Find the surface area of the volume generated, 5.
Answers

1.

a. Improper; infinite discontinuity at = 3.

b. Not improper.

c. Improper; infinite discontinuity at £ = O.

d. Improper; infinite interval of integration.

e. Not improper.

1

2.1.001

3.1In3

371



E51 | bt

4.

5. divergent

6. divergent
T

7.2

8.

o ¥V =x/2

b'S=’JT|:V,§—|—]ﬂ(1—|—V,§]i|.

Homework

Evaluate the following integrals.

j 4/ 8in rcos rdx

fmta.nz(mz) sec?(z?)dr
2.
Ind
vex — ldz
3. /0

(2]
)
+|%
2T
B
?l
| | =
|
S
=]

7. Graph and find the volume of the region enclosed by the T -axis, the ¥ -axis, £ =2 and

2 9
y=z/(9—-2z") when revolved about the £ -axis.

8. The Gamma Function, F(T) , is an improper integral that appears frequently in quantum physics. It is
defined as

Pz} _ f et
a
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The integral converges for all Z 2 0.
a. Find T{1}-
b. Prove that I'{z+1) =zI'(z) forall T =0

v

1—‘ (
c. Prove that 2

9. Refer to the Gamma Function defined in the previous exercise to prove that

/ e de=T (n-i—l) ,n>0
(a) Jo n [Hint: Let £ = " |

jlﬂm)"dr ={(-1)"T(n+1),n >0

(b) [Hint: Let t = —Inz

10. In wave mechanics, a sawtooth wave is described by the integral

4 fra
j tsin{kwt)dt,

—ar fut

where k is called the wave number, w is the frequency, and t is the time variable. Evaluate the integral.

Answers

3
—siﬂg‘mm—i—c
1. 2

1
, 6 tan(z%) 4+ C'

3.1In3
4. divergent
9
5 8
— 3y 1
N ) +C
6. ‘m 1‘ r—3

oo
o
—
—
—
L
I
—
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a. Hint: Let t = ™.
b. Hint: £ = —Inz

2 sin(kw)

10, (kw)?

Ordinary Differential Equations

General and Particular Solutions

Differential equations appear in almost every area of daily life including science, business, and many others.
We will only consider ordinary differential equations (ODE). An ODE is a relation on a function y of one in-

dependent variable x and the derivatives of y with respect to x, i.e. y ™ = F(x, y, y',.....y"" ). For example,

Y+l P +y=x

An ODE is linear if F can be written as a linear combination of the derivatives of y, i.e.

y® = 3wzl + riz)

. A'linear ODE is homogeneous if r(x) = 0.

A general solution to a linear ODE is a solution containing a number (the order of the ODE) of arbitrary
variables corresponding to the constants of integration. A particular solution is derived from the general so-
lution by setting the constants to particular values. For example, for linear ODE of second degree y'+y =
0, a general solution have the formy , = A cos x + B sin x where A, B are real numbers. By setting

A=1andB=0,yp=cosx

Itis generally hard to find the solution of differential equations. Graphically and numerical methods are often
used. In some cases, analytical method works, and in the best case, y has an explicit formula in x.

Slope Fields and Isoclines

dy
S = F(E': y]

We now only consider linear ODE of the first degree, i.e. d% . In general, the solutions of a dif-
ferential equation could be visualized before trying an analytic method. A solution curve is the curve that
represents a solution (in the xy - plane).

The slope field of the differential |eg|uation is the set of all short line segments through each point (x, y) and
with slope F(x, y).

0.5

-0.5

A7 7]V NNNY
o/ /71T T TV NN
NNV
NN\ [/ /7
SO s
I

///// \\\\\

e R
A s L NN
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An isocline (for constant k) is the line along which the solution curves have the same gradient (k). By calcu-

lating this gradient for each isocline, the slope field can be visualized; making it relatively easy to sketch
dy = T

approxi- mate solution curves. For example, dz  y . The isoclines are ) k.

dy =
= = =
Example 1 Consider dr  y . We briefly sketch the slope field as above.
3
ya _ 2240
The solutions are 2 )
F(x) £ (3 | xcfo-1/1)" y
g(x) ¥ B K x12)
R(x) £ (3 X x*2+1)" 26
\\ /
1.
N PZ
N L

N
N

/
S
»
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(x) i @ kep-np :
gix) 7 (3 Kk X72-2)
RT3 x/R-3)° 2:54
2.08
pZ
2 | 15| || 95 "1 95 || 15 | 2 |
VA Ty
]
Exercise
dy
1. Sketch the slope field of the differential equation dz: N g . Sketch the solution curves based on it.
dy
—— — T
2. Sketch the slope field of the differential equation 4z 4 . Find the isoclines and sketch a solution

curve that passes through (1, 0).

Differential Equations and Integration

We begin the analytic solutions of differential equations with a simple type where Flz,y) is a function of
dy

T only. dz - f{m]

Theorem of Calculus:

is a function of & . Then any antiderivative of f is a solution by the Fundamental

S RCLE O

dy
. . L= T (0) =1
Example 1 Solve the differential equation with ¥ .
2 2
T T
'y=fmdm=—+C =—+1
Solution. 2 Then ¥(0) =1 givesl =04+ C je.C =1 Therefore Y=



dy 1
Example 2 Solve the differential equation dz 1422

1
¥v= A 2 . -1
Solution.  We  have 1+z and a substituion % =sinh "z gives

h u d hwud
y = chonaom _ ot u=fdu=u=sinh_lm+0
1+ sinh? u cosh u _
Exercise
dy

=0z
1. Solve the differential equation €z with #(0) =3
dy 1
2. Solve the differential equation gz 1+z+27

1
=T+ =
Hint: Let 2.

Solving Separable First-Order Differential Equations

The next type of differential equation where analytic solution are rela- tively easy is when the dependence

dy
. F(Ea y)

of F{Z. %) on z and ¥ are separable: dT B where F{Z.4) = F(T)9(y) is the product of a

functions of Z and ¥ respectively. The solution is in the form P(z) = Q)  Here 9(%) is never 0 or

the values of ¥ in the solutions will be restricted by where g(y) =0

Example 1 Solve the differential equation y’ = xy with the initial condition y(0) = 1.

d
W _ rde
Solution. Separating x and y turns the equation in differential form ¥ . Integrating both sides, we
1
Inly| = —z2 + C
have vl 2
1 1
1) = (0 +C Inly| = -2°
Then y(0) = 1 gives 2 ,i.e.C=0and 2

1.2
So [yl ="

l.'.':
Therefore, the solutions are ¥ = €2

Here Q(y) = y is 0 when y = 0 and the values of y in the solutions satisfy y > 0 or y < 0.

Example 2. Solve the differential equation 2xy'= 1 - y*.

2 dz

9
Solution. Separating x and y turns the equation in differential form 1-y
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2 A B

_|_
Resolving the partial fraction 1 — ¥ l1-y l+y gives linear equations A+ B=2and A- B=0.

( 1 N 1 )dy— dr
So\l—y 14w T Integrating both sides, we have —In|l —y|+nl +y|=Inz|+C

1 1 1
In ﬂ‘ — in(eC|z|) = inD|z| . ﬂ‘ —Dlg] —Y_ ipg
or - with D =€ >0 Then [1—¥ e 1—
where D > 0.
Dr+1

Therefore, the solution has form Dz —1 where D> 0.
Exercise

dy 1
1. Solve the differential equation dz " e¥ which satisfies the condition y(e) = 0.

dy 2

—=z{y" +1
2. Solve the differential equation €z (v ) .

dy T

1—g¢2

3. Solve the differential equation
Exponential and Logistic Growth

In some model, the population grows at a rate proportional to the current population without restrictions.

dP

The population is given by the differential equation E , Where k > 0 are growth. In a refined model,

- P

the rate of growth is adjusted by another factor ( K ) where K is the carrier capacity. This is close to
1 when P is small compared with K but close to 0 when P is close to K.

Both differential equations are separable and could be solved as in last section. The solutions are respectively:

R ,_k-R

Ptl=——"-
(®) 1+ Ae* with S

P(t) = PO 4

Example 1 (Exponential Growth) The population of a group of immigrant increased from 10000 to 20000
from the end of first year to the end of second year they came to an island. Assuming an exponential growth
model on the population, estimate the size of the group of initial immigrants.

Kt
Solution. The population of the group is given by P = Fe™ where the initial population and relative growth
rate are to be determined.

k1l ek
Att =1 (year), P = 10000 , so 10000 = Fye™" = Fp™
Att =2 (year), P = 20000 , so 20000 = Poe™® = Foe™

Dividing both sides of the second equation by the first, we have 2 = e .



Then back in the first equation, 10000 = P (2). So P, = 5000. There are 5000 initial immigrants.

Example 2 (Logistic Growth) The population on an island is given by the equation
4P B
—=ﬂ.D5P(1— “)

3000/ p = 1000. Find the population sizes P(20), P(30). At what time will the

dt

population first exceed 40007?

p_ R ~ 5000 — 1000

Solution. The solution is given by 1— AeP05 \yhore ©7 1000 B

5000 5000
P(20) = 1+ 400520} ~ 1 | 41 2023

5000 5000
P(30) = 1+ deg—0-05(30) = 1+ dg—15 = 3788.

5000

4000 = % e(-0.05) _ 200~ _ 0 0625

Solve for time, 1+4e ™ gives 4 . So t = 56. The population

first exceed 4000 in the 56 th year.

Exercise
1. (Exponential Growth) The population of a suburban city increased from 10000 in 2005 to 30000 in 2007.

Assuming an exponential growth model on the population, by which year will the population first exceeds
1000007?

daF B
—=G.DGP(1— 0 )
2. (Logistic Growth) The population of a city is given by the equation di 100000 P
= 25000. Find the population sizes P(10), P(25). At what time will the population first exceed 900007

Numerical Methods (Euler's, Improved Euler, Runge-Kuftta)

The Euler's method is a numerical approximation to a solution curve starting from the point (a, b) through
the algorithm:

Yn+1 = Yn + RF(Tn, 90} where To = %0 =P and h is the step size.
The shorter step size, the better is the approximation to the solution curve.
Improved Euler (Heun) method adapts on Euler's method by using both end point values:

h
U+l = Wa + E[F(-Tn: yﬂ] —+ F($n+l: yﬂ+l)]'

Since ¥n+1 also appears on the right side, we replace it by Euler's formula,

k
Yrt1 = Yn + E[F(Em yﬂ) + F(En+l: Yn + hF(Em yﬂ))]-
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The Runge-Kutta methods are an important family of implicit and explicit iterative methods for the approxi-
mation of solutions of our ODE. On them, apply Simpson's rule:

r.+fi

Yntl — Yn = o J{z)dz = f(z)de
A /

T

~ o v+ (3 3) v}

Exercise 1. Apply the Euler's, improved Euler's and the Runge-Kutta methods on the ODE

dy
dz o to approximate the solution that satisfy y(0) = 1 from x=0to x =1 with h =0.2.

We know the exact solutionis y = e X, Compare their relative accuracy against the exact solution.
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8. Infinite Series

This chapter introduces the study of sequences and infinite series. In calculus, we are interested in the be-
havior of sequences and series, including finding whether a sequence approaches a number or whether an
infinite series adds up to a number. The tests and properties in this chapter will help you describe the behavior
of a sequence or series.

Sequences

Learning Objectives
+ Demonstrate an understanding of sequences and their terms
» Determine if the limit of a sequence exists and, if it exists, find the limit

* Apply rules, theorems, and Picard’s method to compute the limits of sequences
Sequences (rules, terms, indices)

The alphabet, the names in a phone book, the numbered instructions of a model airplane kit, and the
schedule in the local television guide are examples of sequences people may use. These examples are all
sets of ordered items. In mathematics, a sequence is a list of numbers. You can make finite sequences,
such as 2, 4, 6, 8. These sequences end. You can also make infinite sequences, suchas 3,5, 7, 9, ..., which
do not end but continue on as indicated by the three dots. In this chapter the word sequence refers to an
infinite sequence.

Each term in a sequence is defined by its place of order in the list. Consider the sequence 3,5,7,9, .... The
first term is 3 because it belongs to place 1 of the sequence. The second term is 5 because it belongs to
the second place of the sequence. Likewise, The third term is 7 because it is in the third place. Notice that
there is a natural relationship between the counting numbers, or the positive integers, and the terms of the
sequence. This leads us to the definition of a sequence.

Sequence A sequence is a function from the domain of the set of counting numbers, or positive inte-
gers, to the range which consists of the members of a sequence. A sequence can be denoted by {a

ntorbya, a,aza,..anpn,..

The numbersa,,a, a, a,, ..., a p,.... that belong to a sequence are called terms of the sequence. Each
subscriptof 1, 2, 3, ...ontheterms a ,, a,, a5, a,, ...refers to the place of the terms in the sequence, or the

index. The subscripts are called the indices of the terms. We assume that n =1, 2, 3,..., unless otherwise
noted.

Instead of listing the elements of a sequence, we can define a sequence by a rule, or formula, in terms of
the indices.

Example 1

1
n

The formula is a rule for a sequence.
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We can generate the terms for this rule as follows:

n 1 2|3 14 |.

_1 1_1111-
= nl1”|2(3]3
Example 2

. L
Consider the sequence rule n+1 .

The terms of the sequence are:

n 1 2 34 |-
_o=m? |17 1| 2% _ 4|9 |16
bn = 1|42~ 2|241 3|2 |5

You can also find rule for a sequence.
Example 3

Find the rule for the sequence below.

n

| o]
1

1
a, =7 (1| 2
2

[ Q=

Look at each term in terms of its index. The numerator of each term matches the index. The denominator
1

is one more than the index. So far, we can write the formula a , as 7 +1. However, we are not done.

Notice that each even-indexed term has a negative sign. This means that all of terms of the sequence have
a power of —1. The powers of —1 alternate between odd and even. Usually, alternating powers of —1 can be

denote by (-1)” or (-1)” +1 . Since the terms are negative for even indices, we use (-1)” +1 . Thus, the
(1)
Oy = —
rule for the sequence is n—+1  Youcancheck the rule by finding the first few terms of the sequence
(1)
 om+1

Limit of a Sequence

We are interested in the behavior of the sequence as the value of n gets very large. Many times a sequence
will get closer to a certain number, or limit, as n gets large. Finding the limit of a sequence is very similar
to finding the limit of a function. Let's look at some graphs of sequences.

Example 4

1 }
Find the limit of the sequence {2” +1) asn goes to infinity.




Solution

1

'y‘ f—
We can graph the corresponding function 2n+1forn= 1, 2, 3,.... The graph of is similar to the con-
1

y ——
tinuous function 2z + 1 for the domain of x = 1.

A
y
1 ——
14 .
3 ® . o
| | | | |
I I I I I
n
1 2 3 4 5
y= 2n1+1 » n=123,... Label vertical axis y. Label horizontal axis n.
1 1 1 1
h h i 1,-),(2,=).(3,=),(4,—
Show the points ( ,3),( ,5):(3,7),( :9)
A
y

/

Y=o X >1 Label vertical axis y. Label horizontal axis x.

. 1 1 1 1
Show the points (1,?),(2,€),(3,7),(4,?) and

draw the curve y = ﬁ through the points.

To determine the limit, we look at the trend or behavior of the graph of sequence as n gets larger or travels
out to positive infinity. This means we look at the points of sequence that correspond to the far right end of
the horizontal axis in the figure on the right. We see that the points of the sequence are getting closer to the

1 }
horizontal axis, y = 0. Thus, the limit of the sequence {2”"‘ 1 is 0 as n tends to infinity. We write:

1
]- -
oo 271 1+ 1

Here is the precise definition of the limit of a sequence.

Limit of a Sequence The limit of a sequence a p, is the number L if for each € > 0, there exists
an integer Nsuch that|a , -L|<eforalln> N.
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Recallthat|a - L | < ¢ means the values ofa j, suchthatL-e<a p, <L +e.

What does the definition of the limit of a sequence mean? Here is another example.
Example 5

Look at Figure 3.

A Y
1_.—
[ ]
L+e e e N
Y o 000
L * T T T T T T "
1 2 3 4 5 Geoe N

L-¢

{ I”nn } with limit L = 0

1 In (1) Ih(2) Ih(3) In(4) In (5) In (6) In (7)
Plot: (1, =5=),(2, =5—)., 3 (4, =705, 5 ):(6, 5 W7 =)
On the y-axis show the interval around L=0: L+¢ to L-¢ . Draw dotted horizontal
lines from those two points.

From n = N on, draw some points of the sequence such that they lie between
the horizontal axis and the dotted line for L + ¢

In n

o5

Figure 3 shows the graph of the sequence L . Notice that from Non, theterms of 7 are between
L - gand L + €. In other words, for this value of ¢, there is a value N such that all terms of a ,, are in the in-
terval from L - eand L + €. Thus, ==+ 11

Not every sequence has a limit.

Example 6

Here is a graph of the sequence {n + 1}.

A

y

- N W h OO N ®
]
T
°

——
1 2 3 45 6 7 8 il

{1}

Plot the points (1,2), (2,3), (3,4), (4,5), (5,6).

Y
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Consider the sequence {n + 1} in Figure 4. As n gets larger and goes to infinity, the terms of a , = n + 1

o . lim {(m+1) =+oo.
become larger and larger. The sequence {n + 1} does not have a limit. We write n—+oc

Convergence and Divergence

We say that a sequence {a ,,} converges to a limit L if sequence has a finite limit L. The sequence has
convergence. \We describe the sequence as convergent. Likewise, a sequence {a p,} diverges to a limit

L if sequence does not have a finite limit. The sequence has divergence and we describe the sequence as
divergent.

Example 7

The sequence {In (n)} grows without bound as n approaches infinity. Note that the related function y = In(x)
grows without bound. The sequence is divergent because it does not have a finite limit. We write

lim In{n) = +eco

i—+na
Example 8
8
The sequence 1} converges to the limit L = 4 and hence is convergent. If you graph the function
8
y — 4 _— . .
n forn=1, 2, 3,..., you will see that the graph approaches 4 as n gets larger. Algebraically, as n

B

goes to infinity, the term T gets smaller and tends to 0 while 4 stays constant. We write

Iim ( —§) =4
n—-no mn )

Example 9

Does the sequence s, with terms 1, -1, 1, -1, 1, -1, .... have a limit?

Solution
This sequence oscillates, or goes back and forth, between the values 1 and —1. The sequence does not get

lim s
closer to 1 or —1 as n gets larger. We say that the sequence does not have a limit, or n—+ma ™ does not
exist.

Note: Each sequence’s limit falls under only one of the four possible cases:

.. . ey limn 8p = L
1. A limit exists and the limit is L: n—+= .

. . lim sq .
2. There is no limit; n—+ma does not exist.

- . : L o im s, = +o0
3. The limit grows without bound in the positive direction and is divergent: n—+ea

- . . o o lim s, = —co.
4. The limit grows without bound in the negative direction and is divergent: a—+tea

If a sequence has a finite limit, then it only has one value for that limit.
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‘Theorem If a sequence is convergent, then its limit is unique.

Keep in mind that being divergent is not the same as not having a limit.
L’Hépital’s Rule

Realistically, we cannot graph every sequence to determine if it has a finite limit and the value of that limit.
Nor can we make an algebraic argument for the limit for every possible sequence. Just as there are indeter-
minate forms when finding limits of functions, there are indeterminate forms of sequences, such as

0
n? H 0 + 00 . . .
0" eo . To find the limit of such sequences, we can apply L'Hopital’s rule.

Example 10

lim @

Find n—+ce N
Solution

We solved this limit by using a graph in Example 5. Let’s solve this problem using L'Hépital’s rule. The nu-
merator is In(n) and the denominator is n. Both functions y = In(n) and y = n do not have limits. So, the se-

{]n(n] } oo
quence Lo is of the indeterminate form oo . Since the functions y = In(n) and y = n are not differen-
In{z
lim (z)
tiable, we apply L'Hbpital’s rule to the corresponding problem, z—+ee T | first. Taking the first derivative
In(z) Infz) _ z

Iim lim £=0
of the numerator and denominator of we find g+ X z—+oo 1 . Thus,

im g _ Infs)

notoe Al because the points of / N are a subset of the points of the function ./ T
as x approaches infinity. We also confirmed the limit of the sequence with its graph in Example 5.

In(n)

Rules, Sandwich/Squeeze

Properties of function limits are also used with limits of sequences.

Im e, =1, Iim b, = Lq
Theorem (Rules) Let {a ,} and {b ,} be sequences such that n—+eo and n—+oo

lim c=c
. Let c be any constant. Then the following statements are true: 1. i—+oe The limit of a constant

_ lim exa, =cx lim a, =cly o .
is the same constant. 2. n—+ca n—s+na The limit of a constant times a se-
quence is the same as the constant times the Iimit of the sequence. 3.

lim (g, +b,) = lim e,+ lim =1L, + Iy - .
n—+no A——+00 (. The limit of a sum of sequences is the same as

lim (e, X b,) = lim x lim =i, L
the sum of the limits of the sequences. 4. n—r+m( " ") n—-+ma“ n—+na o 152 The
limit of the product of sequences is the same as the product of the limits of the sequences. 5. If L , #
Ti (ﬂn) ]jH]-n—r+rJ::| 2y J|]:‘l
1171 —_— — = -
0, then "™ br iy ioabn Lo The limitof the quotient of two sequences is the same

as the quotient of the limits of the sequences.




Let’s apply these rules to help us find limits.

Example 11

" Tn
1l
Find n—+oe 92 4+ 5

Solution

We could use L’'Hopital’s rule or we could use some of the rules in the preceding theorem. Let’s use the
rules in the theorem. Divide both the numerator and denominator by the highest power of n in the expression

and using rules from the theorem, we find the limit:

Tn
Tn . -

m = m o 5
n—+na 9n+5 n—oo ?4_ =

n Dividing both numerator and denominator by n

7
= m o5y
novtee (9+ 2) Simplifying
o ]jmn—r+rx| 7
s n/ Applying the division rule for limits.
B limy, i 0n 7
T : 5
ity 009 + Moo Applying the rule for the limit of a sum to the denominator
7 7
9+0 8 Evaluating the limits
Example 12
) 11 B
lim | — — —
Find "7\ ™ R°/
Solution
11 8 11 8
lim (———2) = lim —— lim —
itma AN N notea o moHea B Applying the rule for the difference of two limits
1 1
=11 lim ——8 lim —
a—+oo 11 n—+oa 1% Applying the rule for the limit of ¢ times a limit

=11 x 0 — 8 x 0 = 0 Evaluating the limits

As with limits of functions, there is a Sandwich/Squeeze Theorem for the limits of sequences.

Sandwich/Squeeze Theorem Let {a ,}, {b h} and {c } be sequences. Let N be a positive in-
teger. Suppose ¢ p, is a sequence such thata , <c , <b p forall n= N. Suppose also that

lima, = limb, = L Tnhen lime, =L
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You can see how the name of the theorem makes sense from the statement. After a certain point in the
sequences, the terms of a sequence ¢ , are sandwiched or squeezed between the terms of two convergent

sequences with the same limit. Then the limit of the sequence ¢ p, is squeezed to become the same as the
limit of the two convergent sequences. Let’s look at an example.

Example 13

8!’1

im —=20
Prove n—+ro 1l .

Solution
Recall that n! is read as “n factorial” and is written as n! =n x (n-1) x (n - 2)x ... x1.

8'11.

We want to apply the Sandwich theorem by squeezing the sequence 1! petween two sequences that
converge to the same limit.

Bﬂ.

First, we know that — %! . Now we want to find a sequence whose terms greater than or equal to the
Sﬂ.

terms of the sequence ! for some n.

We can write

8"_ BxBxB---x8
nl axmh-—-Dxnm-2)x- -1
8 B B 8§
n n-—1 2 1
B 8 B 8 8 8 B 8
= — _ e W — W — — M — M — W - —
n n—1 9 B8 T 6 5 1
B 8 B
Since each factor in the product % — 1 9 B is less than or equal to 1, then the product
8 8 B
X ox=-—x-=1
n—1 9 8 . Then we make an inequality:

8 ] 8§ B8 8 8 8 8 8 8 8 8 8
(—)( x---x—x—)(—x—x—x---x—)5(—)(1}(—)(—)(—)( x—)
n n—1 9 B8 T 6 h 1 7 7T 6 h 1

AW AL 8
AT ACA Ror RaliaE
(8 87
A\m 7

B" B8 87
Thus, . L s L *4 . By using the Rules Theorem, we have n—+a

8\ /& 87 B /8 B
lim (—)(—)z(—)ﬁm—=(—)><ﬂ=ﬂ 0< lm <o
and "t AR 7l T/ notean 7l . Thus, ~ motoem! = By the
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8!’1

im —=0
Sandwich/Squeeze Theorem, n—+oc 72! )

Picard’s Method

The following method appeared in 1891 by Emile Picard, a famous French mathematician. It is a method
for solving initial value problems in differential equations that produces a sequence of functions which converge
to the solution. Start with the initial value problem:

y=Ff(x,y)withy(x,) =y,

If f(x, y)and f x (x, y) are both continuous then a unique solution to the initial value problem exists by Picard’s

theory. Now if y(x) is the solution to the given problem, then a reformulation of the differential equation is
possible:

/ v~ | Ftu(e)a

Now the Fundamental Theorem of Calculus is utilized to integrate the left hand side of the problem and
upon isolating , the following result is obtained:

¥(z) = 1o + j 1t y(6))dt

The equation above is the starting point for the Picard iteration because it will be used to build the sequence
of functions which will describe the actual solution to the initial value problem. The Picard sequence of
functions is calculated as follows:

Step 1- Define Y ((x) =y,

Step 2 - Substitute Y (t) = y , for y(t) in f{t, y(t)):

Yi(z) =yo+ j " f, Va(e))de

Yi(z) = o + j £, Yoyde

Step 3 - Repeat step 2 with Y, (f) for y(f) :

Yi(z) = yo+ j " p i)t

The substitution process is repeated n times and generates a sequence of functions {Y ,(x)} which converges
to the initial value problem. To summarize this procedure mathematically,

Picard’s Method
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Let {¥a(z)} be sequence defined successively by,

L@ =t [ S0Yealhe
zn or ™ —

The sequence of approximations converges to the solution U(T] ,i.e.

Jim Ya(z) = y().

390

Now that we have defined Picard’s method, let’s calculate a sequence of functions for an initial value problem.

Example 1

3
Find the first four functions {K‘(m)}mﬂ defined by Picard’s method for the solution to the initial value
problem

y(x) = xy(x) with y(-1) = 1.
Solution

We want to apply the Fundamental Theorem of Calculus to the differential equations so that it is reformulated
for use in the Picard method. Thus,

[vou- [ aew

-1

y(z) — y(~1) = / jry(t)d:

ylr) =1+ /=1 ty(t)dt

Now that the differential equation has been rewritten for Picard’s method, we begin the calculations for the
sequence of functions. In all cases the first function Y ,(x) is given by the initial condition:

Step 1 — Define Y ((x) = 1

£
y(z) =1+ f ry(tdt
Step 2 — Substitute Y ,(x) = 1 for y(t) in the integrand of -1 :



L

Yl(z]=1+j bt

-1

2
K(E]Zl—FE
-1

1

Yifey =12
l(E] 2+2

2

et
¥

I
B3| =
+

2 for y(t) in the integrand as above:

5 ¢ It
Yolz) =+ —+—
Step 4 — Substitute 2(z) 8 4 8

Ya(z) = 1 fz‘r—’ L
@) =1+ [ t{g+5+5

582 ¢t f
E(E]=1+(E+E+E)

20 5z2 gt g6

“18 71616 =

¥a(z)

Thus, the initial four functions in the sequence defined by Picard’s method are:

1,5+ =S e

1 z? 5 x? xt 29 5x? Tt 8
2 2° 8 4 8 48 16 16 48

The method also states that this sequence will converge to the solution y(x) of the initial value problem, i.e.

lim_Y,(z) = y()

A pattern of the functions in the sequence Y ,(x) is emerging but it is not an obvious one. We do know Y
n (x) will converge to the solution for this problem by Picard’s method. The exact solution for this problem

can be calculated and is given by:

for y(t) in the integrand as done previously:
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=21

y(z) =€ ?

Clearly this solution satisfies y(x) = xy(x) and y(-1) = 1.
Review Questions

1. Find the rule for the sequence a p.

Do DO

an=?

\S]

Tell if each sequence is convergent, is divergent, or has no limit. If the sequence is convergent, find its limit.

()
__|__2
2. T T

. 3nt -2
(_1] 4 )
8. 2n* 4 b — 4n

lim |a,| =0 lim e, =0 .
10. Let {a@ ,} be a sequence such that n—+na . Show that a—+ec .(l @ p | is the absolute

value ofa p.)

3
11. Find the first four functions {Y“(E]}ﬂ:l] defined by Picard’s method for the solution to the initial value
problem

y(x) =1+ y with y(0) = 0.

]
12. Find the first four functions {K‘l(m]}ﬂ:ﬂ defined by Picard’s method for the solution to the initial value
problem
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y(x) =1+ y? with y(0) = 0.

2
13. Find the first three functions {Ya(z)}aso defined by Picard’s method for the solution to the initial value

problem

1
vz =" in V0 "5
Answers
1.ap,=(-1"2
2. convergent; Limit is O
3. convergent; Limit is 6
4. No limit exists.
5. divergent
6. convergent; Limitis O
7. No limit exists.
8. No limit exists.
9. convergent; Limit is 0

10. By definition of absolute value, -|a , |[<a 5 <| a p | . Then take limits of all three terms:

lim (—1la,|) < lim a, < lim |ag|

—0 i—+na fi——oa
— lim {|a,]) € lim e, < lm |a,
i—+—o0 ni—+oa fi—+0oa

0< lim a,<0

i—-Ho
By the Sandwich/Squeeze Theorem, n—-+oa also.
TE $2 Es
AN (PP At
11. ) 6
Yo (z)}i =40 T oz =
12.{ () bt { R RT +63}
4/3
11 =1 371 =«
Y. 2 _ 4, 5 L 9fr =
PRl {8,8+2,32 2 (3+2) }
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Levels of Difficulty
1. Beginning

2. Beginning

3. Beginning

4. Beginning

5. Beginning

6. Intermediate
7. Intermediate
8. Intermediate
9. Challenging
10. Challenging
11. Beginning
12. Intermediate
13. Challenging
Keywords
sequence

rules

terms

index, indices
limit
convergence
divergence
L’'Hopital’s Rule
Sandwich/Squeeze Theorem

Picard’s Method

Infinite Series

Learning Objectives
+ Demonstrate an understanding of series and the sequence of partial sums

* Recognize geometric series and determine when they converge or diverge
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+ Compute the sum of a convergent geometric series

» Determine convergence or divergence of series using the nth-Term Test

Infinite Series (series, sequence of partial sums, convergence, divergence)

Series

Another topic that involves an infinite number of terms is the topic of infinite series. We can represent
certain functions and numbers with an infinite series. For example, any real number that can be written as
a non-terminating decimal can be represented as an infinite series.

Example 1

4

The rational number & can be written as 0.44444.... We can expand the decimal notation as an infinite series:

4
9= 0.4 +0.04 4 0.004 + 0.0004 4 ...

4 4 4 4
_ﬁ+1ﬂﬂ+1000+1u,000+'"
4 4 4 4

BT A T T

1

On the other hand, the number 4 can be written as 0.25. If we expand the decimal notation, we get a finite
series:

1
- =02+0.05
4 +

2 i

101 100
2 5
=10 100

Do you see the difference between an infinite series and a finite series? Let’s define what we mean by an
infinite series.

Infinite Series An infinite series is the sum of an infinite number of terms, u,, u,, u,, u, ..., usually written

o0
Uy,

as. u, + u, + u, + u, +.... A shorthand notation for an infinite series is to use sigma notation: k=1 , which

can be read as “the sum of the terms u, ’s for k equal to 1 to infinity.”

We can make finite sums from the terms of the infinite series:
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Sy;=utu,tu,

The first sum is the first term of the sequence. The second sum is the sum of the first two terms. The third
term is the sum of the first three terms. Thus, the nth finite sum, s, is the sum of the first n terms of the infinite

series: s,=U, + U, + Uy + ... + U, .
Sequence of Partial Sums

As you can see, the sums s, = u, + u, + u, +...+ u, form a sequence. The sequence is very important for
the study of the related infinite series for it tells a lot about the infinite series.

-8
Uy,
Partial Sums For an infinite series k=1 , the n th partial sum, s, is the sum of the first n terms of the
T
8n — Zﬂk

infinite series: k=1 . The sequence {s, } formed from these sums is called the sequence of partial
sums.

Example 2

Find the first five partial sums of the infinite series 1 + 0.1 + 0.01 + 0.001 + ....
Solution

s,=u,=1

S,=u,+u,=1+01=1.1

§,=1+0.1+0.01=1.11

s,=1+0.1+0.01+0.001+0.0001=1.1111
§;=1+0.1+0.01+0.001+0.0001=1.1111

Convergence and Divergence

Just as with sequences, we can talk about convergence and divergence of infinite series. It turns out that
the convergence or divergence of an infinite series depends on the convergence or divergence of the se-
quence of partial sums.

Uy,
Convergence/Divergence of Series Let =1 be an infinite series and let {s, } be the sequence of

iuk=l

partial sums for the series. If {s, } has a finite limit / , then the infinite series converges and k=1 .
If {s, } does not have a finite limit, then the infinite series diverges. The infinite series does not have a sum.

Example 3
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Does the infinite series 1 + 0.1 + 0.01 + 0.001 + ... converge or diverge?
Solution
To make our work easier, write the infinite series 1 + 0.1 + 0.01 + 0.001 + ... as an infinite series of fractions:

! 1 1 1
+1'3!+ 1[]2+1ﬂ3+"'

To solve for convergence or divergence of the infinite series, write the formula for the nth partial sum

L1}
Y wmis =1+ RIS S
Sp = x - S = oy Tr2 = 1
=1 1o~ 10 107 L . Note that the nth partial sum ends with a
power of n — 1 in the denominator because 1 is the first term of the infinite series.

1 1 1 1
lim s, = lim 14—+ — 4+ —— 4 .+ —
It is rather difficult to find m—-+re a—+oo 10 102 108 1071 as it is written. We will

“work” the sum into a different form so that we can find the limit of the sequence of partial sums.

1 1 1 1
Sp=l+—F -+ttt —

First, multiply both sides of the equation 10 102 104 10"-1 py 10 .
1 _1 1+1+1+1+ N 1
10" 10 10 ' 102 ' 108 ' 7 10l
11 1 1 1 1
" Tt IE T T T e
Now we have two equations:

] 1 1
=l T T T et
11 1 1 1 1
T Tt E T T T e

Subtract the bottom equation from the top equation to cancel terms and simplifying:

1 1 1 1
S TR T R T T

1 1 1 1 1 1
—ﬁ3ﬂ=—(ﬁ+ﬁ+ﬁ+ﬁ+"-+m)
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g =1 —

% 107" 107
9

9, 1L

10 10

10
Solve for s, by multiplying both sides of the last equation by 9 :

10 1
= — ]_ _——_—
sn= 51— )

Now we find the limit of both sides:

. .10 1
A s = lm (1= )

10 1 10 10 1
m —(l— —) = lim — — lim = {—
no+oa 9 10m n—oa O n—+na 9 10"

10 10

= — —D _ —_—

9 9

10

The sum of the infinite series is 9 and so the series converges.
Geometric Series

The geometric series is a special kind of infinite series whose convergence or divergence is based on a
certain number associated with the series.

Geometric Series A geometric series is an infinite series written as a + ar + ar’ + ar’ +...+ ar"’+... . In
o

ﬂ,’!"k_l

sigma notation, a geometric series is written as k=1 . The number r is the ratio of the series.

Example 4

Here are some examples of geometric series.

Geometric Series

| a | r

1 1 1 1 1 11
tytEtat-taat- 1
5 5 5 (—1)*5 3 1

—stEtgt Tt et 8

1+3+3+3%+. . +3"+.. 13
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The convergence or divergence of a geometric series depends on r.

|1l <1 and the sum of the series is . 2. The geometric series diverges if | = 1.

Theorem Suppose that the geometric series k=1 has ratio r. 1. The geometric series converges if

Example 5

i Tt T
Determine if the series B 82 g "
the sum of the series.

8|‘.—1 +

Solution

The series is a geometric series that can be written as #=1

1 a 7 T
Because |8 , the series converges. The sum of the series is T8 a
Example 6
+oo
Yo
Determine if the series k=1 converges or diverges. If it converges, find the sum of the series.
Solution

The series is a geometric series with a = 1 and the ratio r = 9. Because |9|>1, the series diverges.

Example 7
3 3 3 (1)

T e e R e T _ . _
Determineif 4 4 4 4 converges or diverges. If it converges, find the sum of
the series.

Solution

If we rewrite the series in terms of powers of k, the series looks like this:

ClGntd o) W G R o S (—1)1+3 (—l)2+...+3 (—l)k%--

41 42 43 4% 4 4 4
1 1
It looks like a geometric series with a = 3 and 4 Since 4 4 , the series converges.
1
r=—-
However, if we write the definition of a geometric series for a = 3 and 4 | the series looks like this:

converges or diverges. If it converges, find
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k=1
1\ 1\?
—3+3(->) +3(-—-
+3(=3) +3(-3) +
-1 3(-1)?% 3(-1)8 (1)
. SN C I C VI O |
The original problem, 4 4 4 4 , does not have the leading

term of 3. This does not affect the convergence but will affect the sum of the series. We need to subtract 3

1\* 1\?
3+3(__) +3(__) .
from the sum of the series 4 4 to get the sum of

1 2 3 k

3(;11] + 3(;21] + 3(;31] + .o+ 3(;—:) + ...
- ﬁ_3=$_3=§_3=§_3=§_§=_g
The sum of the series is: 4 4 .
Other Convergent Series
There are other infinite series that will converge.
Example 8
. (i-5h0)

Determine if n=1 4 k+1 converges or diverges. If it converges, find the sum.
Solution

The nth partial sum s, is:

t. 72 2
S"=Z(rm)

2

We can simplify s, further. Notice that the first parentheses has 2 while the second parentheses has 2
2 2

. These will add up to 0 and cancel out. Likewise, the 3 and 3

will cancel out. Continue in this way to cancel opposite terms. This sum is a telescoping sum, which is a

sum of terms that cancel each other out so that the sum will fold neatly like a folding telescope. Thus, we
can write the partial sum as
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S
5 n+1 nt1
—+xa
) 2 2
lim s, = lim (2— )=2 Z(E_m)zz
Then ™= e n+1 and k=1 .

Other Divergent Series (nth-Term Test)

Determining convergence by using the limit of the sequence of partial sums is not always feasible or practical.
For other series, it is more useful to apply tests to determine if an infinite series converges or diverges. Here
are two theorems that help us determine convergence or divergence.

Zu" im wu =0

Theorem (The nth-Term Test) If the infinite series k=1 converges, then ¥—+oa Theorem If
o0
2wt ) m 2
k—+ra or if E—+oa does not exist, then the infinite series k=1 diverges.

The first theorem tells us that if an infinite series converges, then the limit of the sequence of terms is 0. The
converse is not true: If the limit of the sequence of terms is 0, then the series converges. So, we cannot use
this theorem as a test of convergence.

The second theorem tells us that if limit of the sequence of terms is not zero, then the infinites series diverges.
This gives us the first test of divergence: the n th-Term Test or Divergence Test. Note that if the test is
applied and the limit of the sequence of terms is 0, we cannot conclude anything and must use another test.

Example 9

_

Determine if k=1 k+3

converges or diverges.
Solution

We can use the nth-Term Test to determine if the series diverges. Then we do not have to check for conver-
gence.

o

1 limy_, 400 1

k
= lim =1

im —— = = lim =
k—>+oo £+ 5 k—toa kkﬁ k—+pa 14 E ]]I[I.b_,+m 1+ E

& >k
Because k—lrElm k‘—l——5 70 , the series ; k+5 diverges.
Example 10
8
Determine if k=1 =~ converges or diverges.
Solution
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8

im
Using the nth-Term Test, *—++= k—3 Since the limit is 0, we cannot make a conclusion about convergence
or divergence.

Rules for Convergent Series, Reindexing

Rules

As with sequences, there are rules for convergent infinite series that help make it easier to determine con-
vergence.

o ]

Zm Zm

Theorem (Rules for Convergent Series) 1. Suppose k=1 and n=1 are convergent series with

o o o o
Z Uy = 5 Z v = Sy Z(ﬂk + vy Z(ﬂk — Ug)
=1 and k=1 . Then k=1 and k=1 are also convergent where
o o o o o o
Z(ﬂk +v) = Z(‘h‘-k] + (vx) = 51+ 5y Z(ﬂk —U) = Z(ﬂk] — Z(Uk] =51 — 5
o0
Uy
(The sum or difference of convergent series is also convergent.) 2. Let ¢ # 0 be a constant. Suppose =1
0Da o0 0Da o0 o0
Su-s  You San-chu-cs >
converges and k=1 Then k=1 also converges where. k=1 k=1 If k=1
o
Ciy
diverges, then k=1 also diverges. (Multiplying by a nonzero constant does not affect convergence or

divergence.)

Example 10

k—1 k—1
Find the sum of k=1 3 8 :
Solution

= 2 1 ~. 2 =1
> (Grg) "Lt L

Using the Rules Theorem, k=1

= 2 2 y)
31 o T=3 . (!
k=1 is a convergent geometric series with a = 2 and 3 . Itssumis 3 ;]
= 1 1 2 1 8
ng—l T =_ 11 77 7
k=1 is a convergent geometric series with a =2 and B ltssumis ] a .
= 2 1 ) = 2 = 1 8 29
I ECRFS PN JECT DESTER X
fe—1 k—1 k—1 k—1
Then &=1 (3 8 k=1 3 i=1 8 7 7



Example 11

= 5
2 ﬁi:—l
Find the sum of &=1 .
Solution
DO & 4] DO
) 5 3
22 (5!:—1) - Z gr—1 ZZ gr—1
By the Rules Theorem, &=1 k=1 . The series k=1 is a geometric series with a
oa

D ] 5
1
r=_ Zﬁk—l 1—z-5=F6
=5 and 6 . The sum of is k=1 6 .

. 5
Zz(ﬁk—_l) —2x6=12
Then &=1 .

Adding or subtracting a finite number of terms from an infinite series does not affect convergence or diver-
gence.

o0 o0 o0
> >t (g +tn e ) >
Theorem If k=1 converges, then =1 is also convergent. If k=1 con-
o0 o0
wp — (w1 + g+ ... + 2y, >
verges, then k=1 is also convergent. Likewise, if k=1 diverges, then

Zﬂk+(ﬂ1+ﬂz+---+um] Zuk—(ul—t—ug—k...—l—um)
=1 and k=1 are also divergent.

For a convergent series, adding or removing a finite number of terms will not affect convergence, but it will
affect the sum.

Example 12

-1 =
Find the sum of k=1 5 5 .

Solution
oa
S 1 15
k—1 = — ——
k=1 is a geometric series with a = 3 and 9 . ltssumis 4

oa

Z 3 (3+ 3) 15 18 3
k—1 5l A4 " " &
Then k=1 5 3 1 5 5

Reindexing

Another property of convergent series is that we can reindex a series without changing its convergence.
This means we can start the indices of the series with another number other than 1. Keep the terms in order
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though for reindexing.

Example 13
> 4
2.5
k=1 is a convergent geometric series. It can be reindexed by changing the starting position of i and

the power of i. The new series is still convergent.

= 4 o~ 4
;Ekq:;y—s

You can check that the series on the right is the same series as the one of the left by writing out the first
few terms for each series. Notice that the terms are still in order.

Review Questions

1

1. Express the number 11 as an infinite series.

= (-1
D

2. Find £1: 52, 53 and for &=1

3

3. Determine if the infinite series 10 * 10%? ° 102 converges or diverges.

1 2 3
4. What are the values of a and r for the geometric series 3+ 3(2] + 3(2] + 3(2) ool

Determine if each infinite series converges or diverges. If a series converges, find its sum.

56
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= o

i Us Z Vi Z(Uk + Vi)

10. Suppose k=1 is a convergent series and k=1 is a divergent series. Explain why k=1
o0
2 W= a)

and k=1 both diverge.

11. Give an example of a geometric series whose sum is -3.

12. Give an example of a telescoping sum whose sum is 4.

Answers
I 9
1
2.7 T2
111
T TgTaT T
1 1 1 3
= 737178 8
11 1 1 5
Se="5T31787 16 8
4,3 .3 3 3
N TR T T LA T

13—13+3+3—|—3—|— —|—3
10" 10 10 ' 102 108 T T 10m1

3 3 3 3 3 3
1()3" =10 + 10% -+ 109 -+ 10 T = 107
4 3 3 3 3
Then Sy =d+ 10 -+ 102 + 108 o Ton 1
33_ 3+3+3+3+ +3
10" 10 10 108 ' 10t T 10m
3 . 1
n 0% T 0T 10m
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:—3——
sn =7 (3 — 7w/
10 1
lim 5, = lim —(3 — —
Then a—oo A—oa 7( 1[]“]
10 30
;i = —(3] — —
Jm se = 73— 3

The series converges.

4.a=3,r=2

fi ) E—1
§:§ 3 3
5 r=_lrl=-<1

5. The series k=1 is a geometric series with a =1 and 8 8 and so, the geometric
1 5
. . 1-3 2
series converges. The sum is 5 .

—+oa k-1
2 9
Z(_E) r=——.|r|=23«1

6. The series k=1 is a geometric series with a =1 and 3 and so, the ge-

1 L4, 8y _1 (23 3 23 3
1-(-2) 9 '27) &8 \2v) 5 27 27

ometric series converges. The sum is a

i o lirn & li ! 1=+£0
e —oa kS — - EEE:. _ 4 ==
7. k=1 k . diverges by the nth-Term Test: k k 3 k—ro 1 ] _
4Rt . o a oo gk-1 b A
Zg.’:_l=4 Z‘l ng_]_:Zﬁti(g) T.:E
8. =1 =T k=1 . This is a geometric series with a = 64 and 9

5

64 64 576
=
2]

- s 1- )
. The series converges. The sum is 0

(GRS D SCIRD S

9. k=2 k=2
i) k-1 oa

2 1 3 2 1 1 5 1
Y(3) Wit Yae-rroi-ioieg
k=2 3 and k=2 5 .
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S0 55)- (00 Be) 1015

Then =2 k=" k=2
o (4.4 o o
>w Sh-to Yh--w Yo

10. Since k=1 is divergent, then k=1 or k=1 . Since k=1 is convergent,

oo

iUk Z(Uk—l—vk]:i[ft—l—iﬁ
k=1 k=1 k=1

is finite. Then k=1 is the sum of something finite and something

o3 xa o [a 4]
> U+ Vi) PR CEDNIEDNE
infinite. Thus, &=1 is infinite and diverges. Likewise, k=1 k=1 k=1 is the

difference of something finite and something infinite and hence is still infinite and divergent.

$e(2)”

11. Sample answer: &=1
Bt
12. Sample answer: k=1 E k+]
Difficulty Levels of Review Questions
1. beginning

2. beginning

3. intermediate

4. beginning

5. beginning

6. intermediate

7. intermediate

8. intermediate

9. intermediate

10. challenging

11. challenging

12. challenging

Keywords

infinite series

sequence of partial sums

convergence
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divergence

geometric series

ratio of geometric series
nth-Term Test

reindexing

Series Without Negative Terms

Learning Objectives

+ Demonstrate an understanding of nondecreasing sequences

* Recognize harmonic series, geometric series, and p-series and determine convergence or divergence
* Apply the Comparison Test, the Integral Test, and the Limit Comparison Test

Nondecreasing Sequences

In order to extend our study on infinite series, we must first take a look at a special type of sequence.

Nondecreasing Sequence A nondecreasing sequence {S ,} is a sequence of terms that do not decrease:

5 X5 <85 <... <5, ... Eachterm is greater than or equal to the previous term.

Example 1 5, 10, 15, 20, ... is a nondecreasing sequence. Each term is greater than the previous term: 5
<10<15<20<...

10,000, 1000, 100, ... is not a nondecreasing sequence. Each term is less than the previous term: 10,000,
> 1000, > 100 ....

5, ... is a nondecreasing sequence. Each term is less than or equal to the previous term: 3 < 3

A~
(¢
IA

A discussion about sequences would not be complete without talking about limits. It turns out that certain
nondecreasing sequences are convergent.

im
Theorem Let {S ,,} be a nondecreasing sequence: S 1 S 2<S 3<..<S p <...nom 1. Ifthere

_ lim &, lim S, =L
is a constant B such that S ,; < B for all n, then n—no exists and n—ea where L < B. 2. If the

, lim 8, = +o0
constant B does not exist, then a—oo .

The theorem says that a bounded, convergent, nondecreasing sequence has a limit that is less than or
equal to the bound. If we cannot find a bound, the sequence diverges.

T

Example 2 Determine if the sequence {6” +9 } converges or diverges. If it converges, find its limit.

Solution



1 2 3 4

Write the first few terms: 117 17" 23’ 29° " The sequence is nondecreasing. To determine conver-
n
<
gence, we see if we can find a constant B such that 612 + & . If we cannot find such a constant, then

the sequence diverges.

If two fractions have the same numerator but different denominators, the fraction with the smaller denomi-
n i3 1 i3 1 . 7 1

= < - lim =
nator is the larger fraction. Thus, 6% +3 — 61 6 Then 6 +35 = 6 ang, infact, "o brn+35 6

Series Without Negative Terms (harmonic, geometric, p-series)

There are several special kinds of series with nonnegative terms, i.e., terms that are either positive or zero.
We will study the convergence of such series by studying their corresponding sequences of partial sums.

Let’s start with the harmonic series:'

z"‘i1_1+1+1+1+
k:lK 2 = 5 ..

The sequence of partial sums look like this:

5 =1

5'1=1+%
51=1+%+%
&=1+%+%+i

In order for the harmonic series to converge, the sequence of partial sums must converge. The sequence
of partial sums of the harmonic series is a nondecreasing sequence. By the previous theorem, if we find a
bound on the sequence of partial sums, we can show that the sequence of partial sums converges and,
consequently, that the harmonic series converges.

It turns out that the sequence of partial sums cannot be made less than a set constant B. We will omit the
proof here, but the main idea is to show that the a selected infinite subset of terms of the sequence of partial
sums are greater than a sequence that diverges, which implies that the sequence of partial sums diverge.
Hence, the harmonic series is not convergent.

We can also work with geometric series whose terms are all non-negative.
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Example 3 The geometric series k=1 has all non-negative terms. The sequence of partial sums

looks like this:
5 =1

3
Sl—l—l—i

3 9
Si=1+-+4-
1 —|—2—|—‘1
g 1 3 9 27
1= —|—2—|—4+8

Intuitively, we can see that there is no bound on the sequence of partial sums and so the series diverges.
3

This is confirmed by the fact that the ratio of the series, 2 | tells us that the geometric series does not
converge.

Another example of an important series is the p -series:

DO

Zi—1+l+l+i+
k=1 k¥ ¥ ¥ , where p > 0.

The p-series may look like a harmonic series, but it will converge for certain values of p.

|
Dk |
Theorem The p-series k=1 converges for p > 1 and diverges for0 < p < 1.
> 1

Example 4 Determine if k=1 ¥ K converges or diverges.

Solution
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. The value of pis 2 . This is less than 1, which tells

ﬂ|‘|
gl
|-

ax
[l
._.

o0

e h Yk

Rewrite VK as K 1o get k=1
us that the series diverges.

Comparison Test
Now that we have studied series without negative terms, we can apply convergence tests made for such

series. The first test we will consider is the Comparison Test. The name of the test tells us that we will
compare series to determine convergence or divergence.

o el

PO
Theorem (The Comparison Test) Let =1 and k=1  be series without negative terms. Suppose that
o o0 o0

2w 2 u 2 u
UiSV L, UL,SV, U SV, .1 0f k=1 converges, then k=1 converges. 2. If k=1 diverges,
o
Yy
then k=1 diverges.

In order to use this test, we must check that for each index k, every u  is less than or equal to v k. This is

o0
Uy
the comparison part of the test. If the series with the greater terms, x=1 , converges, than the series with
o3
> u
the lesser terms , k=1 , converges. If the lesser series diverges, then the greater series will diverge. You

can only use the test in the orders given for convergence or divergence. You cannot use this test to say, for
example, that if the greater series diverges, than the lesser series also diverges.

= 1
2%

Example 5 Determine whether k=1 K converges or diverges.

Solution

= 1 =1

2. %13 2% | | | |

=1 looks similar to k=1 , S0 we will try to apply the Comparlson Test Begm by comparmg
. e Z >

S — 3 = 3
each term. For each k, Ki+3 is less than or equal to K3 , SO k=1 K i K . Since k=1

ol

1
2 K13

is a convergent p-series, then, by the Comparison Test, k=1

Z«?/E5

Example 6 Determine whether k=1

also converges.

converges or diverges.

Solution
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1 1
—— >
. Using the Comparison Test, ﬂ — 8 V,_ forall k. The
Z JE = - Z
series k=1 diverges since it is a p-series with 4 . By the Comparison Test, k=1 also di-
verges.

Z\"/E 5. Z

The series k=1 is similar to k=1

==

The Integral Test

Another useful test for convergence or divergence of an infinite series without negative terms is the Integral
Test. It involves taking the integral of the function related to the formula in the series. It makes sense to use
this kind of test for certain series because the integral is the limit of a certain series.

Zﬂk—z.f(k)

Theorem (The Integral Test) Let k=1 be a series without negative terms. If f(x) is a de-
e 4]
o

S [ 1@

creasing, continuous, non-negative function for x =2 1, then: 1. k=1 converges if and only if 1

& 4]
-8
S [
converges. 2. k=1 diverges if and only if 1 diverges.

In the statement of the Integral Test, we assumed that u f is a function f of k. We then changed that function

fto be a continuous function of x in order to evaluate the integral of f. If the integral is finite, then the infinite
series converges. If the integral is infinite, the infinite series diverges. The convergence or divergence of
the infinite series depends on the convergence or divergence of the corresponding integral.

oa

1

a
Example 7 Determine if k=1 (2k + 1] : converges or diverges.
Solution

We can use the Integral Test to determine convergence. Write the integral form:

et

Next, evaluate the integral.

1
/—ada: = lim {2k + 1]_id:1:
/ (2k + l]i t—oa
Use the following u-substitution to evaluate the integral:
u=2x+1

du=2dx



1/ y 1 w12 1 1
Then 2 2(-1/2) u? Vu :

1 1 1 1
Iim | 2x41 zd{E_hm——'i:]jIﬂ(———F——):__
Hm/ ) tom 3z 110 o\ /3 2t + 1 V3

Thus, 1

Z 2k+1]=

Since the integral is finite, the series &=1 converges by the Integral Test.
Limit Comparison Test, Simplified Limit Comparison Test

Another test we can use to determine convergence of series without negative terms is the Limit Comparison
Test. It is easier to use than the Comparison Test.

o0
Uy,
Theorem (The Limit Comparison Test) Suppose k=1 is a series without negative terms. Then one of
o0
Uk lim —%
the following will hold. 1. If =1 is a convergent series without negative terms and *—° Uk js finite,

oa

iﬂk Zwk ]_Imﬂ_k

then k=1 converges. 2. If k=1 is a divergent series without negative terms and ®—™ %k is positive,
o

Uy,
then k=1 diverges.

The Limit Comparison Test says to make a ratio of the terms of two series and compute the limit. This test
is most useful for series with rational expressions.

Nkt 6kT -1
5 2
Example 8 Determine if k=1 TR+ K converges or diverges.
Solution
i k4 6k% — 1
, : . . , TkS + K? e
Just as with rational functions, the behavior of the series k=1 when k goes to infinity behaves
ké
5
like the series with only the highest powers of k in the numerator and denominator: &=1 Tk . We will use
k* = k*
. TkS - . . .. | TkS
the series k=1 to apply the Limit Comparison Test. First, when we simplify the series k=1 , we get
= 1 1 1.1
S S o !
, Tk . , . Tk T k A
the series k=1 . This is a harmonic series because k=1 k=1 " and the multiplier 7 does not

oa

1

affect the convergence or divergence. Thus, &=1 Tk diverges. So, we will next check that the limit of the

413



ratio of the terms of the two series is positive:

2 J__
R TEC 4+ 42K3 T
lim ——5—— = lim =1>10
k—oo T k—oo Tht 4+ K
1
Using the Limit Comparison Test, because Tk diverges and the limit of the ratio is positive, then
i k* 4+ 6k% —1
5 P!
k=1 Tk + K diverges.

Unlike the Comparison Test, you do not have to compare the terms of both series. You may just make a
ratio of the terms.

There is a Simplified Limit Comparison Test, which may be easier for you to use.

o el

PO
Theorem ( The Simplified Limit Comparison Test) Suppose k=1 and k=1 are series without
-8 o
Vi

i Yo Yo >

negative terms. If =% Uk s finite and positive, then either *=1 and both k=1 converge or k=1
s 4]

Up

414

and k=1 both diverge.

]

2
28*4—5

Example 9 Determine if =1

converges or diverges.

Solution
>
BE 5. . : . N - .
k=1 is a series without negative terms. To apply the Simplified Limit Comparison Test, we can
o0 0Da
2 2
2 85 . 2. 8k . o
compare k=1 with the series =1 , Which is a convergent geometric series. Then
2 gk =, 2 2
ji:]j_n:l—ﬂ.‘;"E=J':]_11:|:1Elfk 5=1>ﬂ Zﬁ ng 5
-2 oo 8 + . Thus, since &=1 converges, then k=1 + also converges.

Review Exercises
1. Write an example of a nondecreasing sequence.
2. Write an example of a sequence that is not nondecreasing.

3. Suppose {S p}is a nondecreasing sequence such that for each M > 0, there is an N, such that S ,, > M

for all n > N. Does the sequence converge? Explain.



{ v }

2
4, Determine if W+ 7 converges or diverges. If it converges, find its limit.
o 1 k-1
o Z |
5. Determine if k=3

converges or diverges. If it converges, find its sum.

Determine if each series converges or diverges.

6. k (ak+1)7 )2
i 2

7. k= :sz“"5
I

g =1 (k+1)(k+3)

N 7
Z“kz

9 k=1

ik3+4k“+1
&
10. =4 3kE 4+ 2kt

1
1. ;(35“ 1)z

+oo
e 3
e [
k2 T
12. Maria uses the integral test to determine if &=1 converges. She finds that 1 . She then
= 3
k2

states that k=1 k converges and the sum is 3. What error did she make?

Answers

1. Sample answer: 4,4,4,5,5,5,6,6,7, ...

2. Sample answer: 200, 20, 2, ...

3. No, the nondecreasing sequence is not bounded. For any number M, there is a point in the sequence

such that the rest of the sequence is greater than M. The terms of the sequence are not bounded by any
value of M.

2n? + 7

{ Sn } 5
4. is bounded and nonincreasing. It converges to 2
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5. k=3 is a geometric series with a = 1 and 4 . The sum s

1 1 1 5§ 4 &5 16-—15 1

{14 =g-S=o - =——— =

1—3 4 : 4 3 4 12 12

= 1 =~ 1

P ey :
6. k=1 (4k+ 1) diverges by Comparison test (using *=1 (4k)z 4 divergent p-series).

3k% — 4 - . . 3k . .

7. k=1 converges by the Limit Comparison Test (using k=1 , Which is a convergent p-series).

o oa

5 5 > 5
s_é(k_l)(k_afj;kzﬂkﬂ Z_z

converges by the Limit Comparison Test (using &=1 ,

which is a convergent p-series).

7
2 v

9. k=1 is a divergent p-series.
i k- 4k? 41 = 1
6 273
10. k=1 3k° + 2k converges by the Limit Comparison Test (using &=1 3k , Which is a convergent
p-series).

X

12. Maria is correct that the series converges. She made an error by saying that the value of the related in-

3 3
Z Skt —a3 D 5Tt -
tegral gives the sum of the infinite series. However, k=1 is greater than 3.

11. converges by the Integral Test.

Levels of difficulty
1. beginning

2. beginning

3. challenging

4. beginning

5. intermediate

6. intermediate

7. intermediate

8. challenging

9. intermediate



10. intermediate

11. intermediate

12. challenging
Keywords

1. nondecreasing sequence
2. harmonic series

3. geometric series

4. p-series

5. Comparison Test

6. Integral Test

7. Limit Comparison Test

8. Simplified Limit Comparison Test

Series With Odd or Even Negative Terms

Learning Objectives

+ Demonstrate an understanding of alternating series

* Apply the Alternating Series Test to an appropriate series

» Explain the difference between absolute and conditional convergence
» Determine absolute and/or conditional convergence of series

Alternating Series (harmonic, geometric, p-series)

Alternating series are series whose terms alternate between positive and negative signs. Generally, alter-
nating series look like one of these expressions:

Ui=U,tUg-U,+ . 0r-U,+U,-UztU,-....

Either the terms with the even indices can have the negative sign or the terms with the odd indices can have
the negative sign. The actual numbers represented by the u,'s are positive.

There are several types of alternating series. One type is the alternating harmonic series:

i(—l)"‘ﬂ% =1-—

k=1

.
3 4

ba | =

This series has terms that look like the harmonic series but the terms with even indices have a negative
sign.

Another kind is the alternating geometric series. Here is one example:
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Bor (@) =3

The odd-indexed terms of this series have the negative sign.

The alternating p-series is another type of alternating series. An example could look like this:

= o1 1 1 1

> -1 =l—t =~

e Tk V2 3 4

From all of these examples, we can see that the alternating signs depend on the expression in the power
of —1 in the infinite series.

The Alternating Series Test

As its name implies, the Alternating Series Test is a test for convergence for series who have alternating
signs in its terms.

Theorem (The Alternating Series Test) The alternating seriesu ,-u,+u,-u,+..or-u,+-u,+

_ im wu =10
U,-Usz+u,..convergeifi1.u,2u,2u,2...2u,2...and 2, k—toa

Take the terms of the series and drop their signs. Then the theorem tells us that the terms of the series must
be nonincreasing and the limit of the terms is 0 in order for the test to work. Here is an example of how to
use The Alternating Series Test.

Example 1

[ 4]

k+5
k4

Determine how if k=1 converges or diverges.

(_1]k+1

Solution

[ 4]

(_1]k+1ki

a

The series k=1 otk is an alternating series. We must first check that the terms of the series
U 7]

T k+1 <1

are nonincreasing. Note that in order for u, 2uu ., ,, then ~ Ux or Uk

So we can check that the ratio of the (k + 1)st term to the kth term is less than or equal to one.

(k+1)+5

Uppr _ ety (B+1)+5 y K4k
U ot (k+1)3+(k+1)" k+5

Expanding the last expression, we get:



Upy1 (k + 6)(k* + k) _ k* 4+ 6k% + k% 4 6k
uy (KS+3k% 4+ 4k +2)(k+5)  Kk*+ 8k 4+ 19k 4 20k + 10

Since k is positive and all the sum of the numerator are part of the denominator’s sum, the numerator is less
Up1

<1
than the denominator and so, %k . Thus, u 2 u k., for all k. By the Alternating Series Test, the
[ua]
Z(_l]k+1 k+5
a
series k=1 K +k converges.

Keep in mind that both conditions have to be satisfied for the test to prove convergence. However, if the
limit condition is not satisfied, the infinite series diverges.

Alternating Series Remainder
We find the sequence of partial sums for an alternating series. A partial sum can be used to approximate

the sum of the series. If the alternating series converges, we can actually find a bound on the difference
between the partial sum and the actual sum. This difference, or remainder, is called the error.

Theorem (Alternating Series Remainder) Suppose an alternating series satisfies the conditions of
the Alternating Series Test and has the sum & . Let 5n be the nth partial sum of the series. Then
|8 — 8n| < tinis )

The main idea of the theorem is that the remainder |S - 3ﬂ| cannot get larger than the 1 + 18t term in

the series, n+1 . This is the term whose index is one more than the index of the partial sum used in the
difference.

Example 2

[ 4]

(_1]k+1 k+5

K+ k

Compute s , for the series k=1 and determine the bound on the remainder.

Solution

First we compute the third partial sum to approximate the sum S of the series:

145 42+5 L3+5
= {1} -1 _
ss= (-1 e D s T
6 7 8
=2 w30
9042416 64
N 60 8D

The theorem tells us to use the next term in the series, u ,, to calculate the bound on the difference or re-
k+5

mainder. Remember that the part (-1)k+1 just gives the sign of the term and, so we just use the part 4k
to calculate u ,.
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64
60

9

445 9 N
Uy (@mﬂlfi

Thus 494+4 68  Then
value of the error or remainder is less than 0.13.

|8 — 85| = ‘S

. This tells us that the absolute

Absolute and Conditional Convergence

There are other types of convergence for infinite series: absolute convergence and conditional conver-
gence.

o0
Zﬂk =u; +ug+Ug---+ U+
Absolute Convergence Let =1 be an infinite series. Then the

D bkl = foaa] o+ Jug| + [ oo fusn| -

series is absolutely convergent if =1 converges.
o
Z|‘”—k| = | + |ua| + |ual + - -+ Jun| + -
The infinite series k=1 is the series made by taking the ab-

oa
E [tt] = |wsa| + Jesg| + [uea] + - - - + |ua| + - -+
solute values of the terms of the series &=1

The convergence of the series of absolute values tells us something about the convergence of the series.

o0
D ol = foa| gl + e+ o]

Theorem If e—1 , then

o

Z|‘Uk| = | + |ua| + |ua| + - + Jot| + - -

=1 also converges.
This tells us that if you can show absolute convergence, then the series converges.
If the series of absolute value diverges, we cannot conclude anything about the series.
Example 3

e (_1) E+1
Determine if the series k=1 —k converges absolutely.
Solution
k| gtk
We find the series of absolute values: x=1 3k k k=1 3k k , which behaves like the series
3k o , 3k —k

k=1 . This is a p-series with p = 4. The series k=1 converges absolutely and hence converges.

Example 4



i I:+l
Determine if the series &= converges absolutely.

Solution
shleu 11t
The series made up of the absolute values of the terms is k=1 2k +1 3 2 7 This
oa
E % 2 Z koo . Z(_l)mﬁ
series behaves like k=1 , Which diverges. The series k=1 does not converge

absolutely.

It is possible to have a series that is convergent, but not a absolutely convergent.

Conditional Convergence An infinite series that converges, but does not converge absolutely, is
called a conditionally convergent series.

Example 5
B (_1)k+l
Determine if &=1 k converges absolutely, converges conditionally, or diverges.
Solution
1

The series of absolute valuesis =1 = . This is the harmonic series, which does not converge. So, the series
oo e+l e E+1
—0* RO
k=1 k does not converge absolutely. The next step is to check the convergence k=1 k
This will tell us if the series converges conditionally. Applying the Alternating Series Test:

1 1 1 1
- o> > lim — =0
Thesequencel 2 3 is nondecreasing and &—oa k& .

s (_1)k+l
The series k=1 converges. Hence, the series converges conditionally, but not absolutely.
Rearrangement

Making a rearrangement of terms of a series means writing all of the terms of a series in a different order.
The following theorem explains how rearrangement affects convergence.

Uy,
Theorem If k=1 is an absolutely convergent series, then the new series formed by a rearrangement
of the terms of the series also converges absolutely.
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This tells us that rearrangement does not affect absolute convergence.
Review Questions
Determine if the series converges or diverges.

i{—l]HIL
1 = 3k% 1+ k

i(_l)k-l—lﬁ
2. k=1 2k

oa
Z(_I)kﬂ.%
3. Compute s ; for &=1 .

> 5 > 5
2 -1 -8
4. The series k=1 converges according to the Alternating Series Test. Let k=1
oa
Y
Compute s , for k=1 and determine the boundon | s, - S |.
oa (_1)k+l = (_1)k+1
L 7 g
I I
5. The series &=1 k! converges according to the Alternating Series Test. Let k=1 k!
£ (_1]1:4-1
I
Compute s, for k=1 k! and determine the bound on |s , - S|.
B (_1]1:4—1 oa (_l)i:-l—l
Ll S 4 g
The series k=1 converges according to the Alternating Series Test. Let &=1 B

Find the least value of n such that:

T . +1
Z % — 8| <0.05
6. | k=1
e ayE+L
Z % — 8| < 0.005
7. k=1
LR
Z % — 8| < 0.0001
8. | k=1

Determine if each series converges absolutely, converges conditionally, or diverges.

= 3k
z:(_l)k—i—lﬁ

9. k=1



i (_1]k+1k.
2k% 4+ 2

10. =1
Z( 4k+l
2
11. k=1 Tk
5y, &
1
12. =1 k2
Answers
oa

Z _ )Hl 3_]‘:2

1. k=1 converges by the Alternating Series Test.

= 3k
z:(_l)k—i—lﬁ

2. k=1 converges by the Alternating Series Test.

197
3 83 = 54 1
151 5
_ —" —S _
g 5= il =Sl <y
15 1
e g« —
5 %37 og [#a = 5] < 395
6. 19
7.199
8. 9,999

9. converges absolutely
10. converges conditionally
11. divergent

12. converges absolutely
Levels of Difficulty

1. beginning

2. beginning

3. beginning

4. intermediate

5. intermediate
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6. challenging

7. challenging

8. challenging

9. challenging

10. intermediate

11. challenging

12. intermediate
Keywords

alternating series
alternating harmonic series
alternating geometric series
alternating p-series
Alternating Series Test
Alternating Series Remainder
conditional convergence
absolute convergence

rearrangement

Ratio Test, Root Test, and Summary of Tests

Ratio Test

We have seen the Integral Test,(Limit) Comparison Test and Alternating Series Test which impose conditions
on the sign of a ;. We are going to introduce two tests for a stronger version of convergence that do not.

Definition (Absolute convergence)

|ax|

A series Z - is absolutely convergent if the series of the absolute values Z is convergent.
To this end, we need to distinguish the other type of convergence.

Definition (Conditional convergence)

A series Z n is conditionally convergent if the series is convergent but not absolutely convergent.

Theorem If



D o

is absolutely convergent, then it is convergent.

The proof is quite straightforward and is left as an exercise. The converse of Theorem 5.1.1 is not true. The

> e I
series L is convergent by the Al- ternating Series Test, but its absolute series, n (the
harmonic series), is divergent.

cos ni 1

for any 1 < n,6, and n? is
cos nf

1
n? | T xn

Z cos nb
Example 1 n? is absolutely convergent since

convergent (e.g. by the p - test). Indeed, by the Integral and Comparison tests, Z ¥ s absolutely
convergent for any 6 and p > 1.

g, +1

I ‘ gives us a comparison of the tail part (i.e 3 Large @ n) of the series } g

The limit of the ratio

with a geometric series.

Theorem (The Ratio Test) Let } 5, be a series of non-zero numbers .

im |21 41
(A) If "7 n .then the series is absolutely convergent.
1 1
lim Gnt - =a>1 lim ‘%74— ‘zco
(B) If ™77 | fOm or"T™ | 8 then the series is absolutely divergent.
lim %+ 1 =a=1
(C) =™ m then the test is inconclusive.

" we could ignore the zero-valued a p,'s as far as the sum is concerned.

Proof. (A) The proof is by comparison with a geometric series.

a+1 iy, + 1
o < — <
Ifa<1,then 2 It follows from the definition of limit that there is an integer N, Oy,
c+1
foralln= N. Let 2 Thenla N..<Bla Nl.la N.ol <Bla N4l < B’la N |,... and recursively we
n-N+1 o

oa n—JN
have |a .| <B la n| for n= N, and D emen 18l < lan| D252 BT hich is finite. Combining

Da
with the finitely many terms, £+n=0 || is still finite.

- lim a, # 0. o
(B) A similar argument concludes n—= So the series is divergent.

Aﬂ.
Example 2 Test the series Z nl for absolute convergence where A is a constant.
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A™tl o pl A i
T (n+1)! A" nt1 -

LA
a,

A‘I’l
. Op = —-
Solution. Let 1! . Then

as n — . So by the Ratio Test,

the series is absolutely convergent for any constant A. Indeed, the sum is eA which is very large for large
A, but still finite.

]m‘a‘“_Jrl

We see the limitation of the Ratio Test is when does not exist (not «) oris 1.

1 1
= n Tt e
a1 _ (huil =1 litn _{n+1) lim n+1 =1
nooo n—oo 13+ 1 oo
Example 3 (Ratlo Test mconcluswe) n , and n? T Ay
for both Z 1 and ﬂz The former (harmonic series) diverges while the latter converges (by, say, the
p - test).
Questions (related to the Ratio Test) What if
On+1 lim ] lim ‘7‘]’2"
1. limit of | ®n | exist separately for n odd and n even, i.e ™% | 22¥1 | T0 |97 — 1| exist but are
different?
]
lim Orit-1 lim ‘ﬂrﬂn+2
2. e |Qan_1 | "UOA| @an | exist but are different?
Exercise

Determine whether the following series is absolutely convergent, conditionally convergent, or divergent with
the Ratio Test and other tests if necessary:

— 3

>yt

3. a=1

Bl

2 3 4 5
4. 13 24 735 a6

]

n"™ - root Test

If the general term a, resembles an exponential expression, the following test is handy.

Theorem (The Root Test)

im [, =a <1

(A) If n—-m , then the series is absolutely convergent.



m | =a > bm | =

(B) If n—-m , then the series is absolutely divergent.

lim | /o] =@ =1

) If ai—eo , then the test is inconclusive.

The proof is similar to that of the Ratio Test and is left as an exercise.

Example 1 Consider Z Z 1P where p > 0. We already know it is convergent exactly when p > 1.

To apply the Root Test, we need lim,, 0 {:',_ which is 1 after some work. Alternatively, we could check

SO lim,, 0 ﬁ =1 by the argument similar to the proof of the Ratio Test. The Root
Test is also inconclusive.

n+1.,.

Example 2 Test the series n+3" for convergence.

n+1 ..
I, = . T atl _ 1
Solution. Let 2n+3" Then lirtly s |a“| = lim,, o In+3 = 2, So the series is absolutely
absolutely convergent.

What if we have applied the Ratio Test?

: fn il
llmn_.m‘ a:

= n i i I8 . Ti n+2][2n4+-3) 1w
= T2 () = Titmy oo, ({20

1

We could still argue the limit is 2 with some work. So we should learn to apply the right test.
Exercise

Determine whether the following series is absolutely convergent, conditionally convergent, or divergent with
the Root Test and other tests if necessary:

oa " "
gm 2

3 (—H':Efn n)]n

2.
0 L
n
Z(5ﬂ+2n)
3. n=1
- Bl [ .
4.1f ety =% then [Mnoa | V8, =&
g | n
Z(nz + 1)
5. (Hard) Is the series n=1 convergent?
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n? -1 n? —1

— =il i I
Hint: #°+1 n? 41 and limzo(1 + h)lfh exists and equals e.

Summary of Procedures for Determining Convergence

We have seen various test for convergence of Z O in action. To summarize, the key phrase is "recognize
the formofa "

Some series are hard for any test even if it works. However, if a specific test works wells for a series, we
should develop the insight to pick it. So applying the list of tests in a fix order is not advised. Nonetheless,
some tests are relatively simple to apply if we have no idea towards a series at all. The following is a summary:

Test Formofa p, Comments
1 Nol/little test geometric, harmonic, p-test clear answer
2 |Test of divergence lim,, g, =0 inexpensive test
3 Integral Test corresp. integral in nice closed form easy integration
4  |Alternating Series Z(—l]nbn(ﬂ'?’ Z(_l)n—lbn) check conditionson b p
5 |(Limit) Comparison need companion known series compare
6 |Ratio Test' Gyl evaluate ratio

recognize good form @m

7 |Root Test a p, resemblesc , evaluate n" root
8 |[Combination composite of forms combined methods

": the inconclusive cases need other tests.

Example 1

1 1
dz = in | C
Z n{ / z({inz) njinz]| +

inn) diverges by the Integral Test since

diverges.

Y sin
sin —
Example 2 i n diverges by Limit Comparison Test (against the harmonic series) since

min =

1
R - . in R
limg, o —= = limp o ¥ =1

and the harmonic series diverges.

1 .1 1
3 Zsin() I DI
Example 3 T 1" converges with Limit Comparison Test (against n® ) since
lgin 1 in 1 ,
]jmn—bmil_"]jmn—rmﬂll_“ zljmh—)l] su’;h =
2 n and the latter series converges.

i
Example 4 Convergence of Z(c“] is determined with limg, o0 [Cnl by the Root Test. For example

Z{Vﬁ - \/L_J) ,converges since limny, o V3 - {‘@] =1-1=0 py Z(Vﬁ -1 (noexponent

n) diverges by rationalizing the numerator:



2—-1 2—1 1
¥2-1= p
2% 4 9% 4. 4+1  n2% 2

V2

and applying Limit Comparison test with Z 2n

1
e
The Root Test is inconclusive on 1", butthe simpler Test for Divergence confirms its divergence
1
{14+ )" >1
since n always.

—1y+1
Z%]. . . . i 1L _p

Example 5 is convergent for g > 0 by the Alternating Series Test since limy, 00 ng

1 1

i = (1)
and ™ (n + 1] . It is absolutely convergent for g > 1 by the p-test. So it is conditionally convergent
forO<q=s1.

i n2t o 2271 Z pAG
| nl
Example 6 n=1 n: =" s absolutely convergent by the Ratio Test since

gl g 2
lim, oo m-g—n_hmn—’m = —ﬂ.

vn+1

Example 7 Consider the series Z n? — 101+ 1 . Notice n%- 10n + 1 is never 0 and is positive for n 2
10, we could |gnore the terms before n = 10. Dropping the lower powers of n leads to the candidate

Z Z g lim, YAl
n? ni for applying Limit Comparison Test since T n?—10n+1" /n
is (absolutely) convergent by the p-test. A combination of tests is applied.

. So the series

Exercises

1

nfln n)F

1. For what values of p is the series n=2 convergent?

Test the following series for convergence or divergence:

()vm
Z

3. n o

S (V5 V3
4. n=1

S (V5 ¥3)
5 n=1
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oa 3“
D e

6. For what values of c is the series n=1 convergent?

Power Series

Power Series and Convergence
Definition (Power Series)

A Power Series is a series of the form

oa

BnT" = g + 4T + AT + a3 + - - -
(PS1) n=o

where x is a variable and the a ,'s are constants (in our case, real numbers) called the coefficients of the

series.

The summation sign ) is a compact and convenient shorthand notation. Reader unfamiliar with the notation
might want to write out the detail a few times to get used to it.

Power series are a generalization of polynomials, potentially with infinitely many terms. As observed, the
1

indices n of a ,, are non-negative, so no negative integral exponents of x, e.g. T appears in a power series.

More generally, a series of the form

(T — Zg)" = g+ a1(T — 2o} + a2(z — To]ﬂ + aa(z — Eo]ﬂ + -
(PS2) n=0

is called a power series in (x - x o) (1 =(x-x o)0) or a power series centered at x , ((PS1) represents series
centered at x = 0).

Given any value of x, a power series ((PS1) and (PS2)) is a series of numbers. The first question is:
Is the power series (as in (PS1) or (PS2)) a function of x?

Since the series is always defined at x = 0 (resp. x = x ,), the question becomes:

For what value of x is a power series convergent?
The answers are known for some series. Convergence tests could be applied on some others.

Example 1 Letr # 0 and x , be real.

Z(r(m — gz =14v{r —z) + vz — 2P+ iz — )P -
n=>0 is absolutely convergent and
1

_— |z — zg| <
equals 1 — 7(Z — %o} for Ir{z —z0)| <1 i.e.

i ‘ , and diverges otherwise.



1
i [
e T —  Tom —
Let T = 1i 20 = 0. Then Z is the power series for L — T on (—1,1) LetT =—1T0 =2. Tpen
1 1

1V — 2™ - "
Z( JE—2 is the power series for 1 — (1) —2) -1 5 (13) 50 Zm and

1
3 (=1 Mz - 27

are the power series for the same function 1 — z put on different intervals. There
will be more detailed discussion in §8.7.

o o
>
Example 2 n=0 is absolutely convergent for |$| <1 by Comparison Test (against n=0 )and diverges

for x = £1 by the Test for Divergence.

Exercise

3 aulz 1 2" 1

1. Write a power series n=0 centered at x = -2 for the same function 1 — Z in Example 6.1.1.
On what interval does equality hold?

1
Hint: Substitute y=x+2in 1 — .

oa
2"

2. Discuss the convergence of the series n=0

Hint: Apply a combination of tests in §8.5.

Interval and Radius of Convergence

The following theorem characterizes the values of x where a power series is convergent.

Theorem (Interval of convergence)

oa

Z an(z — zg)"

Given a power series n=0 . Exactly one of the following three describes all the values where
the series is convergent:

(A) The series converges exactly at x = x , only.

(B) The series converges for all x.

(C) There is a real number R > 0 that the series converges if |x - x )| < R ¢ and diverges if [x- x ;| > R ¢

This R ¢ is unique for a power series, called the radius of convergence. By convention R , = 0 for case
(A)and R ¢ = « for case (B). The only two values of x the Theorem cannot confirm are the endpoints x =
X ,* R . Inany case, the values x where the series converges is an interval, called the interval of conver-
gence. ltis the singleton {x ,} for case (A) and (-, «) for case (B). For case (C), it is one of the four possible
intervals: (x - R ¢, X+t R ¢), Xo-R X+t R ¢l [Xg-R¢gXxg+R¢)and[x,-R ¢ x,+R ¢]. Here,
the endpoints must be checked separately for convergence.
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>
7

Example 1 Find the radius of convergence and interval of convergence of the series n=n
By + 1 ‘

(= ) -
— | | = |T
Solution. Let % . Then o T as n— o0 . So
the series is absolutely convergent for | x | < 1 (and divergent for | x | > 1) by the Ratio Test. R ; = 1. This

E'i'i.+1 ".’12

(mt+ 12 zo|

Tﬂ' =

leaves the endpoint values to check.

If x =% 1, then the series is absolutely convergent by the p-test. Hence the series is absolutely convergent
for | x| £ 1. The interval of convergence is [-1,1].

oa o0
> o > o
Example 2 If the series n=0 converges, then n=0 is convergent at x = 2, i.e. 2 is inside the in-
o o
I > "
terval of convergence. So R 2 2. Conversely, if the series n=0 diverges, then n=0 is diver-

gent at x = -3, i.e. -3 is outside the interval of convergence. So R _<|-3|=3.

Exercise

Find the radius of convergence and interval of convergence of the following series.

> vz — o)

4. n=1

oA T
5. Given ano OnT converges at x = 5 and diverges at x = -7. Deduce where possible, the convergence
or divergence of these series:

a. E:uzo iy,
b. Y 2ne0 23"
C. Z':.;U a“(_s]n

d. Y o @ (9)"
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e. Y o @ (6)"

Term-by-Term Differentiation of Power Series

The goal of the next 3 sections is to find power series representations of certain classes of functions, namely
derivatives, integrals and products.

In the study of differentiation (resp. integration), we have found the derivatives (resp. integrals) of better
known functions, many with known power series representations. The power series representations of the
derivatives (resp. integrals) can be found by term-by-term differentiation (resp. integration) by the following
theorem.

Theorem (Term-by-term differentiation and Integration)

oa

Z an(z — zg )"

Suppose ==0 has radius of convergence R . Then the function f defined by

f(z) =) an(z —z)"

is differentiable on (x ,- R ., x,+ R ¢) and

Fig) =3 nan(z — ooy,
(A) n=1

ff(E]dT — i an(m——mg]“"'l +C
(B)

n+1 . .
n=0 + and these power series have same radius of convergence R

C-

(A) means (dropping x , the derivative of a power series is the same as the term-by-term differentiation of
the power series:

% i OnT = i %(anr“]
ni=I[ n=0 a

(B) means the integral of a power series is the same as the term-by-term integration of the power series:

f i(anm"]ffm = i / (anz™)dz.

nd

1
g(z) = (1— )2
Example 1 Find a power series for and its radius of convergence.

1 .

Solution. We recognize g(x) as the derivative of 11—z whose power series representation is n=10 with

oz) = - o= Y e
n=0 n=1

radius of convergence R ; = 1. By (A),
1.

and has radius of convergence
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Exercise

Find a power series and the radius of convergence for the following functions:

T

1.2—c

5 (1—z)3

2T 3r?
,O—zp -zt

Term-by-Term Integration of Power Series

Example 1 Find a power series for h(x) = tan "' x and its radius of convergence.

o
i 2n
. . o 1+ mz Z S
Solution. We recognize h(x) as the antiderivative of n=0
1" 2n+1
T) Z/ nﬂndT_Z(z) - —|—G
By Term-by-Term Theorem (B), n=>0 L and has radius

of convergence 1.

o< ( 1) E21'1-!—1
hz) = M+ 1
Then C = tan "0 = 0 and =

Exercise

1. Find a power series for In(1 + x ?) and find the radius of convergence.

f tan zdT
2. Express as a power series and find the radius of convergence.

1
T+ —
3. Find a power series for In(1 + x + x *) in x and in 2 | and find the radius of convergence.

Series Multiplication of Power Series

i O ™ i b.x™

Definition (Series Multiplication) The power series product of two power series n=0 and n=0
oa
2 et CSn b o
is apower series n=L definedby & = 2o @ibri = agbe + @1b 1 + -+ + anb (like polynomials).

A result is: the product of power series is the power series of the product.



@)=Y o glz) =) b
If

n=0 and n=0 converges on a common interval | x | < R gp, then their
o
> et
product power series n=0 also converges on R gp and is the power series for the product function
fix) 9(x).
1
Example 1 Find a power series for (1 - E)(l T 2TJ .

1 = 1 =
SR, =) ()"

. 1—= : . 132z . .
Solution. n=0  with radius of convergence 1 and n=0 with radius of convergence
1
2.

o] < 5
E p—
So for 2,
! =(l4+z+22+ - )1 +2x+42%+--.)
(1 —=z)(1 - 21)
=1+ 3z + 7z° + 152" + - - - by the above result
— Z(zn-l—l _ 1]Eﬁ.
n=0
Exercise
1
1. Find the first 4 terms of a power series for '\/(1 + E)(l + ZE) .

1

2. Find a power series for (1 —rz){(1 — 8%} here r, s > 0 are real numbers and
()r#s

(i) r=-s.

Taylor and Maclaurin Series

Taylor and Maclaurin Polynomials

We know the linear approximation function L ,(x) to a (smooth) function f(x) at x = x , is given by the tangent

r r
line at the point. L ,(x ,) = f(x ;) and Llizﬂ) =f (EU) . Indeed, this is the only linear function with these 2
properties.
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Theorem (n th -degree Taylor polynomial) Given a function f with continuous n th derivative in an open in-

terval containing x*,. There exists unique n th -degree polynomial p(x) with p (x o) = fD(x o), forosjsn.
*: the functions in this text have continuous derivatives at the center x ; unless otherwise stated.

This polynomial

e Oy —
f( )(T—ED]Z‘F"'-FM{T—

To(z) = f(20) + 1 (20} (2 — 7o)+, nl

E i
U] ) is called the n th

-degree Taylor polynomial of fat x, . If x , = 0, it is called the n th -degree Maclaurin polynomial of f
and denoted by M ,(x). R (x) = f(x) - T p(x) is the remainder of the Taylor polynomial.
@ -Zm-1 _ f) - FO -
= — 0= = — " . = — rr .
Example 1 Let 6’ .Then 2 and £ (T} =7 5o 2and £ (1) =1

1 1 1 1
T(r) ==+ =(z—1),Talz) ==+ =(z— 1)+ (z—1)%

. Hence 1{z) ] 2( ) Ta(2) 6 2( )+ ) ,and T 4(x) = f(x) itself.

f(x) = x/6 f(x) = sin(x)

g(x) = (1/6) + (1/2)x(x - 1) g(x) =x

h(x) = (1/6) + (1/2)x (x - 1) + (x - 1)? h(x) = x - (/)

-f1 4 X 4 -3 2 A1 4I X

1-0.4
+-0.8
+-1.2
T-1.6

Example 2 Let f(x) = sin x, x , = 0 and take n = 3. Then f(x) = cos x, f{z) = —sinz, f"(z) = —cos z

1
; ” My =z — —2® =z — =2°
5o f(0)=1,£7(0)=0,f"(0) = -1 3(2) 3l 6 isthe third-degree Maclaurin
polynomial of f.

kil

Ty = — r
Example 3 Find the second-degree Taylor polynomial of f(x) = tan x at "7 4 solution. £'(Z) = sec’

r L L
andf"(z]=2.5'ecm-.5'eczttm$=2.5'ec2:r:tan$_Sof (1)223ndf (1)22'224_



ThenTﬂ(z] B (E_ E) + :_l (E_E)z B 1+2( _E) +2 (E_ E)z.
Exercise Find the Taylor series of the following functions at the given x , with given degree n.
1.flx)y=e*atx=0,n=3

2.f(x)=Inxatx=1,n=4

3.f(x)=1 +x+x’+x’+x*atx=-1,n=4

Taylor and Maclaurin Series

Definition (Taylor Series of f)

The Taylor series of a function fat x = x , is the power series

) (o)
=) ey
F(zn)

= flzo) + f{zo)(z — 20} + 5 (z — 20)% + f’”( 0)

(@ —zo)* +

taking all the terms of the Taylor polynomials. The Maclaurin series M(x) of fis the Taylor series at x = 0.
Example 1 Find the Maclaurin series of f(x) = cos x.
Solution. f(&) = —sinz, f(r) = —cosz, f'(z) = sinz, f"(z) =cosz, fOz) = —sinz, f¥z) = —cosz, -

Notice the pattern repeats every 4 terms. So

£0)=0,£0)=-1, f"(0) =0, f"(0) = 1, f¥(0) = 0,2, fO0) = —1- --

The Maclaurin series of f(x) = cos x is

Exercise Find the Taylor series of following functions at the given x .

flz) = —

1. l—zaz=0

2 flz)=¢€" 51z =1

Convergence of Taylor and Maclaurin Series

Since f(n)(x) is defined for all functions fin this text, the Taylor series T(x) of fis always defined. As for power
series in general, the first question is:
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Is T(x) convergent at x = a? There is no guarantee except at a = x ,. The second question is:

If T(x) converges at x = a, does it equal f(a)? The answer is negative as show by the function:

- {2 e

Then

ro - (2)-6_;1;" T #£0
- { &)

It can be verified that f{(U) =0, f{’(D] =0, f{"(D) =0,---

So the Maclaurin series is 0, clearly difierent from fexcept at x = 0.
Nevertheless, here is a positive result.

Theorem If f has a power series representation at x = x , i.e.

flz) = i (T — 50" _ ™ (o)

for |x - x o| <R ¢, then the coefficients are given by n!

So any power series representation at x = x ;, has the form:

L LY

=3 gy
=0 '

Exercise

1. Find the higher order derivatives of the function f ,(x) above thus recursively showing f , (”)(0) =0fornz
0

2. Verify the Theorem using term-by-term difierentiation.

Taylors Formula with Remainder, Remainder Estimation, Truncation Error

Recall the remainder R p (x) of the n th

n(X)'

-degree Taylor polynomial at x = x jis givenby R p(x) =f(x)- T

Theorem (Convergence of Taylor series)
lim A.{z)=0

If oo for |x - x 4| < R, then fis equal to its Taylor Series on the interval [x - x .| < R ...

The above condition lim,, 0 Rn(T] =0 could be achieved through the following bound.
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Theorem (Remainder Estimation)

If |F " (x)| < M for |x - x | < r, then we have the following bound for R, (x):

M
|Bn(2)] < ;1o — zo[™"
(n+ 1! for|x-x, <r.

Example 1 The function e Xis equal to its Maclaurin series for all x. Proof. Let f(x) = e X We need to find
the above bound on R p (x).

P

|Bafz)| € |z
If |x| <r, f(n)(x) =e X <e " for n2 0 and the remainder estimation gives (n+1)! for
x| <r.
e’ | |n+l r lim |T|“+:L I_I_Iﬂﬂ |Rn( ]|
im ———|T =& lim ——— =0,lim,_, )| =0
Since ™™ (n+1)! oo (12 + 1)! ; by the squeeze Theorem.
Ao
T

: |
So limy, 50 Rn(T] =0 Hencee Xis equal to its Taylor series n=0 ™ for all x.

Example 2 (Truncation Error) What is the truncation error of approximating -ﬁg) =Vil+z by its third-
degree Maclaurin polynomial in for |x| < 0.1.

ra) - Ja+ 0 @ - g () asar

Solution. 2 3
o) = (-2) (-2) ot = Bosart 100 - (2) () e - Bovsart

15 1 15
<01, |f%z) = =——— < =

(X1

1 a

For

15 1 b
R <= —gl* < — (0.1 * = dax 1078
So [Be(2)] 16 4!| | 128( ) . This is the truncation error of approximating by
the third-degree Maclaurin polynomial.

Exercise

1. Find the power series representation of f(x) = sin x at x = 0 for all x. Why is it the Maclaurin series?

e
T ==
2. Find the power series representation of f(x) = cos x at 3 for all x. Why is it the Taylor series at
1
z= =7
3
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3. What is the truncation error of approximating f(m) =Vi+tz by its fourth-degree Maclaurin series in
for |x| < 0.1.

Combining Series, Eulers Formula

In many cases, we could find Taylor (Maclaurin) series of functions from existing series without going through

the proof that lim,, 00 Rﬂ(T) =0 Examples are products, quotients and some sine and cosine functions.

Example 1 Find the Maclaurin series of f(x) = x sin x for all x.

o]

-1 n$2n+1

Bin T = Z L
n=0

(2n + 1)1

Solution. The Maclaurin series of sin x is . So the Maclaurin series of x sin x is

1) pan+1 e (—1]“T2ﬁ+2
T stz = TZ (2n + 1)! _; (2n+ 1)!

Example 2 Find the Maclaurin series of f(x) = cos * x for all x.

Solution. We could avoid multiplying the Maclaurin series of cos x with itself, by applying:

msgz—1—|——m32m
2 2

o 22 3 L2

I
on the Maclaurin series of n=0 (Zﬂ')' , giving
1 o 1] 22)2" = 22)“‘“
cos? ¢ = —
+ 2 n=0 z;

For any real number 6, e 9 - cos +isin Owhere = ¥ —L isthe imaginary unit. This is the Euler's Formula.

Euler's formula combines the complementary sine and cosine functions into the simpler exponential function
and heavily applies the separation of real and imaginary parts of complex numbers.

Example 3 Find the Maclaurin series of cos x and sin x for all x through e ix

Solution. cos x + i sin x = e "X which has a Maclaurin series

. e (‘iﬂ)n 2m.+1
[ — —
; n! Z@m Z(2m+
by dividing into sum odd and even indices. So
oa (Eﬁm+1
COS T +18inzT= -1
* IC (2m + 1]

The Maclaurin series of cos x and sin x follow by separately taking the real and imaginary parts.

Exercise 1. Find and compare the Maclaurin series for sin x cos x and sin 2x.



T
2. Find the Maclaurin series of e_= for all x.

Hint: would you divide x by e *?

3. Find the Maclaurin series of cos 3x and sin 3x for all x using Euler's formula.

ol oa

Zcos ng Zsiﬂ. nd "

4. Find expressions for the series n=0 and n=0
formula.

Binomial Series

We have learned the Binomial Theorem for positive integer exponents:

(a+B)" =a" +na" b+ nin

£ (e

k=0

2l

where the Binomial coefficients are denoted by

(g) g (:) . 1)...;11— = for E>1

(14 z)"

AS a simple Binomial function, take a =1 and b = x. Then

Let r be a real number and f(x) = (1 + x)". Is f(x) equal to a series in the form of (BE) except that there may

be an infinite series? The answer is yes.

Theorem (Binomial Series) Let r be a real number and |x| < 1. Then

r{r — 1)$2+ r{r— 1){r — Z]ES

(1+z)" =1+rex+ 51 30

- ()

where the Binomial coefficients are denoted by

(g) . (:) - n(n_l)";!(n_kﬂ] for k> 1

As a simple Binomial function, take a =1 and b = x. Then

(1+2)" = i (D)(K}f |

=0

for all 8 and |x| < 1 using Euler's

—1
f)a“—“b‘* + ...+ nab"* + p"(BE)
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Let r be a real number and f(x) = (1 + x)". Is f(x) equal to a series in the form of (BE) except that there may
be an infinite series? The answer is yes.

Theorem (Binomial Series) Let r be a real number and |x| < 1. Then

=1 5 rr-1r—3 ,

2l -+ 3l T ...

(r) B (r) rfr-1D.(r—k+1)
where 0 and k 2l for kE>1

Example 1 Find a power series representation of ¥ 1+z

1
Solution. We need to compute the Binomial coefficients for T 2
i _ (D=0 E2 _ (-1*"1.35...(2k - 3)
k k! ok k|
(12t —2)! (-1 (2%k-2)! (-1)*'(2k-2)!

T 246..(2k— 2))2%k! 25 kI(k— 1)2%k! 2% 1kI(k — 1)!

|z|<1,»/1+—z=i(é)m —1+Z D" @k -2,

281 Ifl — |
So if i)

1

Example 2 Find a power series representation of (1 - E]m where m is a positive integer.

Solution. We need to compute the Binomial coefficients for r =

(—m) _m(em—1)(m—2)...(m—k+1)

-m (and will replace x by -x)
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Exercise

1
1. Find a power series representation of ¥ 1+z atx=0.

1
i - 2P
2. Find a power series representation of atx=0.
3 1
14z422=z+-+(z+2)°
3. Notice 4 ( 2] . Find a power series representation of % (1 + T+ 2%} 4

1

2 .Inwhatinterval is the equality true?

Choosing Centers

Taylor Series (indeed Taylor polynomials of lower degrees) often provide good approximation of functions.
However, the choice of center could determine

(1) whether the intended value of x is inside the interval of convergence
(2) rate of convergence, i.e. how many terms to take to achieve prescribed degree of accuracy

For frequently used functions, the first choice may be the standard center (see the list at the end of this
section).

Example 1 Approximate /n 0:99

Solution. Since .99 is close to the center x = 1, we use the standard Taylor series for In(1 - x).

(0.01)?
2

= —0.01005

0.99 = In(1— 0.01) = —0.01 —

Then we may be able to deduce a useful Taylor Series centered close to the given x.

Example 2 Approximate sin(1.1) to 4 decimal places.

b _'I-T
3

P T
Since 1.1 is close to 3 , we would try to find a Taylor Series of sin x at : . Let f(x) = sin x. Then
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f(z) = sinz, f'(z) = cosz, f’(z) = —sinz, f”(z) = —cosz and

f(g) = %ﬁ f’(g) = % f”(g] = —?, f'"(g) = _%‘

) lim A.{z)=0 . o
This pattern repeats and a—oa can be checked as in the case x , = 0. So the Taylor Series is
) > (—1)"/3 Togn o (1" T omil
ST = —|T — = —_—(r— =
; 2emy ° 3 +§2(2n+ 3

Hence sin{1.1) = Z %(0.0528]9“ + Z %(0.:}523)“’&1

= 0.86481823 + 0.02638773 taking 2 terms from each sum
=z 0.8912

We may also apply algebraic manipulation to standard Taylor Series.

1

Example 3 Approximate 1.9% to 4 decimal places.

Solution. There is standard Taylor Series:

o

1 n—1 1 1

— = nT S
— 72 2
(1 I) k=1 for [x] < 1 through term-by-term differentiation of the series for -z ( (1 - T]

is inadequate at x = 0.9).

Since 1.9 is close to 2, we consider

1 1 1 e T, 4
oo ag_zp 1243
2 k=1 for |x| < 2.

So we take x = 0.1 and then

L 2 3
_4Zn(2) ~ (1 +2(0.05) + 3(0.05)" + 4(0.05)") 2 0277,

n=1

1
1.92

Exercise
1. Approximate /n 0.9 to 4 decimal places.
2. Approximate sin(0.8) to 6 decimal places.

id

Hint: consider center E
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1

3. Approximate 9_3 to 6 decimal places.
Evaluating Nonelementary Integrals

There are many simple-looking functions that have no explicit formula for their integral in the form of elemen-
tary functions. We could write their in- tegrals as Taylor Series in their interval of convergence.

—dz
Example 1 Find a power series representation of / T

eﬂ:

Solution. Since T is not defined at x = 0, we apply the Taylor Series of e * at,say, x = 1 by writing e * = e.e
“T with a change of variable u = x-1.

T

€ e.e* 1 o= (u
r l—i—u_e'l—ku; 7!

T

. s T B
—el—utd? —u* 4 )1 tut o o T T )
= e(l 4 —u® ——u‘“’—i——u‘i—ﬂus—k Vforju| <1
5 2 3ot T
= 1 1 3 11
& dr — eflu+ ' — —wt - b))
T 6 12 40 180 whereu=x-1

sing?

dz

Example 2 Find the power series representation of f L
Solution. Direct substitution of x * in the Maclaurin Series of sin x gives
o0 . 0Da
-1 Sinc? —1"
sinr? — Z (-1 |(T2)2n+l _ Z (-1 I$4n+1
£ (2n +1)! and 2 = (2n + 1)
s 2 e n
Sine (—1)
dr = e E4n+1d$
j z Z (2n + 1)1 _/

So
B +2 o ( 1 i+
Z(2n+l]|4ﬂ+2 Z (An + 2) (2n +1)!

n:U

Exercise
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1
je_“zdm
0

2
e dr
1. Find the power series representation (Maclaurin Series) of f and approximate to 6

decimal places.

/ sinz?dr
2. Find the power series representation (Maclaurin Series) of .
Frequently Used Maclaurin Series

Some frequently used Maclaurin Series are listed below

= " in{—1,1)
ﬁg’ anl n" in{—1,1)
=3 7, 5 in{—1,1)
ml—z=>)2 = in(—1,1)
nl+z=> 7 (-1, in(-1,1)
sing = Y0, e in(—1,1)
=, In
€OST =y ., I_—{Eﬁ in{—1,1)
tan~'z = )", % in(—1,1)

Calculations with Series

Binomial Series

We have learned the Binomial Theorem for positive integer exponents:

i i n—1 ﬂ(ﬂ—l]
(e+ 5" =a" +na b+T

£ (e

k=0

a" % + ...+ nabt" ! + b (BE)

where the Binomial coefficients are denoted by

(1)

(142" — i (g)rk

AS a simple Binomial function, take a =1 and b = x. Then k=0

Let r be a real number and f(x) = (1 + x)". Is f(x) equal to a series in the form of (BE) except that there may
be an infinite series? The answer is yes.

Theorem (Binomial Series) Let r be a real number and |x| < 1. Then



(1+z)" =1+rex+ e
-2 (1)
k=0

where the Binomial coefficients are denoted by

(g) g (:) - n(n_l)";!(n_kﬂ] for E>1

As a simple Binomial function, take a =1 and b = x. Then

(1+2)" = i (D)(K}f

=0

Let r be a real number and f(x) = (1 + x)". Is f(x) equal to a series in the form of (BE) except that there may
be an infinite series? The answer is yes.

Theorem (Binomial Series) Let r be a real number and |x| < 1. Then

rir—1) 4 Tir—1){r—2) 4
(2! ]$—|— ( 3)|( ]z

(r) . (r) rfr-1D.(r—k+1)
where \0 and \E 2! for k> 1

Example 1 Find a power series representation of ¥ 1+z

1
Solution. We need to compute the Binomial coefficients for T2
N _ @CEpE--C7F) (1) 11.85..(2k - 3)
k k! 2k Kl
L (—EY2E—2) (SN2 —2) (1) l(2k—2)!
 24.6...(2k — 2))2%k! 2% 1l(k — 1)2%k!  2%&-1EI(E 1)
= /i (—1)* 12k —2)! ,
| lz| < 1,v‘1—|—$=2 (;)m = 1—|—Z i 1)) T
So if k=0
1

Example 2 Find a power series representation of (1 - E]m where m is a positive integer.

Solution. We need to compute the Binomial coefficients for r = -m (and will replace x by -x)
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k k!
[ DP*mm+1)(m+2)..(m+k—1) 1 m+k—1
B k! Y k
1 = m+k—1
So =S )t
(1—1) £ k
=™ e
k=0
> k—1
=Y (1% (m * ) :
k
k=0
. i m+Ek— 1\ .
B k
k=0
Exercise
1
1. Find a power series representation of ¥ 1+z atx=0.
1
2. Fi i ion of (2~ Z)? gt x=
. Find a power series representation of atx=0.
3 1
l+z+z’ =2+ +(z+3)° Otz
3. Notice 4 ( 2) . Find a power series representation of (1+z+2%) 5

1

2 . In what interval is the equality true?

Choosing Centers

Taylor Series (indeed Taylor polynomials of lower degrees) often provide good approximation of functions.
However, the choice of center could determine

(1) whether the intended value of x is inside the interval of convergence
(2) rate of convergence, i.e. how many terms to take to achieve prescribed degree of accuracy

For frequently used functions, the first choice may be the standard center (see the list at the end of this
section).

Example 1 Approximate /In 0:99

Solution. Since .99 is close to the center x = 1, we use the standard Taylor series for In(1 - x).

(0.01)?
2

n0.99 = In(1 — 0.01) = —0.01 — = —0.01005



Then we may be able to deduce a useful Taylor Series centered close to the given x.
Example 2 Approximate sin(1.1) to 4 decimal places.

T i

P T
Since 1.1 is close to 3 , we would try to find a Taylor Series of sin x at . 3 . Letf(x) = sin x. Then

f(z) = sinz, f'(z) = cosz, f’(z) = —sinz, f”(z) = —cosz and
1= G =L = - L
3/ g9z rd Azl g 3’ 2.

. lim H.(z) =0 : .
This pattern repeats and a—ca can be checked as in the case x ; = 0. So the Taylor Series is

. - (_1)“"’/3 T in = (1)~ T ent1
sinz =} T L 2 2 3

n=0 n=l[
. (173 am N L) 2

H 1.1) = » ~———(0.0528 ———1 __(0.0528)* !

once sin(1.1) ; 22m) ¢ ) +§2{2n+1)!( )

= 0.86481823 + 0.02638773 taking 2 terms from each sum
=z [1.8912
We may also apply algebraic manipulation to standard Taylor Series.
1
Example 3 Approximate 1.9% to 4 decimal places.
Solution. There is standard Taylor Series:
1 o

TP Sl : =

-z k=1 for |x| < 1 through term-by-term differentiation of the series for -z ( (1—z)

is inadequate at x = 0.9).

Since 1.9 is close to 2, we consider

oa

1 1 1 ].EE: {T
= — =N n J—

2 e
(2-7)7 4(1-§F 4 for |x| < 2.

)n—l

So we take x = 0.1 and then

L 2 3
_4Zn(2) ~ (1 +2(0.05) + 3(0.05)" + 4(0.05)") 2 0277,

n=1

1
1.92

Exercise

1. Approximate /n 0.9 to 4 decimal places.
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2. Approximate sin(0.8) to 6 decimal places.

T
Hint: consider center 1

1

3. Approximate 9_3 to 6 decimal places.
Evaluating Non-Elementary Integrals

There are many simple-looking functions that have no explicit formula for their integral in the form of elemen-
tary functions. We could write their in- tegrals as Taylor Series in their interval of convergence.

—dz
Example 1 Find a power series representation of / T

eﬁ

Solution. Since T is not defined at x = 0, we apply the Taylor Series of e * at,say, x = 1 by writing e * = e.e
*" with a change of variable u = x - 1.

e e.e* 1 o= (u
— = = g.
T 14w 1—|—u§ n!

i

2 ‘L!-3 ux'-l—

+ o+ o -

—ell—u+u —u®+ .. ][1—|—u—|— SRR o)

1 1 3 11
=e(l + Euz — §u3 + §u4 %u + ) forlu| <1 o

1 3 11
/ d..":—eu—i— gt i —ut et b))
12 40 180 where u=x-1

. g
SiNg
dr

Example 2 Find the power series representation of / e

Solution. Direct substitution of x  in the Maclaurin Series of sin x gives

_ = [(-1)" o sinz? - [—1)"
sinz® — Z {271 + 1)|(TB)2 i 3 - Z (2n_|_ ]_)IEMH_:L
n=>0 : and n=0 :

j STE‘J‘E zi (zin_i];)! / Ly

So
B 1" = (-1~ e
Z(2n—|—1)'4ﬂ.+2 Z (An + 2) (2n+ 1)!

ri—=l

Exercise
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1
je_“zdm
0

2
e" dr
1. Find the power series representation (Maclaurin Series) of f and approximate
decimal places.

/ sinz?dr
2. Find the power series representation (Maclaurin Series) of .
Frequently Used Maclaurin Series

Some frequently used Maclaurin Series are listed below

= " in{—1,1)
ﬁg’ = Zf'%l n" in{—1,1)
=3 7, 5 in{—1,1)
ml—z=>)2 = in(—1,1)
nl+z=> 7 (-1, in(-1,1)
sing = Y0, e in(—1,1)
=, In
€OST =y ., I_—{Eﬁ in{—1,1)
tan-lg = Yo B gn1,1)

n=1 [In+1)}

to6
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